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Abstract

We consider a locally conformal Kahler manifold satisfying a property for Ricci tensor. From a view
point of the transversal geometry, we give a sufficient condition to be integrable for a compact almost
generalized Hopf manifold with such a property.

Introduction. )

A locally conformal almost Kihler manifold (1.c.a.K.-manifold) has been defined by Vaisman [9] as
an almost Hermitian manifold (M, J, g) whose metric is, in local, conformal to an almost Kahler metric:
namely, for each point p € M, there exist a neighbourhood U and a function o on U such that gy is
an almost Kahler metric of (U, J). If, in particular, its almost complex structure J is integrable, M is
called a locally conformal Kahler manifold (l.c.K.-manifold). Such a Hermitian manifold is characterized
by the existence of a closed global 1-form called the Lee form which satisfies the relation (1) in §1. The
Hopf manifold is a typical example of an l.c.K.-manifold, and in this case the Lee form is parallel.

Locally conformal (almost) Kéahler manifolds with parallel Lee form are henceforce called (almost)
generalized Hopf manifolds. As is known, if an almost generalized Hopf manifold satisfies Einstein
property, it is necessarily Kahlerian.

The purpose of this paper is to study an almost generalized Hopf manifold with a certain property
for the Ricci tensor, called a-Einstein property. A foliation canonically defined in an almost generalized
Hopf manifold will be discussed and from such point of view, we give a sufficient condition for the almost
complex structure of an almost generalized Hopf manifold with a8-Einstein property to be integrable
(Theorem 4.5).

1 An l.c.a.K.-manifold

Let (M2, J, g) be a 2n-dimensional almost Hermitian manifold and 2 the fundamental 2-form defined
by Q(X,Y) = g(JX,Y), that is, @ = -;—J,-jda:‘ A dz? (J;j = J;"grj) in terms of a local coordinate system
{z},2%,---,2?"}. A locally conformal almost Kihler manifold (abbreviated as an l.c.a.K.-manifold)
([9]) is an almost Hermitian manifold which admits a closed 1-form « satisfying

dQ=2aAQ (1)

ie.,

V,'ij + Vij,‘ + VkJ,'j = Z(Qge]jlc + Othkz' + ak«]ij)'
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This 1-form « is called the Lee form and represented in the form

-1 1

- 5(1»_—569 oJ (= mer,kJ; k dz). (2)

«

REMARK. If n > 3, a 1-form « satisfying (1) is closed necessarily.

In an Lc.a.K.-manifold (M?",J,q,g), let B be a 1-form defined by g = i(a#)2 = 2—(-5:—11769, where

#(X) is the interior product operator with respect to X. We set A = o¥ B = (#, hereafter. Since
o = —i(B)Q is closed and i(B)d2 = 0, the Lie derivative £z = (¢(B)d + di(B))§2 vanishes, namely,

(VB)(X,Y) + Q(VxB,Y) + Q(X, VyB) = 0. | (3)

If J is integrable, (M?", J, a, g) is called a locally conformal Kéhler manifold (an I.c.K.-manifold ).
As a characterization of an l.c.K.-manifold, we have

PROPOSITION 1.1 Let (M2",J,g) be an almost Hermitian manifold and H the tensor field defined by
H(X,Y) = (VxJ)Y — o(JY)X - g(X,Y)JoF + a(Y)IX — Q(X,Y)aF
where a = .‘,(;—il)ﬁﬂ oJ.

Then, (M?",J,g) is an l.c.K.-manifold iff H = 0 and o is closed.

PRrROOF. In [2], we know that H vanishes in an l.c.k.-manifold.
Conversely, in an almost Hermitian manifold with the property H = 0, it may be easily checked that
the Nijenhuis tensor vanishes and (1) is valid. The condition de = 0 is necessary only when n = 2. a

2 An almost generalized Hopf manifold

An lc.a.K.(resp. an l.c.K.)-manifold is called an almost generalized Hopf (resp. a generalized Hopf
)-manifold if its Lee form o is parallel and g is Killing (Cf. [10]). Notice that in an Lc.K.-manifold, 3 is
necessarily a Killing form if « is parallel.

