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ABSTRACT. Let Qp be a bounded cylinder with fractal lateral boundary Sp. We define a generalized
layer heat potential ® f of a L?-function f on Sp for Qp and investigate the boundary behavior of @ f.
We show that if f belongs to a Besov space on Sp, depending on the fractal dimension of Sp, ®f has a
similar boundary behavior to that of a double layer heat potential for a bounded cylinder with smooth
lateral boundary.

1. Introduction

Let D be a bounded smooth domain in R? and set
2p =D x (0,T) and Sp=0D x (0,7}

The double layer heat potential & f of f € LP(Sp) is defined by

r |
(1.1) BF(X) = —/0 /aD(v_,,W(X —Y),n,) f(Y)do(y)ds

for X = (z,t) € (RY\OD) x R, where (, ) is the inner product in R?, n, is the unit outer normal to
8D, o is the surface measure on 8D and W is the fundamental solution for the heat operator, i.e.,

exp(* Tu ) :
W(X)=W(a,t)={ @i t>0
0 otherwise.

The double layer heat potential is important not only physically but also mathematically. For
example, R. M. Brown proved that the solution to the initial-Dirichlet problem in a Lipschitz cylinder
for the heat operator can be written by a double layer heat potential and the solution to the initial-
Neumann problem in a Lipschitz cylinder for the heat operator is given by a single layer heat potential
(cf. [B))-

If D is a bounded domain with fractal boundary, then n, and the surface measure can not be
defined. But if f is a C'-function on R**! with compact support, then we see by the Green formula
that for X = (z,t) e Dx R

T
(1.2) BF(X) = / ds / (V,5(), Y, W(X —Y))dy
0 RAD
T
+/0 (ls/Rd\T)_f()’)AyI'V(.X - Y)dy
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and for X = (z,t) € (R\D) xR

T
(1.3) 8f(z) = - /0 ds /D (V,F(Y),V,W(X — Y))dy

] |
- / ds / F(Y)A,W(X = Y)dy.
0 D

So we see that, if a function f defined on Sp can be extended to be a function £(f) on R¥ x [0, T}
such that for each ¢ € [0, T} the function = = £(f)(z,t) is a C'-function on R¢\ D and, for each
z € RI\OD andeach j (j = 1, 2,--- ,d) the function t 8%?(1', t) is measurable, then it is
possible that the right-hand sides of (1.2) and (1.3) are defined. '

In this paper we assume that D is a bounded domain in R4 (d > 2) and OD is a fB-set satisfying
d—1< 3 <d. Here, according to [JW] we say that a closed set F is a B-set if there exist a positive
Radon measure 1 on F and positive real numbers g, by, by such that

(1.4) bir? < p(B(z,7) N F) < byr?

for all z € F and all r < rg, where B(z,r) stands for the open ball in R? with center z and radius r..

We note that, if D is a bounded Lipschitz domain, then 8D is a (d—1)-set and the surface measure
p has the property (1.4) for F = 9D and 3 = d - 1. Furthermore if D consists of a finite number of
self-similar sets, which satisfies the open set condition, and whose similarity dimensions are (3, then
dD is a B-set such that the S-dimensional Hausdorff measure p restricted to @D has the property
(1.4) for F = 0D (cf. [H]).

In this paper we will define the double layer heat potentials for functions in a Besov space on the
lateral boundary Sp = D x [0,T] of a bounded domain D x (0,T) in case OD is a (-set.

To do so, we fix a positive Radon measure p satisfying (1.4) and the product measure pp of p
and the 1-dimensional Lebesgue measure restricted to [0,T]. Let p> 1, a > 0 and A > 0. We denote
by LP(ur) the set of all LP-functions defined on Sp with respect to up and by AP (ur) the Banach
space of all functions in LP(p7) such that

T B — e
/Odt/ /(@) f('/’t)lpd,u(:v)(lu(!/)<oo

v — y|Ptr

and by A7 , (ur) the Banach space of all functions in LP(ur) such that

T
|f(z.t) = f(. )]
/l; dt/ o — g7+ dp(z)du(y)

T T
|[f(z,t) = f(z,5)[P
+/(,u(1)/0 /0 7= 5[ dtds < oo

For f € AP (ur) and f € ./12, »(#tr) the norms are defined by

T 1/p
1l = ( / dt / If(:v,t)l”du(w))

T | _ . » 1/p
+ </0 dt/ |f(T;tl ylfﬁi;’t), d,u(w)du(y))
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and
T 1/p
£ llp.or = (/ dt/lf(%ﬂl”fht(l’))
0
1/p
y, t)|”
(/ d’/ e B _J|/3+,jm ) t($)du(y)>
1/p
S t) 8)[P
(/ e | [ e as)
respectively.

We will prove the following lemma in §2.

Lemma 1.1. Let d—1< 3 < d and F be a compact 3-set in R? satisfying (1.4) and F C
B(0,R/2). If f € LP(ur), then there exists a function E(f) defined on R* x [0,T) satisfying the
following pmpertipe

(i) E(f)(-,t) is a C'-function on R\ F for each t € [0, T], and both of £(f)(z,) and ( ) (z,-)

(=1, ,d) are measurable for each @ € R and for cach 2 € R%\ F, respectively,
(i) £(f) = f on F and supp E(f)(-,t) C B(0,2R) for each t € [0,T].

Moreover, if f € A”(ur), then the function £(f) also has the following properties:
(iii) if pa +d — /3 + pe > 0, then

T '
[t [ttty Fyrdy < el o,
JO .

(iv) if p(a = 1)+ d — 3 4 pe > 0. then

R
/ (It / IVEF) (y. )P dist(y, F)Pdy < || fllp,a
J0 .

where dist(y, F) = inf.cr |y — z|.
Moreover f = E(f)(x.t) is a bounded lincar functional on A2 (up) for every (z,t) € (R?\ F) x
(0,7).

Using Lemima 1.1 we define

T

(1.5) df(X) =/0 ds/R ) V,W(X =Y))dy
/ E(f)y,s)A,W(X =Y)dy
R4

for X = (¢,t) € D x R and
T ‘
(1.6) of(X) = —/ (’3/ (Vy&(£)(y, ), VyIW(X = Y))dy
D

/ (Is/ y.s)A,W(X =Y)dy
0 D
for X = (2,t) € (RI\D) xR
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Furthermore we also use the parabolic metric
> 7 l 2
S(XY) = (o =y +t~s)"/

for X = (2,t) and Y = (y,s) and define, for 7 > 0 and for each Z € Sp, the nontangential approach
regions by

(1.7) I(Z)={XeDx(0,T):6(X,2) < (1+ 7)5(.X;SD)},
and .
(1.8) Iy(2)={X e (R*\D) x(0,T): 8(X, Z) < (1+ 7)8(X;Sp)},
where

(X5 4) = inf 5(X.Y)

for a subset 4 of R%+!,
Under these notations we will prove the following theorem in §7.

Theorem.  Assume that D is o bounded domain in R® (d > 2) such that OD is a B-set.
Furthermore assume that I'(Z) N\ B(Z,r) # 0 and T(Z) N B(Z,r) # 0 for every r < €, and for
pr-ae. ZESp. Ifp>1,0<B-(d-1)<a<land fe A’;‘a/?(urp), then the double heat layer

potential ®f defined by (1.5) and (1.6) is caloric in (RY\ dD) x R and

lim  $f(X)=Kf(Z )+%f(Z)

N=Z Nel (Z)

and

lim — ®f(X)=LKf(Z)- 1f(Z)

N—=Z X€Elre(Z) 2

at pr-almost every Z € Sp, where K is a bounded operator from AP " /2(MT) to LP(ur) defined by

(1.9) Kf(Z / / v,8), V,W(Z = Y))dy
0 R‘\I)
3/ (Is/ (ENHY) = F(Z2)L,WV(Z - Y)dy
< JL R‘\l)

12 / W(Z - Y)dy
(RN\D)x{0}
/ VE(NY,s),V,W(Z -Y))dy

(Z2)A,W(Z -Y)dy

O] = l\)ir—a

“"'N\ \ I

/ W(Z - Y)dy.
Dx{0}
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2. Extensions of boundary functions

In this section we assume that F is a compact 3-set such that d—1 < 8 < d and F C B(O, R/2).
Fix a positive Radon measure y on F satisfying (1.4). We may assume that (1.4) holds for every r
satisfying r < 4R. To extend f € LP(jr) to be a function on R, we use the Whitney decomposition.
More precisely, let G be an open set in R?. A cube Q is called a k-cube if it is of the form

278, (1 + D27 x oo x [la27%, (la + 1)27%,

where k, I, ,lq are integers. We denote by W.(G) the family of all k-cubes in G and set W(G) =
2 _oWk(G). The following theorem is well-known (cf. [S, Theorem 1 in Chapter 6)).

