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Introduction

In a Riemannian manifold, the Riemannian curvature tensor defines
two kind curvature operators: the operators B of the first kind acting on
2-forms and R of the second kind acting on symmetric 2-tensors. A
Riemannian manifold of positive curvature operator R has been studied
from many derections. In [6], we know that a compact connected Rieman-
nian manifold of positive curvature operator of the 1st kind is of constant
sectional curvature if 6R=0. The purpose of this paper is to study a
similar problem in a Riemannian manifold of positive restoicted R, where
we say 7restricted R to be positive if R is positive on a space of traceless
symmetric 2-tensors ([5]).

If R or restricted R is positive, then the sectional curvature is also
positive (§3). But, we cannot yet know any relations between properties
of positive B and positive restricted R in general. In the last section,
we shall investigate relations between them under some conditions.

§ 1.; Preliminaries

Let (M", g) be an n-dimensional Riemannian manifold, and R be the
Riemannian curvature tensor. With respect to a local coordinate system,
we express by R;;" and R;=R,;,” the component of the Riemannian
curvature tensor and the Ricci tensor, respectively.

By virtue of Bianchi’s identity, the following equalities hold :

LEMMA 1.1. Put
ZRrjkleikerjsi:a; ERrjszn'ksRim:,@
where > means the summation for all indices. Then we can represent

1
( i ) ZerjkthkisRijsl: ZRrjkleikersji: —2‘a
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.. 1
(11) ZRrjszrskiRslij:ﬁ—za *

The curvaure operator of the 2nd kind R is defined ([5]) as an operator
acting on a symmetric 2-tensor :

{=) —> RO =(R.is,{) .

Denoting by x® vy a symmetric tensor: x® y=(1/2)(x2Qy+yRx) for x=, y
&T,(M), we can represent R as

B9, w0 v =5 Rig,u, 4,0+ Rz, v, 4,0},

where R(xz,u, y, v)=g(R(x, w)y, v) =R nx'u’y* "

Let &2 be the space of symmetric 2-tensors with the canonical inner
product < > and S, the space of traceless symmetric 2-tensors. For an
orthonormal basis {e, e, *+, e, of T,(M), we can take bases {e;Oe,}i ;-
of &% and {e; Oej, 6“66“}};%5" of S,2, respectively, where O is defined by

ei0ei=e;Oe;—e,Oe,.

Hereafter, components of tensors are taken with respect to an or-
thonormal basis.

§2. Theorem

We are going to prove the following :

THEOREM 2.1. Let (M™, g) be a compact connected Riemannian mani-
fold of wpositive restricted curvature operator of the 2nd kind. If it
satisfies

SR=0,

then (M™, 9) is a space of constant curvature.

PROOF. For each numbers ¢, 5, k, [, we define symmetric 2-tensors
Lk a5 follows :

C(ijkl) — 77(ijkl) _ n(klij)
where we put
(ijkl 2
K —
/i TED = 21 (Rrjkler® ei—R,ine,© ej) .
r=

Since it is also represented as
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geiskd
n n n n
= > Rrjkler Oe— X Roune.-© e;— 2 erijer® e+ 2 Rrkijer Oe
r#1 T7(ED T(ER) T(ED

+Risz(3i66i+3j@%‘“%6%"31—@—31);
{7RD ig traceless.
We now calculate S<R(L*2), 7%, On account of
. 1
(Rle;Oe;),erOer= ’2—(Rikjl+Riljk) ,

and of Lemma 1.1, we have

; 3
Rrjkleikt<R(er @ e,-), [ @ e]-> = — Za s

RmRsiRe,Oel), e, ey =— —;—/8-}- %—a )
Hence,
DCREH), LR
—2RCR(D), gy — (R ), g R0y
:4E{Rrjklejkl<R(er Qe e. Qe *RrjszsikaB(e, Oes), e O e
—2R, Ry R, O 1), e, O ew}

1
' :22 {RTjklejkers+ “é-a_l_zﬁ} 3

namely,
Z <R(C(i]’kl)), C(ijkl)> :2K

where we set K as

1
K= 2 {Rrjklejkers + ?Rrjkleikerjsi +2RrjkLstierski} .

The function K is accordingly positive for non-zero {“/* from our as-
sumption for R. On the other hand, in a compact Riemannian manifold
it holds that ([1],[2])

[ (K loRIdo= | 1RIdo.