We are going to prepare the following formulas:

LEMMA 2.1 In an almost generalized Hopf manifold, the following identities are valid:

Val =0, VpJ =0, (4)
VB = —cQ+aAp (ec=laf?), (5)
S046(X) = p(B,X) = 2(n — )eh(X), (6)
R(X,B)B = c(cX - a(X)A—- B(X)B) )

for X € TM, where R and p denote the curvature tensor and the Ricci tensor, respectively.

Proor. Since VA=0and B=JAis a.‘Killing vector, the following relations are valid:
VaB=VgpB =0, (8)
R(A,X)Y =0,  (V'B)(X,Y) = —R(B,X)Y (©)
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for X,Y € TM, where V? means (V2B)(X,Y) = Vx(VyB) — Vv,vB.
Differentiating 8 = i(A4)S2, we have

Vi —2VB=2(cQ-aAp) (10)

on account of df = 2V and i(A)(e A) + a A i(A)2 = cf2. Furthermore, differentiating (10)
covariantly by A and making use of (8),(9), we have

(VEQ)(4, A) = 2¢(V 490).

Thereby, because < V48,2 >= 0 and < (VZQ)(4, 4), @ >= —|V0[?, the former of (4) is now clear,
and then (5) follows from (10). The latter of (4) comes from (3) and (5). Differentiating (5) and making
use of (9), we obtain

RB,X)Y = c((VxI)Y +a(Y)JX - Q(X,Y)A)
—a(X)(e(Y)B - B(Y)A), (11)

which implies (6) and (7).

3 of-Einstein l.c.a.K.-manifolds
DEFINITION. An lLc.a.K.-manifold is said to be o -Einstein if the Ricci tensor is represented as
p=M+pa@a+vfRp (12)
where A, u, v are functions.

Notice that a8-Einstein property is invariant by homothetic change of the metric.
In an almost generalized Hopf manifold which is not almost Kihlerian (ie., & # 0), A, g, v in (12)
satisfy the relations
A+cew=2nrn-1)c, A+cu=0 (13)

T=2(n-1)A+c)

because of (6) and (8), where 7 is the scalar curvature.
Differentiating (12) and making use of d7 = —28p, we know that

LEMMA 3.1 If a 2n-dimensional almost generalized Hopf manifold (o # 0) is af-Einstein and n > 3,
then A, p,v in (12) and the scalar curvature are necessarily constant.

EXAMPLE. Let N2"~! be a contact Riemannian manifold with a contact metric structure (g, 7, k),
i.e., a tensor field ¢, a unit 1-form (contact form) 7 and a Riemannian metric h satisfying the relations:

I"T' =1,
@? = —I +¢®n where £ = 7%,
2h(pX,Y) = (dn)(X,Y) for X,Y € TN.

A K-contact manifold N?"~1(ip,,h) is a contact Riemannian manifold whose contact structure 7 is
a Killing 1-form. If moreover, 7 is a special Killing form, namely, the Killing form 7 satisfies

(Vzﬂ)(Xa Y; Z) = ﬂ(Y)h(X, Z) - h(Xa Y)"(Z)’ » (14)
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N27=1(p 0, h) is called a Sasakian manifold.

Now, let N?"~1(p,7,h) be a contact Riemannian manifold and consider the Riemannian product
manifold M2?" = N2n—1 x §1. Let u be the unit tangent vector of $* and w its dual form. Denote by J
a linear map on the tangent space T(p M at (P,t) € N x S* defined by

JX =pX+n(X)u for X € TpN (15)

Ju=-¢

identifying Tp N naturally with a subspace of T(p M. Then J and the product metric give an almost
Hermitian structure on M2". Let ? be the fundamental 2-form of J. Then

(d)(X,Y,2) =0

(@)X, Y, u) = (dn)(X,Y)

hold for X,Y, Z € TN, that is,
dQ = 2w A Q.

M?"(J, g) is hence an l.c.a.K-manifold with parallel Lee form w.