Theorem A. Let G be o non-empty open set in RY. Then there ezists a family V(G) = {Q;} of
cubes in W(G) having the following properties:

(i) U;Q; =G,

(ii) int QN int Q. =0 (j # *),

(iii) diam @Q; < dist (Q;,R*\ G) < 4diam Q;,
where int A, diam A and dist(.A4, B) stand for the interior of A, the diameter of A and the distance
between A and B, respectively.

Using this, we will extend f € LP(pr) to be a function on R? x [0, T).
Proof of Lemma 1.1, (i) and (#). Let Qo denote the closed cube of unit length centered at the
origin. Fix a positive real number 5 satisfying n < 1/4 and choose a C'*°-function ¢ on R such that

(2.1) o=1onQy, suppdC(1+n)Qp, 0<¢p<1.

We simply denote by V = {Q;} the family V(R?\ F). Further let ¢l , I; be the center of
Q; and the common length of its sides, respectively. For each j pick a pomt a(” € F satisfying
dist(Q;, F) = dist(Qj,a'?) and fix it. Sct

o — ol
= o)
j J

and )
oz = g 1)
t(x) ’
Let p > 1 and f € L”(ji7). First let X € (RY\ F) x [0,T]. We define

C . — 1 *
)= 2 By R ( / " f(z,t)du(z)) 4(@)

if [1f(z,t)|Pdu(z) < oo and 0 otherwise. Further define &(f)(X) = f(X) if X € F x [0, T].

Moreover pick a '™ function ¢y in R4 such that

o3(x) =

(2.2) éo =1on B(0,R), supp ¢o C B(0,2R), 0L ¢ <1
and define
‘-’C(f)(;l7$t) = 50(f)(1¥,t)¢0($).
Then it is easy to sce that £(f) has the properties (i) and (ii). a

To show (iii) and (iv) in Lemma 1.1, we prepare the following lemma.
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Lemma 2.1. Letb > 0, k € Z and a9 be the point on F corresponding fo each k-cubes
Q; € V(RI\ F). Then cach point = € F is contained in at most N numbers of {B(a'?,b/2¥) N F};,
where N is a natural number independent of k.

Proof. Set I = 27*. Suppose z € B(a!),yl) N B(aY,yl) N F. Choose 2() € Q; and 2V ¢ Qj
satisfying dist(Q,-, ) dist(z?,aV) and dist(Q;, F) = dxst(z“ (9)), respectively. Then
|a,(i) — ;v(J)l < |.1: - a(')l
+ oD = 2] + |2 = D] + o) - 29| < (8VE + 2b)1,
whence dist(Q;, Q ;i) < (8V/d + 2b)I. Therefore we have the conclusion. a
We next prove Lemma 1.1, (iii) and (iv).

Proof of Lemma 1.1, (iii) and (iv). Let Q be a closed cube in V with side length { and a be the
fixed boundary point such that dist(F,Q) = dist(a, Q). Further let w € B(a,nl) N F and Q; be a
cube in V(R?\ F) satisfying Q N Q; # 0, where 05 stands for the cube which has the same center
as Q; but is expanded by the factor 1 + 7. We note that ¢l < l; < ¢yl for some constants ¢; and ¢,
depending only on d.

Choose y € QN @;- Then for every = € B(rl.(”,y)lj) we have

= w] <z =aP |+ a9 — 2| 4y —a| + Ja — w| < cslj.

From this, the definition of & (f) and &(1)(y,t) = 1 we deduce, for every y€Qandae. t€[0,7],

(2.3) IVyo(f)(y. )] = |V, (& f—fo(f)(w,f))(y,t)l
\Q /
z,t (w, t)|dp(
12 ]d-H Blald) yl;) lf( ) ' l )
—8/q+ o~ ,t)—f(w,t)l
< N / |f(= d
<es y L e (y) Dt gty |2 — wPTrra 1(z)

D 1/p
T 1 (z, flw, t) .
<cgl®” (/ ' - w|6+a:> dp(z) .

Similarly, since

XQ?(?/)/
<er 2 2,t) — f(w,t)|du(z
<ery 7 Loy |£(z,t) = f(w,t)]du(z)

o [ = Flo ) p
< sl </ p— }IH(W du(z) ,
we have

w, t)|P tp
2.4) ot < ot ([ LGP ) ™ 4.

Combining this with (1.4), we obtain

/IVo Yy, )P dist(y, F)P*dy

e /Q (S (NP + IV E(F) (g, t)]7) dist(y, F)P<dy

pla—1)+d-p3+pe , |f f(lU t)'p . p
<end /m” " dp(w (/ |~ wlﬂ'“’” du(z) + | f(w,t)}P ).
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On account of Lemma 2.1 we have

Z / (h‘/lV" (y, t)|Pdist(y, F)Pdy

QEVNW, (R F)

< C12(2 I.) a—1)+d- /H—p(”flpu
Since p(a — 1)+ d — 3+ pe > 0 and supp &£(f) € B(0,2R) x [0,T], we have (iv). Similarly we can
show (iil) by using (2.4). a

3. Properties of W/

In this section we recall and study properties of the function W.

Lemma 3.1. (i ) W(X) < ¢§(X,0)~¢,
(i) |V, W )| < ed( \‘ —d-lf X #£ 0,
(m) pacor; W (X |<(o \ 0)=92, |ZW(X)| < cd(X,0)74 "2 if X #£0,

Hm‘ O)] < ed(X,0)743 |af‘0,w |<c0 (X,0)79-3 if X #0,
V) WX =Y)=W(Z~Y)| <cd(X,2) {o (X, V)44 6(2,Y)"4¢}
f0<e<land X£Y,Z#Y,
(vi) |V, W(X =Y) =V, IT(Z - Y)| < d(X, Z){8(X,Y)~9"1=¢ 4. §(Z,Y)~9"1-¢}
f0<e<land X #Y,Z#Y.

Proof. The assertions (i), (ii), (iii) and (iv) are well known (cf. [B, p.5]). The assertions (v) and
(vi) will be shown by the same method as in the proof of Lemma 2.3 in [W2]. g

Let Dy be a bounded piccewise smooth domain in R¢ and u, v be smooth functions on Dy x [0, p].
Using the divergence theorem, we obtain

o s
(3.1) / / (uL*v — vLu)drdt
o JD,

p
= / (It/ (uVav — oV, u,n,)do(x) —/ uv(lw-{-/ uvdz,
J0 JaDy Dx {t=0} Dx{t=p}

where

0 . 0
L—A_-O—E and L —A+a.

If Lu= L*v=01in Dy x (0,p), then (3.1) implies

p
(3.2) / dt/ (uV 0 = oV un,)do () - / vodz + / uvdz = 0.
0 oDy Do x {t=0} Do x{t=p}

Let X = (z,t) (0 <t < T) be an exterior point of Dy x (0,T). Then, setting v = 1 and
v(Y) = W(X - Y) and noting W(X - Y) = 0 for ¥ = (y,T), we deduce from (3.2)

-
(3.3) / ds / (VWX =Y),ny)do(y) - / W(X -Y)dy=0.
0 “ (()Do Dg)({s:()}

Hereafter we assume that D is a bounded domain in R? such that OD is a f-set satisfying
D c B(O,R/2).