Hence, dR=0 implies VR=K=0, and then {“/*” are zero for each <, k, I.
In particular, from {‘/** =0, we have R,;;(e;Oe;—e; O e;)=0. Conse-
quently, if n=3, g(R(x, y)x, 2) vanishes for any orthogonal vectors {z, v, z},
and this fact implies, as well known, that the space is of constant cur-
vature. In the case n=2, VR=0 means that the scalar curvature is con-
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stant, namely the curvature is constant. O

§3. Remarks on difference between the curvature operators

The curvature operator (of the first kind) is an operator R acting on
the space of 2-forms with the canonical inner product < ,) defined by :

a):(w”) —> R((U):(’—R”kh(!)ij) .

In this section we discuss relations among the following properties:
(i) the sectional curvature is positive,

(ii) the curvature operator of the 1st kind R is positive,

(iii) the restricted curvature operator of the 2nd kind R is positive.

LEMMA 3.1. In an n-dimensional Riemannian manifold (1) follows
from (ii) or (iii).

This fact is seen from the following expressions:

A

(R(xNy), c Ny>=4g(R(z, y)y, ),
(RzOy), 2Oy =29(R(x, vy, x),

for any »,ycT,M. O

Now, if n=2, the properties (i), (ii), (iii) are obviously equivalent to
each other.

If n=3, (i) is equivalent to (ii).

In fact, (i) implies (ii) as following : With respect to an orthonormal
basis consists of eigenvectors of the Ricci operator, any 2-form { satisfies

(R(Q), 0 =— Ryl =2R;,,(CY)?

because of R;;,;=R;,=0 for different 4, 7, k.

REMARK. In a conformally flat Riemannian manifold, (i) and (ii)
are equivalent.

By Weinstein ([7]), it has been shown that on a submanifold (M™, g)
in an (n+2)-dimensional Euclidean space E"*?(n=3), (i) is equivalent to
(ii). In case when M™ is, in particular, a hypersurface of E"*!, it holds
that

g(R(ei, e;)e;, e:)=2:2; (i 7)
and

A

R(ei /\6]'):2/21‘/11"615 /\8;‘ s
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with respect to an orthonormal basis {ej, e, '+, e,} consisting of eigen-
vectors of the shape operator corresponding to the eigenvalues {1;, 45, ***, 2.}.
Hence (i) implies (ii), that is, (i) and (ii) are equivalent on account of
Lemma 3.1.

However, (ii) does not implies (iii). In fact, we can give an example
of a space of (ii) which does not satisfy (iii) as following :

Let M™ (n=3) be an elliptic hypersurface in E"**' with the cartesian
coordinate system {x,, x,, -+, 2.} given by

n-1
S xttctn, =1 (0<|e|=const<1).
a=0

We consider at p=(1,0, ---,0). As the eigenvalues of the shape operator
are {1,1,--,¢", <R(), >, is negative for the tensor

n-1
(=2

a=1

o 8 a8 _ 8
<axa 5o " 5w, © axn>p'

On the other hand, since M™ is of positive sectional curvature, (ii) is
satisfied as we remarked above. [

Acknowledgement. The author would like express her gratitude to
Prof. S. Tachibana for his kind advices.

References

[1]7 M. Berger: Sur les variétés a opérateur de courbure positif, C.R. Acad. Sei.
Paris, 253 (1961), 2832-2834.

[27] A. Lichnérowiez: Géometrie des groupes de transformations, Dunord, Paris,
1958.

3] J.-P. Bourguignon and H. Karcher: Curvature operators: Pinching estimates
and geometric examples, Ann. Sci. Ecole. Norm. Sup. Paris, 11 (1978), 71-92.

[4]7 D. Meyer: Sur les variétés riemanniennes 4 operateur de courbure positif, C.R.
Acad. Sci. Paris, 272 (1971), 482-485.

[67 K. Ogiue et S. Tachibana: Les variétés riemanniennes dont loperateur de
courbure restreint est positif sont des sphéres d’homologie réelle, C.R. Acad.
Sci. Paris, 289 (1979), 29-30.

[6] S. Tachibana: A theorem on Riemannian manifolds of positive curvature
operator, Proc. Japan Acad., 50 (1974), 301-302.

[77 A. Weinstein: Positively curved n-manifolds in R**?, J. Differential Geometry,
4 (1970), 1-4.