In the case when N2~ is a K-contact manifold, —7 = #(u)Q satisfies evidently the Killing property
as a form on M?", and hence M?" is an almost generahzed Hopf manifold.

As is known, for a K-contact structure, the Sasakian property (14) means that the almost complex
structure J induced above is integrable. So, M2"(J,w, g) is a generalized Hopf manifold if N?*~! is a
Sasakian manifold. For example, the number space R*"~! admits a Sasakian structure (7, k) defined by

n-1

2 =dz - Zyad:c,,,
a=1
n—l
E(d;ﬁ +dy2)+ 7
a—l

{a:a, Yas 2}a=1,2,.. n—1 being cartesian coordinate system, and then the product manifold M 2n _ pIn-1y
Slisa genera.hzed Hopf manifold. Taking a quotient of RZ"~1, we have also an example of compact one

(CL[1],[6])-

A K-contact manifold M2"~(yp, 7, k) whose Ricci tensor py is expressed as
pv=0g+bp®n (a+bdb=2(n-1))

is said to be an 7-Einstein manifold ([6]).
The following is clear by calculation:

PROPOSITION 3.2 If N2"~1(yp,1,g) is an 7-Einstein K-contact manifold, then M*" = N*"~1(p,7, k) x S
with the structure (J, g) defined by (15) is an almost generalized Hopf manifold with o.3-Einstein property.
The example of the product manifold M?" = R2"~1 x S mentioned above is an of-Einstein gener-

alized Hopf manifold whose Ricci tensor of the product metric g is written as

p=-29+2n7 Q@7+ 2w Quw,
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4 An almost generalized Hopf manifold from a view point of
the transversal geometry

The next purpose is to discuss an almost generalized Hopf manifold from a point of view of the
transversal geometry. We begin by considering a foliation F in a Riemannian manifold (M, g) (C£[8]).
Let L be the tangent bundle of F , @ = TM/L the normal bundle and 7 the projection: TM — Q.
TM splits orthogonally as TM = L@ L. Hence identifying L with Q by 0: Q@ — L' and putting the
induced metric by gg = 0*g|z+, we can identify (@,9q) with (L*,gjz1). Denote by 8(X)(X € I'L) the
transversal Lie derivative acting on I'Q} defined as

0(X)s = «[X, Y] sel'Q

where Y, € I'TM,n(Y,) = 5. A section s € I'Q which satisfies §(X)s = 0 for any X € 'L is said to be
holonomy invariant.

If g is bundle-like, i.e., gg is holonomy invariant, F is called a Riemannian foliation. In this case, a
connection V’ in @ defined by

, _ | n[X,Z,] forXeTL
Vxs= { *VxZ, for X € TL* (16)

where Z, = o(s) € 'L, is metrical and torsionfree.
A Riemannian foliation F is called an almost Kihler foliation ([4]) if it satisfies the following condi-

tions:
i there exists a holonomy invana.nt almost com lex structure J on the normal bundle y namely
P Q f)

a homomorphism Jg such that
| J2=—id, 6(X)Jgq=0 for X €TL,

(i) go(Jgs, Jqt) = gq(s,t) for s,t €TQ,
(iii) the 2-form ® of M defined by

®(X,Y) = gQ(JQWXﬂr,Y) (X,Y eTTM)

is closed.
A Riemannian foliation F which satisfies (i), (ii) and
(iii") V'Jg =0

is called a Kahler foliation ([5]).

Now let us consider a foliation on an almost Hermitian manifold (M, J, g). Let F be a Riemannian
foliation with respect to g and assume JL+ = L. If we define a homomorphism Jg of Q by J@Z = JZ
for Z € TL* where we identify (Q,9q) = (L1, gjz+), it satisfies J% = —id and gq is hermitian with
respect to Jg. Since the transversal Lie derivative of Jg is

B(X)Ia)Z = 0(X)JqZ) - Job(X)Z
= a|X,JZ] - JqnlX, Z] = n(|X,T 2] - J[X, Z)),

for X € TL,Z € TL*', it follows that
PROPOSITION 4.1 The homomorphism Jq is holonomy invariant if and only if

w([X,JZ] - J[X,Z]) =0 a7
for X eTL,ZeTLt.
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Returning to the case of an almost generalized Hopf manifold (M, J,g), let L be the distribution
generated by {4,B }. Since L is involutive, it defines a foliation F. In this case, JL* = L' holds
evidently.