Let us use the Whitney decompositions to approximate D and R\ D. More precisely let V(D)
be the Whitney decomposition of D and define

A, = U2y, Yoevun @,
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where V(D) = V(D) N Wi(D) and kq is the smallest integer k such that V(D) # 0.
Similarly we also dcfine

B,, = (UZ:—OO UQEVL-(R“’\B) Q) )

Then we have the following lemma.

Lemma 3.2. Set

T T
gn(X) = / (ls/ AWKX =-Y)dy and h,(X)= / ds AW(X -Y)dy
0 A, 0

By
Then limp—o0 gn(X) and limy, o0 1y (X) ezist on RY x [0,T) and for X = (z,t) € R4 x (0,T]
lim g,(X) = / W(X =Y)dy - xp(z)
n—rod Dx {0}
and

lim b, X):/ W(X = Y)dy = \pa(x)
ne { R\D) x {0} Rd\D(

Proof. Let X = (2,t) € R x (0,T) and t > p > 0. Applying (3.2) to 4, x (0, p), we have

P
/ (ls/ (VyW(X =Y),n,)do(y) - / W(X -Y)dy
9A, A, x{0}

/ WX -Y)dy=0.
Anx{p}

Using the divergence theorem for 4,, in RY, we have

4
/ ds / AJV(X = Y)dy — / W(X - Y)dy
Jo JA, A, x {0}
+

/ W(X -Y)dy = 0.
An X(/’}

As p = t and n = oo, we obtain,
lim ¢,(X) = / W(X -Y)dy — xp(2).
noec Dx {0}

On the other hand ¢, (X) = 0 for t = 0. Hence lim,— o 9n(X) exists for each X € R? x [0,T).

We next consider {h,}. For X = (2,t) € R x (0,T] we take r > max{2R, |z|}. Applying the
Green formula to Dy =int B, N B(0,7) and ( 3.2) to int B, N B(0,r), we have, for positive number
p < t and a sufficiantly large number n,

P
/ / AV(X = Y)dy
o JB,nBow
14 . rp
=/ (ls/ (VyW(X—)"),ny)rly—/ (ls/ (V,W(X -Y),n,)dy
0 Jlyl=r 0 9By

_ / W(X = Y)dy - / W(X - Y)dy.
(B,nB(0,r))x {0} (B.NB(0,r)x{p}

As r — 00, p = t and n — oo we have

lim 7, (X) = / W(X -Y)dy - Xra\B(®)-
(B,NDB(0,7))x {0}

n—>o5C

Thus we have the conclusion. , a
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4. Double layer heat potentials

We first mention two fundamental properties deduced from (1.4) for F = 8D. For f € L*(u) we
define the maximal function M, f of f with respect to u as follows:

RIS Sy BRI

for each z € OD. Noting that 9D is a B-set, we obtain the following lemma by the same method as
in the proof of Theorem 1 on p.1 in [S].

Lemma 4.1. Letp > 1. Then

» < el fllp

u“

= f1strane )I/',).

It is easy to see that the following lemma holds.

for every f € LP(p), where

Lemma 4.2. (i) Suppose k> —f3 and set
u(z) = / | —y|¥du(y) for x € OD.
{lz~yl<r}naD

Then |u,| < cr**# for every positive number r with r < 4R.
(ii) Suppose k < —f3 and set

ve(2) = / |2 — y|*du(y) for x € OD.
{lz—y[>r}n0D

Then |v,.(2)| € cr**? for every positive number r.
In [W1] we gave the following lemma.

Lemma B. Let 8, k be non-negative numbers satisfyingd — 3> 6 and d~6 —k > 0. Then
/ dist(y.0D) |y — 2| *dy < erd=0F
B{z)

for every z € OD and every positive real number r < 4.

We next show that the double layer heat potential defined by (1.5) and (1.6) converges.

Lemma 4.3. Let 0 < B—(d=1)<a <1l,p>1and f € Al(ur). Then ®f is caloric in
(R%\ 8D) x R.

Proof. Set, for X = (x,t) € D x R,

.
(4.1) I(X) = / ds fR T 0:8) VW (X =Yy
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and let Xo = (wo,t0) € D. Choose p > 0 satisfying B(zo,2p) C D. Noting that d — 8 —p(1 — a) +
p(l-a)/g=d—-p3-1+a>0(q=p/(p-1)), we pick € > 0 such that

l—-«
q

(4.2) >eandd—f3—p(l-a)+pe>0.

If X = (z,t) € B(20,p) X R, then we deduce from Lemmas 3.1, 1.1 and Lemma B

T .
[J1(X)] S/o cls/Rd\_Ij|Vy5(f)(y,s)|5(X,Y)-x-ddy

T 1/p
<ept=d < [as[ v apdsy aD)P‘dy)
0 B(0,2R)

T 1/q
x / ds / dist(y,0D) ™ "dy | < cap™" Y| fllp,as
Jo JB02R)

whence Jy converges locally uniformly in D. We denote by g the integrand of the right-hand side
of (4.1). Since

62

V., ———
Yy 0x;0x;

WX =) € e2d(X,¥)"3 and |\'7‘,,§?W(X —Y)| < e36(X,Y) "3,

we see that the integral of Ly, over (RY\ D) x [0, 7] also converges locally uniformly on D. Therefore
Jy satisfies the heat equation in D x R.
Next, set

T
Jo(X) = / (ls/ SNy s)AW(X =Y )dy.
0 RA\D

Using Lemma 1.1, (iii), we can show by the above method that J; also converges locally uniformly
in D and satisfies the heat equation. Thus we conclude that ®f = J; + J; has the same properties
in D x R. We can show that ®f also has the same properties in (R¢\ D) x R. O

5. Spaces of Hélder continuous functions

In this secion we cousider double layer potentials of Hélder continuous boundary functions. To
do so, let 0 < a < 1 and F be a closed set in RY. We denote by Ao(F % [0,T)) the normed space of
all continuous functions f on F x [0,T] such that f(-,t) is a-Holder continuous for every t € [0,T)

with norm ) — font)
- z,t)~ f(y,t
Ml = sup  |F(X)] + sup 2 OJ .
Yerx(o.1] zyePazyrelor) o=yl

Further let 0 < o, A < 1. We also denote hy A, A(F x [0,T]) the normed space of all f €
Aa(F x [0,T]) such that f is A-Hélder continuous with respect to the time variable with norm

“f"oo,u,/\ - ”f“oo,n + sup If(lat) - f(l’a S)'

2EF\1,5€[0,T] L#s |t — s

We first mention the properties of the extension E(f) of f € A4(Sp).

Lemma 5.1. Let1>a >3 —(d=1) >0 and f € A,(Sp). Then E(f) is a-Hélder continuous
with respect to the space variables and

9E(f) . a1 OPE(S) . a—2
. - s)| <c¢ oo,a 1STL Y, ) y 00, )
(5.1) | B; (4, 8)] < cll flloc adist(y, OD) |0y,¢0yk (4, 8)| < ¢f| flloo o dist(y, OD)
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for every (y,s) € (R1\ dD) x [0,T]. Especially if f € Aa x(Sp), then

(5.2) (), 0) = ES) s 8)] < ellfllocanlle =yl + 1t = sI*)
for every X, Y € R* x [0,7T).
Proof. To show (5.1), let Q € V(R%\ 0D). Further, let a be the fixed point on 9D satisfying

dist(a, Q) = dist(0D, Q) and I be the side length of Q. Suppose @ N Qj # @ and take y' € QN Qj.
Using the same notations as in the proof of Lemma 1.1, we have, for z € B (aP,nl;),

l:—al < |z —aD|+ [P —¢/| + |y —a| S el
and hence, for y € Q,
IVy () s)| = IV (ol )(J, s) — f(a,s))|

<o) I w e )

Blald) ;)

xq:(y)
< sl flloon 3 2220 / I — aldp(z)
2 1250 I paw )

< eallfllooal® ! Les adist(y,0D)*"!

Similarly we obtain
|L() MWy s l < Hf”x r\dl“’r(lf’aD +”f|l°°

and )
fa é(f) (.5
yidy

$)| < el fll so,adist(y, 0D)* ™
From these we deduce (5.1).

