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§0. Introduction. Many works are known on Riemannian manifolds
of positive curvature operator [1], [3], [4], [5], [6], [10], etc.. The analogies
of that for Kaehlerian manifolds were studied first by S. Tachibana [11]
introducing the o-positiveness. The curvature operator of an n(=2m)
dimensional Kaehlerian manifold M*™ is said to be of ¢-positive if it is not
less than that of an m dimensional complex projective manifold CP™ with
standard metric. He proved the following theorems A and B.

THEOREM A. A 2m dimensitonal compact Kaehlerian manifold of o-
positive curvature operator 1s real cohomologically equivalent to CP™.

THEOREM B. A compact Kaehler-Einstein manifold of o-positive curva-
ture operator is a space of constant holomorphic sectional curvature.

Let R,;* be components of the curvature tensor of a Kaehlerian mani-
fold with respect to complex coordinates. K. Ogiue and S. Tachibana [8]
have dealt with the following two curvature operators of Kaehlerian mani-
folds:

(1) Eab —— chadecd
(11) faE - ZRaECéSC&

It should be noticed that the positiveness of the operator (ii) is equivalent
to the o-positiveness. For a Kaehlerian manifold whose operator (i) is
positive, they showed the following Theorem A’, which is an analogy of
Theorem A ;

THEOREM A’. A 2m dimensional compact Kaehlerian manifold whose
operator (i) 1s positive 1s real cohomologically equivalent to CP™.

The purpose of this paper is to study about such a manifold further,
and show that, in the case when the manifold is harmonic, it is locally
symmetric, under an additional condition.

Section 1 will be devoted to the notations and preliminary facts. The
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operator (i) will be called a pure symmetric curvature (simply, PSC) one.
We shall reconsider in Section 2 the result of Ogiue-Tachibana about posi-
tive PSC operator from the view point of real coordinate, and in Section
3 obtain some inequalities for later use. The main theorem will be given
in Section 4 for harmonic Kaehlerian manifold of positive PSC operator.
The author expresses her hearty gratitude to Professor S. Tachibana for
his suggestions and encouragement.

§1. Preliminaries. Let M" (n>1) be an n dimensional Riemannian
manifold. We denote by g¢,;, R.;" and E,;=R,;;* the components of the
Riemannian metric g, the curvature tensor R and the Riceci tensor Ric
with respect to the natural basis, and the summation convention are as-
sumed. V denoted the operator of the covariant differential, and A=dd+od
the Laplacian operator.

Let u be a p-form u=(1/p!)u;...,dx"t A\ --- Ndx*» with skew symmetric
coefficients u;,...,, The quadratic forms F,(u) of u are defined by

Fi(w)=R;w'u’, (p=1),

R
(p— 1!

In the following, M"™ means an n=2m dimensional Kaehlerian mani-
fold (m>1). M™ admits a parallel tensor field F'=(F*) such that

— p—1 o
(Rrsumz lpusiz-'-ip_l—————RrsjhuT”s Lp?/l/]hi?,m ip ) (p=2).

F(u)= 5

FirFrj:_aij) Fl‘j:Firg‘rj:_Fji-
The curvature tensor and the Ricci tensor satisfy
(1.1) FZTRThji: - FhTRLTji ’ R, = *FhTRzr s

1 r rs
_2‘F Rrsji:F Rrjsi:_sji:Sij;

where
S;i=F/R,;.
A tensor w=(u;) is said to be pure (in 4, 7) [15], if it satisfies
Frup=Fifug,, |
and to be hybrid (in ¢, 7) if
Firuy=—F uq,.

For example, ¢;;, F';;, R;; and S;; are hybrid, R,;;, is hybrid in k, j and
in 4, h respectively.
The curvature tensor U=(U,,;;) of M™ is defined by
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S

Ui =B’ = ptm+ 1)

<ghj5ri—grjahi—’_thFri—FTiji_ZFthji> .

where S(=R,) is the scalar curvature.
The curvature tensor of a space of constant holomorphic sectional cur-
vature k satisfies

1
Rrhji: 'Zk(ghjgri_grjghi+thFri_—Ferhi_ZFrh ji) .

A Kaehlerian manifold is of constant holomorphic sectional curvature
if and only if its U vanishes.
In a space of constant holomorphic sectional curvature k, it holds that

Ry u™ =ku;u’

for a pure symmetric tensor u=(u;;). A Kaehlerian manifold is said to
be of positive pure symmetric curvature operator (or simply, positive PSC
operator) if there exists a constant k>0 satisfying

(1.8) R u™u = kuju
for any pure symmetric tensor u=(u;;) at each point.
First, we have
PROPOSITION 1. In a Kaehlerian manifold M*™ of positive PSC
operator, the scalar curvature S satisfies
(1.4) S=zmm+1k,

where the equality holds 1f and only if the manifold ts of constant holo-
morphic sectional curvature k.

PROOF. We take a point and consider every quantities at this point.
Let X=(X,) be a unit vector and put X=(X,)=(F;X,). If we define u=
(w;5) by u;;=X;X;,—X,;X,, u is pure and symmetric. Then (1.3) implies

where o5(X) denotes the holomorphic sectional curvature for X, i.e. py(X)
=—RrhjiXTXfX"X”’. Next, let X=(X,) and Y=(Y,) be any unit vectors
and consider a pure symmetric tensor v=(v,;) given by

ij:X]YL+X1Y]—X]?L_XZ?J .
Then, from (1.3) we have
—R(X, X, 7, V)= %(1+c0526n+00820ﬁ) s

where o(X, Z) denotes the sectional curvature for X and Z, 0y, the argu-
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ment between X and Z.
Especially, if Y is orthogonal to X and X, i.e, X and Y are anti-
holomorphic to each other, it holds that

olX, V)X, D)= 2.