PROPOSITION 4.2 In an almost generalized Hopf manifold, the foliation defined by {A,B} is an almost
Kahler foliation.

ProOF. (i) Since A, B are Killing vector fields, (6(fX)gq)(Z, W) = 0 holds for X = A,B, where
Z,W €Lt and f is a function.
(ii) By virtue of (4), the equation (17) holds for Z € T'LtandX = A4, B.
(iii) Owing to (5), we have
-1
(X,Y) = gq(JorX,nY) = E:'(dﬁ)(x’ Y)
for X,Y € I'TM. This completes the proof. a

Now, we know that the tensor H of an almost generalized Hopf manifold may be written as

T((VxJ)Y) = (ViJQ)Y i#X,Y eTLt
0

H(X’Y)={ if X or Y € TL

because of
B(VxY)=—(VxB)(Y)=cg(JX,Y) for X,Y e TLt. (18)
Hence, by virtue of Proposition 1.1, we obtain the following.

THEOREM 4.3 An almost generalized Hopf manifold is a generalized Hopf manifold if and only if the
foliation defined by {A, B} is transversally Kahler.

Let R’ be the curvature tensor of V': for X,Y € ITM, s € T'Q,
R'(X,Y)s = [V, Vy]s — Vix y5-
Let p" and 7’ the Ricci tensor, the scalar curvature of V' respectively defined as usual.
LEMMA 4.4 In an almost generalized Hopf manifold, p' is expressed as
P'(X,Y) = p(X,Y) + 2cg(X,Y) for X,Y eTL*.
ProOF. Let {E}, ..., Ey(n—1)} be alocal orthonormal basis of I'LL. For X,Y,Z € T'L+, it holds that

ViY

I

VxY - %(a(VxY)A + 8(VxY)B)
VxY— g(JX,Y)B

I

Hence,
,Z ,XY = WVZ(VXy - _q(JX,Y)B),
R(E,X)Y = nR(E;,X)Y +cg(JX,Y)JE; — cg(JE;, Y)JX + 2cg(JX, E5)JY
where we used VzB = —cJZ and «[E;, X] = [E;, X] - 18([E;, X])B = |E;, X] + 29(JX, E;)B. Then
making use of (7),(9), we obtain

In-2

PF(X,Y) = ) go(R(E;,X)Y,E;)

= p(X,Y) - “g(R(B,X)Y, B) +3cs(X,Y)
p(X,Y)+ 2cg(X,Y) o
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If an almost generalized Hopf manifold is af-Einstein, it follows from Lemma 4.4 that

' T

_——— / — —
p= Z(n—l)yq and 7' =7+2(n—-1)c (19)

In general, a foliation F in a Riemannian manifold (M, g) is said to be transversally Einstein if
p' = kgq holds for some constant k(= l’—;—-l), where ¢ is the codimension of 7. F is also said to be

harmonic if all leaves are minimal submanifolds of (M, g). In an almost generalized Hopf manifold, the
foliation defined above is evidently harmonic, because the leaves are totally geodesic.
On the other hand, by Morimoto [4] the following fact has been showed.

THEOREM. In a compact orientable Riemannian manifold, if a harmonic almost Kdhler foliation F
is transversally Einstein and 7' > 0, then F is a Kdhler foliation.

Thus, as an immediate consequence of Theorem 4.3 and (19), we obtain the following

THEOREM 4.5 If a compact almost generalized Hopf manifold (M?",J, g) (n > 3) is a8-Einstein and the
scalar curvature T satisfies T > —2(n — 1)c, then (M?",J, g) is a generalized Hopf manifold.

REMARK. The above fact in the case of ¢ = 0 was obtained by Sekigawa [7] as a sufficient condition
for almost Kahler manifold to be Kahlerian.
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