Next let y € R4\ 9D and w € dD. Choose Q € V(R4 \ D) satisfying y € Q. If Jy — w| < 5Vdl,
then

1Ea(f){y. 8) = flw,s)|
xq; (y)
T ; 2, e
<l [ 28 = Fws )

< C&”f”oc»,ﬂl0 < C!)“f'loo,nrdif"t(_ya aD)O < ClO"f”oo,alU - wla'

If Jy — w| > 5Vdl, then

1€ (s 8) = fw,8)| <& (F)(y, s) = fla,8)| + | f(a,8) = f(w, )]
< el fllsoally = al™ +la —w]*) < craly — wl®,

whence

(5.3) 1€y 8) = flw,s)] € cugly —w]®

for y € R4\ @D and w € dD.
On account of (5.1) and (5.3) we can show that &(f) is a-Hélder continuous with respect to the
space variable by the same method as in the proof of Theorem 3 in Chapter 6 in [S}.
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Finally assume that f € A4 A(Sp). Then
[€a(£)(y, t) = Eo( )y, 5|

xq; (y)
Seny —25 |£(2:8) = £(2,8)|dp(2) < c1s|flloo,anlt = s].
l B(al9) i)

From this and the a-Holder continuity of £(f)(-,s) we deduce (5.2). a

We prepare several lemmas to study the boundary behavior of £(f) for f € A4 (Sp).

Lemma 5.2. Letl>a>f—-(d=1)20,r>0,k>2andd+a+1—Fk>0. The function
defined by '

T
9X)= / ds / dist(y, D)~ '5(X, ) ~*dy
Jo B(0,r)

is bounded on R? x [0,T).

Proof. Let X = (a,t) € R? x [0,T), Y = (y,5) € B(0,r) x [0,T] and choose z € 8D satisfying
dist(z,0D) = v — z|. Set

A={yeB(.r)ly- =l < 3o —yl} and B = {y € B(0,r);|y - 2| > 3]z —y|}.

g(_\')=/0T/A +’/0'T/B = I,(X) + L(X).

Further, choose € > 0 satisfying d + a + 1 — k — 2¢ > 0. Then

put

T
L{X) < / [t —s|7"F<ds / dist(y,0D)* "y — x|~ F*+22¢qy
JO JA

< / dist(y,0D)* "y — 2| F+2-2¢qy,
B(z+R)

Lemma B yields the boundedness of 1.
Next, if y € B, then |z — | > 2|2 — y|. For w € 9D, we have

ly—w| > hw—z]=|e—y| 2|z —y|=|e=y| > |z -y
which shows dist(y,0D) > |» — y|. Since
eyl <ly—2 <yl + ]l < r+R,

we have

T
IQ(.Y) < |t - S'—H—eds/ II _ yl"'l_k“—z‘dy.
70 lz~y|<(r+R)/3

Thus we see that I is also bounded. O
Lemma 5.3. Let 0< B~ (d-1)<a<1and f €A, a/2(Sp), and define

J(X) = /R D =ENN AW (X =iy



December 1998 LAYER HEAT POTENTIALS FOR A BOUNDED CYLINDER

Then the function .J; defined by (4.1) and J3 are continuous on R4x [0, T]. Furthermore the functions
replaced the integral over R\ D with that over D in the definitions of J; and Js, respectively are
also continuous.

Proof. To prove that Jj is continuous at Z € R¢ x [0,T], let X = (,t) € R? x [0,T] and choose
€ > 0 satisfying o > e. Lemmas 3.1 and 5.1 imply

|J1(X) = J1(2)]
/ s / I9,€00) s 9) IV, (W(X = ¥) = W(Z = ¥))ldy
fo
< ed(X,2)J(X,Z),

where

T
J(X,Z) =/ (ls/ dist(y,0D)*~'8(X,Y) 1 "4 ¢dy
B(0,2R)

T
+/ ds/ dist(y,8D)*18(Z,Y) "~ <dy.
B(0,2R)

On account of the previous lemma we see that J(X, Z) is bounded on (R? x [0,T]) x (R? x [0,T).
Therefore J; is continuous at Z.

We next consider J5. To show that Jy is continuous at Z = (z,t9) € R x [0,T], take a point
X € B(z,1) x [0,T] and set r = 2max{2R, || + 1}. Then

a(X) = J3(2)]
<| / / £ XN(,IWV(X = Y) = A,W(Z — Y))dyds|
+ [ /B(smn )= EDNXN(B,W(X = Y) = AW(Z = Y))dyds]
A / / () = EDENBMN(X = Y) = AW(Z = Y))dyds]
T

w2 -0y [Las [ oz -l
= (X, 2)+ L(X.2) + (X, 2) + (X, 2),

where

A={Y = (y,5) € R\ D) x [0, T);6(X,Y) < 38(X, 2), |yl < r},
B={Y = (y,5) € R\ D) x [0,T];6(X,Y) > 36(X, Z),|y] < r}.

and
C={Y =(y,5) € R\ D) x [0, T} ly| > r}.

Since Z fOT fRd\ﬁ A, W(Z~Y)dyis bounded on RYx[0, T] by Lemma 3.2, we see that I4(X, Z) —»
Oas X — Z.
To estimate I; and I, choose € > 0 satisfying a — 2¢ > 0. On account of Lemmas 3.1 and 5.1, we
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obtain
L(X,Z) '

< erl|flloonnara / / 5(X,Y)5(X, 2)° (§(X,Y) =42 4 §(Y, 2)~%-2~) dyds
A

T
< esllllooraa/28(X, Z)4 / ds / 5(X,Y)2md=2~¢gy
0 |z—-y|<386(X,Z)

T
+/ (ls/ 8(Z,Y) 42y}
0 2 —y|<46(X,2)

Thus we see that I;(X,Z) - 0as X — Z.
To estimate Iy, pick p satisfying 0 < p<landa+p>1. IfY € B, then

26(1.2) <8(X.Y) <

[SV) It

8(Y, 2).

Hence
|12(X, Z)|
< e[ fllseoias2 / /’ j S(X,Y)O(X, Z)(8(X, V)~ 4+ 6(Y, 2) ") dyds
S elllle2d(X.2) [[ 503200,

Noting that §(Y,Z) > 26(X,Z) for Y € B and

—

/ 5(Y,Z)*~*3ayds
B

T ‘
< / I" _ SI_H-E(IS/ l?/ _ zl—d—l-{»a-—?edy
0 ly=2|>V28(X,2)

+ / r - s[’l"”/zds/ ly — 2| 4= 1Hoteqy
Jr—s|>28(X,Z)? B(o,r)

< g (5(_Y’Z)‘—I+a—2( + (5(}{—,2)—/)) ,

we obtain
IL(X.2)| < eillfllscaasz (5(X, 2)*72 4+ §(X, Z)17),

whence [5{X,Z) 5 0 as X — Z.
Finally we estimate I3. If ¥ € C, then

ly—z[2 Myl =t >r/241 andjo—y|>|y-2|-|e-2| > r/2,
which imply
L(X,2)

T
< csllflloo,aa/20( X, Z) / / J(X,Y)“((S(X,)’)“"3+6(I’,Z)‘d*3)dyds
0 C

< 09l|f|I00,0,0/'26(-X.v Z){ [T - yl—d"3+“dy + / Iz - yl—d—3dy}
le~yl>r/2 ly—z|>r/2-1

S clO“f”ocna.u/ZJ(-X.’ Z),
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which shows that I3 is continuous at Z. Similarly we can show the second conclusion. Therefore we
have the conclusion. a

Lemma 5.4. Let 0 < B—(d—1) < a < 1and g € Aqa/2(R?x[0,T]) such that g(-,t) € C'(RY),
supp g(-,t) C B(0,ro) for every t € [0,T) and 0—01%(:17,-) is bounded on [0,T) for every z € R9. Let
X = (z,t) e RY x (0,T) and set, for 0< p< T,

P
X) = / ds / (V,9(Y), V,W(X = Y))dy
RI\D
/ ds / g(Y) = g(X) B, W (X — Y)dy
Rd\D

+ g(X) / W(X -Y)dy
“\D)x{0}

and
B,g(X / s [ (Vaol) ), V, (X = Y))dy
- / s [ (6) = gAY = V)
—(X) / WX - Y)dy.
Dx{0}
Then
(5.4) Arg(X) = Brg(X) + g(X) for X € R? x (0,T)

Proof. To simplify the notation, we use 4,(X) and B,(X) instead of A,g(X) and B,g(X), re-
spectively. We first show (5.4) for a bounded piecewise smooth domain Dy. Let X = (z,t) and set,

for0<p<t,
/ (ls-/ WV, W(X =Y),n,)da(y).
8Do

The Green formula for Dg yiclds
P
(5.5) (X)) = - / ds / (Vg(Y), ¥, W (X = Y))dy
Do

/ (Ie/ g(} NAW(X = Y)dy
)0

—g(X / ds/ A,W(X =Y)dy
Dy

From (3.2) we deduce
p
/ ds [ A,W(X =Y)dy
0 Dy

= / WX -Y)dy - / W(X -Y)dy,
Dox {0} Dox {n}
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whence .
/ (13/ AW(X -Y)dy = / W(X =Y)dy — xp, ().
) 0 Dy Do X {0}
This and (5.5) imply
(5.6) I(X) = By(X) + g(X)xp, (2) for X € (Rd \ Dg) x (0, T).
Similarly, using the Green formula for B (0,7) \50 and r = 00, we obtain
I(X) = A(X) - Q(X)Xnd\ﬁo(w)
for X € (R*\ &Dy) x (0,T). This and (5.6) lead to
A(X) = By(X) + g(X) for X € (R?\ 8Dy) x (0, T).

Noting that 4,(X) = Ap(X) and B,(X) = Br(X), we obtain (5.4) for X € (R*\8D) x (0, T). Since
Ar, Br and the functions X — JDo %{0} W(X —y)dy, X — f(Rd\b') % {0} W(X -Y)dy are continuous
on R? x (0,7}, (5.4) holds for a bounded piccewise smooth domain D = D.

We next show (5.4) for a bounded domain such that &D is a 3-set. Let X € D. We use (5.4) for
Dy = A,,. Since

T
/ / [Vg(Y)||V,W(X = Y)|dyds < oo,
o JRd
o
s [ 1o = g0l 1w (x - v)jay < oo
0 R

and
/ WX - Y)dy < oo,
R1x {0}

we obtain (5.4) for the domain D as n = oo. a

Lemma 5.5. Let 0< 8~ (d~1) <« and f € A o/2(Sp). Then (5.4) holds for g = E(f).

Proof. Let f € Ay a/2(Sp) and {v;m} be a mollifier on R? such that supp v,, C B(0,1/m). We
define, for Y = (y,s) € R x [0, T},

gn(Y) = (E(f)(, s) * Um)(?/)-

Lemma 5.4 yields ‘
Argm(X) = Brgm(X) + gm(X) for X € R? x (0, T].

Since gm(X) = E(F)(X) as m = oo, it suffices to show that

(5.7) | Argn(X) = AE(F)(X)
and
(58) ) BT.(/m(-Y) - Brf(f)(.\’)

for X € R x (0,7] as m — .
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To show (5.7), we write

|ATJm 47"(]()(\—)'

/ (ls/ IV, 0m(¥) = ¥, ()XY, WX = Y)|dy
RAD

n / s / g (V) = gun(X) = EA)Y) + EF) (XA, W (X - Y)|dy
0 RAD

Hon(X)=EOCO1 [ WX =Ty
. R\ D) x {0}
= 1Imi (‘Y) + LT;?(-X-) + Im:] (.\v)

To estimate I, (X), we write

T
ml / / / /
dist(y,00)<2/m o Jdist(y,0D)>2/m

= Imi11 (.\) + Iml'Z(-\)

and

Lo (X / rls/ |Vygm(V)|IV,W(X - Y)|dy
dist(y, aD)<2/m

[ as ] VL EOWIT, W - V)l
0 dist(y,0p)<2/m
= Imll](—Y) + Im]]-z(;f).

Noting that
IV, 0m ()] < 1] Flloca / dist(y — 2, 0D)°~Lom(2)dz

< r:1||f||(x.,a,/ dist(w, dD)* v, (y — u)du,
B(w,3/m)

where w is a point in D such that dist(y,0D) = |y — w|. Hence, together with Lemma B and
Lemma 5.2,

] 3 a—1 T . N
Iml“(.X) S C’Z“,f”oo,ﬂ <—> ) / (13/‘ 5(-X91 ) d l(ly
m 0 dist(y,0D)<2/m

T
< c;,”f”oo,anf‘/ ds/ 6(_\;',Y)_d—ldist(y,OD)“'I_‘dy
0 B(0,R+1
< callfllseam™.
Since

T
L2 (X) < 05||f||00,0m"/ (ls/ dist(y, 0D)°’1"5(X, Y)_d_ldy,
0 0,R+1)

we see that I, (X) = 0 as m - oo.
We next estimate I,,,;2. Suppose dist(y, D) > 2/m. Noting that

O*E(f)
yi9y;

I (.’/)[ < C(i“f”-xx,u(li‘%('.’/v aD)a-—Z
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we have
agm ab(f)
B ) = =59
a&( o€
(illf”oc u/l an“) <y )’— a!(/:t) (y,S)IUm(Z)dZ

Sellf IIm,u;,;dist(y, oD)*~*

Choose € > 0 satisfying a — 3¢ >0 and a — € > 3 — (d—1). Then
Iml'l(“y)

I ‘
< x| flloo.a— / ds / dist(y, 0D)*~28(X, Y)~4~1dy
m Jg diSt(y aD)>2/m

-
< r:9|[f||oo_“m"‘/ (Is/ dist(y,0D)* 1 =6(X, Y) "4 dy.
0 B(O2R

Using Lemma 5.2, we have
Inzlz(‘y) < ClO”f“oo,onl_Ea

whence I,,,12(X) = 0 as m — oo. Thus we conclude that I,,; (X) = 0 as m = 0.
We next consider I,,,3. To do so, we put

1712 / (lS/ |A1/”f '—) I(lJ
RI\D
/| Wy = 2,8) =E(f)y,8) = E(f ) x = 2,8) + E(f)(, 8)|vm(2)dz

- /0 /A / + /0 /B / = Lot (X) + Lz (X),

where _
A={yeR!\Di|r—y|<2/m} B={yeR\D;lx—y|>2/m}.
Then
T .
I (X) S/ (ls/ |ATV(X - Y)|dy
0 JA
< [ =205 = € = 2.0 + U 0,9) = £ e D2
T
< C11||f”oc.,a/ (ls/ §(X,Y) 2 — y|dy
0 A :
T
< c]2||f||‘x‘,am—‘/ |t — sl*H‘ds/ | —y|~ o3y
0 |le—y|<2/m
and

T
Im??(-xy) < C]:}/ (lS/ (5(_Y,)’)—d—2(l"lj
0 B

/ (W = 5 = W 9| + €)@ = 2,5) = E(F) (@ 8)|om(2)d

T
< el fllsc.a m”"/ |t — sl"”“cls/ | —y| 74 2dy
0 lz=y|>2/m

< ers| fllooam™ T2
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Therefore we see that I,2(X) = 0 as m — oo.
Finally we have '
In3(X) < lgm(X) = E(F)(X)] = 0 (m = o0).

Thus we obtain (5.7). Similarly we can show (5.8). O

The nontangential limits of @ f are as follows.

Lemma 5.6. Letp>1,0< = (d=1) < a<1and f € Aga/2(Sp). Then, for each
Z€dD x 0,7,

. - 1

(5:9) oz oy M) =RA(2)+5£(2)
and

(5.10) lm_ Bf(X)=Kf(Z) - (2.

XoZ NERI\D)x(0,T)
Proof. Let X € D x(0,T). Using Lemma 3.2, we have & f(X) = A7 f(X). Since Ar f is continuous
on R? x (0,T] by Lemma 5.3, we have

(5.11) lim BF(X) = Arf(2).

N=Z,NeDx(0,T)

On the other hand Lemma 5.5 yields

. 1 1
Kf(2) = 5(Arf(2) + Brf(2)) = Arf(2) - 5/(2),
which and (5.11) lead to (5.9). Similarly we can show (5.10). O

6. Boundedness of the operator K

In this section we investigate the boundedness of the operator K defined by (1.9). The proof of
the following lemma is casy.

Lemma 6.1. Let y € RY\OD and z, be a boundary point satisfying dist(y,0D) = ly—2y|. Then

1
ly —w| > 31:1’/ —w| for allw € 0D.

Lemma 6.2. Letp>1,0<3~(d—1)<a <1 and f € A% (ur). Further define

T
Uiz = [ s 19,8000 0002 )y

for Z € Sp. Then
WU £l < £ llp,e-

Proof. We choose € > 0 satisfying (4.2) and choose b > 0 satisfying 1 — « —eq—3bg > 0. Let
Z = (z,r) € Sp. Since B(0,2R) C B(z,3R), we have, by Lemma B,

/ dist(y, OD) ™y - 2| ~*dy < e (3R)' eI,
B(0,2R)
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This and Hélder's inequality imply
T
Uf(2)| < Cs/ /IT' = s| L E )y, )lIz =yl 2 dyds
0

T 1/p
<c (/ | — s|-1+bds/ IVyE(f)(y,s)l”dist(y, D)y — z|1~d+bpdy) '
0

Therefore we have, by Lemma 6.1,

/ /|Uf )WPdp(z)dr

T
§03/ ds/lVyE(f)(y,s)l”dist(y,aD)”‘dy/ ]r-—s|"1+‘dr/|wy—z|1_d+"pdy(z),
0 0

where wy is a point in 9D satisfying dist(y, 0D) = |y — w,|. Noting that 1 —d + bp > —f3, we obtain
/ /|l F(Z)|Pdp(z)dr < ¢y / ds / IV, E(f)(y, s)|Pdist(y, OD)P*dy.
Since d — 3 + p(1 —a) + pe > 0, Lemma 1.1, (iv) leads to the conclusion. 0

We note that £(f) has the following propertics.

Lemma 6.3. Letp>1and0< - (d—1)<a < 1. Then

(w.9) = £z, \”
/ (l:/(/ (ls/Rd\aD 5(Y, 2] (ly) du(2) < c|lfI15 o

- for every f € AL (pr).

Proof. We write

1€(f)(y. 5) ~ ~»5|<l¢o ) (Eo(f)(y,8) = f(2,9))]
+I(1_¢(l< ) ~,S l:[l ,Z)+Iz(Y, )

Let us consider I;(Y.Z). To do so, let Q € Vi(R?\ dD) and y € Q. Denote by a (resp. l) the
center (resp. the side length) of Q. For Y = (y,s) € Q we note that

1€0(f)yss) = fzs)| < ey Zd’l Yl ’3/ |[f(w,s) = f(z,s)|dp(w)

B(a9) qi;)

el [ () - 5z s)ldne),
Blabl)

where b is a constant satistying b > 6v/d, independent of @ and f.
First assume that |z — «| < 30l. Then

1/p
’ ' |f(w,5) = f(z s)IP
Il()”Z)SC'ln / du(w
’ ( B(a,bl) IU)—»ILﬂ-np l'l'( )
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and
(6.1) / L(Y, Z)Po(Y, Z) 4= 2-patiregy
Q
— p
< csls—t —l+pclpoz/ y—z —d—pa+pedy/ If(wv s) f(zvs)l dulw
3‘ I Ql I Blal) Iw—“lﬂ+ap ”( )
< s—7 -—]+pelpe/ |f(w S) f(za )l 1
sl . Blagy  lw=zrer ),

where € is a positive real number satisfying a — 3¢ > 0.
We next assume that |z — a| > 3bl. Since |z — w| < byly — 2|, we have

(), Z) (Y Z) —(d+2)/p—a+3¢

If F(z,9)P v
< esd(Y, Z)~ (AP Plp ( [ flws) = du(w))
B

(a,bl) |w — z|Ptap
and hence
(6.2) / Il(Y, Z)P5(Y, Z)—(d+‘2)—p(n..3()dy
Q
‘ — P
< CG/ 5(}:Z)—(d-}-).-ﬂ)Jr.‘iepl—/ady/ |f(w’s) gf_z’s)l dp(w)
© Blaby — |w—z[Pter
- f(w,s) “5)‘
Bla,bl) |w - |/3+op (

From (6.1), (6.2) and Lemma 2.1 we deduce

/11(3 Z)]) () Z) d—'Z—p(n—Ik)dy
Qevi(RNaD) 7@

~kyep —1+4pe w s f Z,$ P
caehyp-sr w [ ML

w —
QeVi( R"\aD) (a,bl) I

- - |f(w, ) = f(z8)”
< co(2 L)éph s|ThHPe o -3 |/3+ap dp{w),

whence

T
/ (ls/ L (Y, Z)P8(Y, Z) ¢ pla=39gy
B(0,2R)\OD

P
<Cm/ | — |71 +Pe ls |f(w,s) = f(z,8)] dys(ww).

[w — |/3+0P

On the other hand, since

T p
( / ds / 11(1:Z)a(y:zrf’-?dy)
0 B(0,2R)\&D
T T r/q
< / / LY, Z)P8(Y, Z)~ 4 2-Ple=39 qsqy / / §(Y, Z)~d-2rele=3gsdy |
0 B(0,2R)\&D 0 B(0,2R)

21
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we have

T T P
/ dr/du(z) (/ ds/ L(Y, Z)4(Y, Z)'d"zdy> <cullflfa
0 0 (B(0,2R)\&D

We next estimate I;(Y, Z). Noting that 1 — ¢4(y) = 0 on B(0, R) and
T
/ ds / L(Y,Z)5(Y, Z2)" " 2ay
0
L/p

T ’ T
< Cl2/ If(»:,S)IdS/ ly — 2|~ %dy < e13R™? (/ |f(z, S)I"d5> ,
0 ly—z|>R/2 0 .

we obtain
T T P
/ dr/d/l(a:) (/ (ls/ L(Y,Z)4(Y, Z)—d_2dy) < cud|| F1I5-
0 0 B(0,2R)\OD

Thus we have the conclusion.

Lemma 6.4. Let p>1 and A > 0. Set, for o f'u,nct'ion fin LP(ur),

T\f(z,8) = f(z,r)P
/(l/: / / IS s |1+'J'\ dsdr.
If Jy < o0, then

sl Y
/ (h/(l/l (z (/ ds /R’\dl) ) Z)"“ d') < ce(Jp +I7115)-

Proof. Set .
T .
= / (l.s-/ |f(z8) = f(z,)|6(Y, Z) 9 2dy.
Jo RN\OD

It suffices to show that

T . o) = )P " T
63t <a([ DTG ey o ([ mpa) ™ + s

B :

/ (Is/ / (19/ = Ii(z,7) + 1a(2, 7).
B(0,2R\OD R4\ B(0,2R7)

Choose € > 0 satisfying A — e > 0. Then
[f(z,8) = f(z,7)] —did
l's 7ll/p+/\ 1-e ds |z—y +gdy
/ ls—r Il/”+’\ B(z,3R) |

’ 1/p 1/q
1 2. 8) — = )P T
<o / [f(z,5) {’( ;')l s / |s — 7|1+ (=994
0 IS-T'I tr 0
T 1/p
|f(z,8) = f(z,7)7|
< 1 .
L </0 [3—7'|'+P'\ das

To show this we write




December 1998 LAYER HEAT POTENTIALS FOR A BOUNDED CYLINDER 23

On the other hand we obtain

)<e f(z z,r)|d z—y|74%
Z7 4/ | I(S»/I;/ 2]>R| JI Y
<c 2, r)ld Cs 7 Pd + ¢ r
_C5/0 |f( s) — (z l s < / |f 9 | fs) slf(z )l

Thus we see that (6.3) holds. a

Lemma 6.5. Let0< 8 —(d-1)<a<1,1>A>0 andp>1. Then the operator I defined
by (1.9) is a bounded operator from AL \(ur) to LP(pr).

Proof. Noting that the function

X / W(X -Y)dy
d {(]}

is bounded on 8D and using Lemmas 6.2, 6.3 and 6.4, we have the conclusion. 0
We next estimate the nontangential maximal function of ®f.
Lemma 6.6. Suppose 1>a>3-(d-=1)>0,p>1,1>A>0and f € AZ,,\(HT); and define,

for Z € Sp,
(8£)7(2) = sup{|®(X)| : 2 € [+(Z) N B(Z,e0) x (0,T)}

and

(®f)**(Z) := sup{|®f(X)|: 2 € [F(Z)N B(Z,¢€) x (0.T)}.
Then
@)y < ellfllpan and (RS [lp < cllfllp.an-
Proof. We claim that
S(X.Y) > 1d(Y,Z) for every X € I'+(2).
To see this, set .
A={Y=(y.5) € (R'\D) x (0,T);6(Y,2Z) < 26(X, Z)}

and '
B={Y =(y,5) € (Rd\ﬁ) x (0,T);0(Y,Z) > 28(X, Z)}

IfY € A, then

e o s (X ) (Y, 2)
MX.Y) > HX: > .
( 9 )_ (\SD) 1 2(1+T)
IfY € B, then |
8(Y,Z)

§(X,Y) > 8(Y,2)-6(Z,X) >

(8]

Thus we see that the claim is true.
Using the claim, we have, for .J; defined by (4.1),

T
(6.2) sup |[1(X)| < / (ls/ IV, E(H)(S(Y, Z)~4dy.
) 0 RN\D

Ner.(z
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Lemma 6.2 yields

T I/P
( I/ J:(zwdu(z)dr) < llp-

T
Rx)= [Cas [ SN = H)B (X =Yy

We next set

We write
T
Jo(X) = / ds / (S 8) = £z, 8) A, W(X — Y)dy
0 RI\D .

T
+(f(z,s)~—f(z,r))/0 dsLd\BAyTV(X—}’)dy

n—oc

= Jo(X) + o2 (X) + To3(X).

T .
+ lim f(z,r)/ (ls/ AW(X -Y)dy
0 B.

Using the claim, we have

T
J3(Z) < ey /0 (l.s/|$(f)(y,s) — f(z,8)|5(Y, Z)~42ay,

and
J33(Z) < es|f(z,7)].

Lemmas 6.2, 6.3 and 6.4 yicld

T
/ / ()" (2)du(=)ds < callflpan.
0

Similarly we can also show the estimate of (®f)**. a

7. Approximation of Hélder continuous functions

In this section we approximate f € AP /2(/:.7~) by functions in 4, 1(Sp). To do so we choose
C*>-functions ¥, ¥ on R R, respectively such that

v=1onDB(0,1), 0<v <1, suppy C B(0,2)

and
Yo=1on[-1,1], 0<¢y<1, suppy C[-2,2]

For each natural number n and each X = (2,t) € 9D x [0, T)] define

an(X) = /wg(nz(t - s))cls/t/)(n(w —y))du(y)

and

ho(X,Y) = hy (2, t;y,8) = ﬁ%(rf(t —s))Y(n(z —y)).



December 1998 LAYER HEAT POTENTIALS FOR A BOUNDED CYLINDER 25

Further, define, for f € ;’1’;,0/2(}#['),
T
Hag(X)= [ [ m(X )70 )dsduty)
0

We note that H,,1 = 1.
Lemma 7.1. Let0<3—(d-1)<a< 1 and f € A? 0/2(,u'1~). Then H,f € A11(Sp) and

“an - f”p,n‘a/‘) — 0 as n — 00,

Proof. We note that a,(X) > ein~P-2 for every X € Sp. We first show that H,f € A, ,(Sp)

Indeed,
ho(n2(t —
oo t:0,8) = s 50,901 < L st = ) = vtz = )
an(z,t) — an(a,t)
1o (t = s)e(n(z — ) an(,t)an(z,t) |
< calr — 2[nPH (Yo (nP(t = 5)) + Yo (n*(t — )0 (n(z — y)))
and

/ t— — W, 2(p —
|, 5y, 8) = M2, m5y, 8 s)| < l“] i 8(31);($i(;(11 : S))d)(n(l_y))l
20 V(o an(2,r) — ay(2,t)
(2 = s)bln(e = )

< eyt = r|nP* (Y(nle —y) + do(n2(r = s)$(n(z = 1))

Therefore we see that H, f € A, 1(Sp).

We next show that
(7.1) |Hnf~ fll, >0 asn—co.

To do so, set

Ju(X) = Haf(X) = f / / ha(X, V)(F(Y) = F(X))dsdu(y).

Then
| (y,8) = f(z,3)]

”—/3/])—0‘
Ja(X)] < ¢ ——-;—-/ (l.s/ du(y
X< e an(X) Jy-sj<z/mr Jia- J|<2/n IJ-@I‘””*" )
n=2/p-a |f(z,8) — f(a, t)l
+ C4g——m / / dp(y)
ji-sl<2/n Is—fl‘/”“‘/2 l2—yl<2/n

an(X)
1/p

gy TV —0 lf(fL',S) - f(I’ t)ll)
St Mt +ean (‘/13—115'2/117 |s — t|i+pa/2 ds '

uzp(s) =
otherwise.

where
s V2
{ ( [ %%—‘-du(y)) it s € [0, 7]

0
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Hence

T
/ dt/]J,,(X)I”du(:v)
T
S__ [o]

Sen 1Y

p.o,of2°

which shows (7.1).
We next show that

(72) /(I/l(’l)) /T/T Ian('L,t)—f('Lst)_Hﬂf(’lﬂ')'i'f(m,r)lpdtdr_) 0.
0 0

It _ 7.|1+po:/2

To do so, set
A={(t,) €[0,T] x [0,T) |t - r| < 4/n?}

and
B={(t,r) €[0,T] x [0,T}; Jt — r| > 4/n?}.

Let (¢,r) € A. Since H,1 = 1, we write
'an(l t) — f(a,t) = H, f(x, r)+ f(x,r)]
<|/ /hnTTh-—hﬂamwﬁxﬂwﬂ—fWAWMWH
+ I/O (’-5'./(/:7.(-1',1"; Y 8) = ha(w,riy.8))(fe, ) — fa,)du(y)]
+ If(lf) - f(;'l.',)')l = Il + ]2 + I;;.

Noting that

(7.3) [hu(x,t5y,8) = by (2,139, 8)]|
< ean it — PIXBe2/m (W)X (2,8 /n2) (8),

we have

Il Scgnﬂ+4n—ﬁ/p-—olt_rl/ (18/ |f(Ja ) (1: S)I ,u(y)
li-si<a/n? Je-y<asm |y —alP/rte

< eron® "t — v Muy(t).

Hence

(7.4) /(ll‘(l') // Ilt = v| 7P 2y
A

< cpnPt?=o) /(I;.t.(:zr)/,Mul.(t)”(lt/ |t — r|p=i=Pa/2gy
. jt—-r|<4/n?

T . . p
Scn/du(a:)/ dt/ 1/ (v, 5) ﬁ_(,_l’s)l du(y).
0 lz—y[<2/n IU_J:! pa
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Similarly we have

I < cpanPHi|t — 1|/
|s—1]|<8/n?

Iﬂ%ﬂ—ﬂ%m%/ du(y)

lz—y|<2/n

1/p
2mayy .. |f(x,8) = f(z,t)]P
<en %t =] (/Is—flss/"’ |s — t[l+po/z ds ’
whence

(ILxa(t,r)
(7.5) [ anta / / e Bxaltb D2 gy,
. z,8) — f(z,t)|P
<c '2]) po d 2 1t |f(1”8) f(ll’a d
<cpn / /t(?)/o a /|s—t|§8/"2 [s — t]-+par2 s
/ lt _ T_Ip—l—*]m/‘ldr
[t—r|<4/n?

:8) = fa, )P
<c¢ dp( / / dsdt.
15/ p(x lo—t]<8/n? S__tlH—pa/Z

(Isxa(t,r))?
/du / / |t—1|1+7’“/2 lt(lw
f(x,t) — f(z,r)P
1 dsdt,
/(“ / /]t —r|<4/n? It_’ll-ﬂm/?

whence, together with (7.4) and (7.5),

P PPy (YU TE VRS

lt _ 7.|H—po/2

We also have

asn - oo.
Let (t,r) € B. We write

|Hof(2,8) = £(,8) = Huf (.7) + f(2,0)
<| [a /M?f%- 7(:5) = £, 1) du(w)|
+1 [ [t (0s) = Sarutl = i+ 1
and
s [ds [ bt sl f(09) - 1l 9)ldnts)
+ [[as [ hotastiv9)lf(a,9) = £ Olly) = T + T

Then

1/p
L <c ‘n?—n'\/ ds / I y,$ ) f(iL S)I d,u y)
= [t—s|<2/n? ( lz~y|<2/n I:I’ - y|ﬂ+pa (

< cn” Y Mu (t).
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Hence

(7.7) /(ly / / [t r[FeaE |1+’m/2 " dtdr

< clgn""’p/clu(a:)/Mum(t)”dt/ |t —r|717P/2gy
|t ~1|>4/n2

fly,t) = f (=, t)lP
<c dp(z / dt/ | du(y).
1 / l |z—~y|<2/n |'l’ - J|6+Pa ‘u( )

On the other hand we have

e |f(2,8) = f(z,1)]
Ly < coonP 22/ a/ duly / N
2 Jz-y|<2/n ) [t—s|<2/n? |s—t|1/p+a/2

1/p
<eqn™* / i) - f(l.’t)lpds
- = s <2/ |S - tll-{—pu/? )

whence

(7.8)

12\13
/(1}1 / / T IH”"/? dtdr
t P
< coan™P¢ /d/z / dt/ ) 11(1/2” ds/ lr—t]“l“P“/er
t—s|<2/n? 5 _tl re |r—t|>4/n?

|f (= (. t)”
< ) it Is.
cza/tu / ¢ /t el <2/n |$_t|1+p0/2 as

Similarly we can estimate Is. From (7.7) and (7.8) we deduce

/([,u,(.”l')/ IH,,f(.’L‘,t) — f(’baf) — H,,f(l‘, ") + f(a;’r)lpdtdr 30
B

It —- rl l4+pa/2

as n — 0o. Thus we sce that (7.2) holds.
We next show that

(79) /0 (]f/ lH,,f(fl,,t)—f(.l,,,t)— an(.l/st)'*'f(yﬁt)lp

!.’l' — yl,@-{-]m

dzdy = 0

as n — oo. To do so, set
C={(x.2) €D x OD;|w — 2| < 4/n} E = {(x,2) € 8D x OD; | — 2| > 4/n}.
Let (z,2) € C. We write
(o f(e,1) = £(8) = Hof(o1) + F(0)]
<| / s [ (hale,t:9,9) = bz, 15, 9) (£ (9. 5) = £ )y

1s ha(z,ty,s) = hy, 5 05Y, S z,s) — f(z,t))d,
+|/0 cs/umy ) = ha(2,t9,8)) (F(228) = £, 0))da(y)]
+|f(a,t) = f(z, )| = I+ I; + L.
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Since
(7.10) |hn(z,t 2y, 8) = ha(z,t9,8)] < coqn? 3|z — z|XB(t,2/n?) (8) X B(z,6/m) (¥)s
we have
1/p
— f(2.5)|P
Is < cosn® %2 - ZI/ ds / lf(y,‘s) gia;f)l dp(y)
lt=s|<2/n lz—y|<6/n ll - yl :
< cgn' Tz — 2| Mug(t),
where 1
8)—f(z,8)|" :
oa(s) = { (Jiemsicom LE2AE du(y)) it selo,T)
0 otherwise.
Hence

T I
/0 (lt//c H—_Tﬁlﬂmdu(r)d/t(z)
So;-,-n”“""’/(l/,z(:v)/Mvz(t)”(lt/ e — z|PPetPdy(z)
fz—z]<d/n
< e98 ‘/.d;,l,(w)/u,,(t)"(lt
coflonf] . AP

Using (7.10), we also have

1/p
|f(x,s) = f(z,t)[P
I; < -z d
cagn! Tz — 2| (/|t-s|§2/n’ TREY s s
whence

/ dt // o= ”I‘H’m —t——dpu(a)du(z)
(=, t)P —p-
< cgon )”/dp / dt/ 18) = ds x — 2|7 PPtPay (2
? t— sl<2/n2 t— s|1+pa/2 !x—z[f«!/ﬂl | “( )
f(z,s) = f(=, )P
<c du(z / / I dsdt.
30/ M( ) 0 Jjt-s|<2/n? If - Sl1+])01/2

Therefore we obtain
T
wflx,t)— fla,t)— Hy z,t ) P
/ (,t// [Hof(w,t) = f(@,) = B (O SO
o e o~ e
as n — oo.

We next assume that (2,z) € E. We write

|H, f(z,t) = fz,t) — Hof(2,8) + f(2,1)]
<| / s / B, 9,5 (£ (1, 8) = f(2,8))da(w)]

+1 /0 ds / B2t 8) (£, 8) = (= )du(y)|
=Ily+ Lo

29
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and
T
B[ ds [ halativn)709) = S, )duty)
0
T
1 [ ds [ (et s)@,9) = £ )t
0
= Iy + Iyo.
Then
\ 1/p
I <ec 17’2-0\/ (IS / If(y7 ) (.’L' S)I
= |t—s|<2/n? < ly—zl<2/n |y —x|P¥re Iu(y)
< cgan”* Mu,(t),
whence

/ (lt// s ”|‘3+padﬂ( x)dp(z)

< c;;yz"’"/d;da:)/Muz(t)”(lt/ |z — 2| 7P=Podpu(z)
|z~z|>4/n

< C;};}/(]}L(.’E)/lll.(t)’)dt

= ¢ / dt (/’” / If(U,.S) — f(:l;,s)lpdu(y)
33 ly—z|<2/n ly — x|f+pe .

Similarly we can estimate Ijg. Thus we obtain (7.9). From ( 7.1), (7.2) and (7.9) we deduce

”an - f||p,a,a/2 — 0 asn — oo.

Let us now prove our theorem.

Proof of Theorem. Let f € A /2(/~"T)- On account of Lemma 7.1 we can choose a sequence
{fn} € A11(Sp) such that ||f, — fllp.asas2 = 0. Lemma 5.6 yields

(7.11) im  B5.(X) = Kfa(Z)+ é 2.

XN—=Z,NeDx(0,T)

Since || fn = fllp.a,a/2 = 0 and || K f,, — K f{|,, = 0 by Lemma 6.5, we can choose a subsequence {gx }
of {f,} such that

(7.12) klim 9 (Z) = f(Z) and klim Kg(Z)=Kf(Z)
pr —a.e.Z € Sp. Set
Fr={Z€Sp:|f(Z)] =400 or |[Kf(Z)| = +o0}

and denote by F) the set of all points Z € S5 at which both of equalities in (7.12) do not hold. Put
F=FUF;, and

E,={Z€Sp: limsup |®f(X)~ (Kf(Z) + | > b}
X—Z,Xer,(2)
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for b > 0. Note that, for Z € Sp \ F,

27(0) - (5£(2) + L2 < (1 = ) ()] +1800(X) - Kou(2) -

gk(Z)—f(Z)|
5 .

QL(Z)l
2

+ K (g = £)(Z) +

If Z € Ey \ F, then, by (7.11),

. . . 1
o< limsup (f = gi)(X)| +|K(f - 9i)(2)| + 51/ (2) = x(Z)],
X—2Z,.Xer,(2)

whence, together with Lemmas 6.5 and 6.6,

pr(Ey \ F)

C1

*p - , 1
<ot ([ @-anra+ [ 50 - P+ g [ V- abde)
F “ Eb -~ Eb

b

C2 p
< l—);;-”f _g“"”p,a,a/Z'

As k = oo, we see that up(Ey \ F) = 0. Since pr(F) = 0, we conclude that pr(F,) = 0 for every

b > 0. Thus we see that the first equality of the conclusion holds. Similarly we can show the second

equality of the conclusion. O
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