Now, take a unit vector X, and put X,..=X, Next, take a unit
vector X, orthogonal to X; and X,.,;, and put X,.,=X,. Continue this
process and we get a basis X, -, X, Xpay, o0, Xom Let us calculate the
Ricei tensor with respect to this basis, and we obtain

Ru:P(Xb X))+ {P(Xl; X5) +p(X1, Xm+2)}+
ot + {p(Xl; Xm) +P(X1; X'2m)}

k k
> _— _— = e——
=k+ 5 (m—1) 5 (m+1).
Similarly we have
R,z -—l; (m+1), (¢ no sum),

for 7=1,--,2m and

S= gRiiz'm(m+l)k. 0

§2. Betti numbers. First we note the following

LEMMA. In a Kaehlerian manifold M*™, the condition (1.3) of posi-
tive PSC operator is equivalent to

2.1) (Ringi— Rirss Fu" F )00 Z Ie(0,07 — F" F20,00™)
where v={(v;;) 18 any symmetric tensor.
PROOF. Let us put
Ui =Vj— FF 0,

for a symmetric tensor v=(v;;), then w=(u;;) is pure symmetric. Assume
M*™ to be of positive PSC operator, and substitution « into (1.3) implies
(2.1). Conversely, (1.3) follows from (2.1) with pure v. O

It follows from Lemma

PROPOSITION 2. In a Kaehlerian mansfold M*™ of positive PSC
operator, the following formulae hold for any p-form u;
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m-+1

(2.2) Fiuw)z—

kw,u",

1 k o
(2.8) Fp(u)g ! Z{(zmﬁp+3)u11@pull 4

(p—1)
(O DF U ™ Uiyl 77
_(p—1)FhFqsutqi3~'-ipursi3mip} (}()%2) .

PROOF. Fix a point and take an orthonormal frame at the point.
In the rest of this section, tensors are represented by the components with
respect to this frame, with lower indices. We take the summation from
1 to n for every repeated indices.

The case of p=1. TFor a l1-form uw=(u,), define a symmetric tensor
v =(v¥) for each 1=1,2,---,n as follows:

VR =105+ Us0r -

We substitute v to (2.1) for each 4, and take summation with respect to
1. The first term of the lefthand side becomes

thrsvgi)vt(l? - thrs(utari +%,.0:4) (Ug0s;+ Us0qs)
= 2thrs (U0r:+ ur5zi)%q5si
=2R, U, .
For other terms, we have
— Rigrs F g s 05205 = 6 R su s
v =2(n+Du,u, ,
— F Fouidvd =2u,u,

by virtue of (1.1), and (2.2) follows.
The case of p=2. Let w=(uy..,) be any p-form, and define a sym-
metric tensor v =(y{1%») for each p-tuple (iy,:-+,1%,) as follows:

»
(iymip) —
Vst TP = k2=1 (uil-~«z"k_lrik+1-~-ip5sik+uil-nik_lsikﬂ-nz'parik) .

We put

a=Rzmvgﬁl'"i?)v%l"'ip)
b: _‘thrsthFmsv%lmip)v}(gﬂlbmip)
c=pti iyl

A== FF oo 90
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Then it follows from (2.1) that

(2.4) at+b=k(c+d),

and we shall calculate a, b, ¢ and d.

At first, by the symmetric property in », s of v{a"*» and the pro-
perties of curvature tensor, it holds that

P D
(2.5) azzka lglthrs(%ll-nik_llzik+1---ip5rik

+ui1'“ik—1”’k+1“'ip5”k)ui1"'iz—1<1il+1"'1p5”1

=4 % quikil%il...t...ipui1...q.u-;p (t—*k, q—*l)

Y4
+2k§ Rqru,;1...,...ipui1...q...ip (r—k, q<Fk)
+4 EI Rz'quituiln-rmipuil---q-nip (r—k, qg—1)

=2p(p— I)thrsutris---ip%qsi3---'£p+2pthuzi2~-vipuqizmip
“"217(10_ 1)thrsursig--»iputqi3~~ip ’

kWhere (t—Fk) means that ¢ is at the k-th position i.e., %+ 24 1t0er =" Ty
As we have
1

qursut:ria---ipuqsiswip = 9 thrsutqis---l‘pursi3-~ip ’

(2.5) becomes
(2.6) a/zgp(p_I)thrs%tqismipurs1.‘3‘--722,+2pthu£i2--~ipuqi2~--ip .
Next, we calculate b in the same way. From the symmetric property

of v{1*» with respect to » and s, the skew-symmetric one of F and (1.1),

we have

Y4

> thrthqus(uil.,.t_,,{p(srik

1 1=1

M

(2.7) b=—2

k

]

+uil-urwipat'ik)%il---h-nipamil (t—k, r—k, h—l)
»
= _2k§1 RikqikthqFrsui1~~-r-~-1‘pui1~~h-~-ip (T, h""k)

:62?Rrs%rizmip%si2--~ip —2p(p— 1)thrthqusutmiswipurhz‘g--»ip .

On the other hand, from the first Bianchi identity, the skew sym-
metric property of w and (1.1), it holds that
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1

(2.8) th,thqusutmis...,-pumig...ip= — ?Rtmutqig...pu,sis...ip .
Making use of (2.8), (2.7) becomes

(2.9) b=6pR,sUriyiyWsiyiyt PO — 1) RigrsthigigeiyUrsiyeip -
Hence from (2.6) and (2.9),

(2.10) a+b=(p—1)!8pF,(u).

The calculation of ¢ and d are straightforward, and we obtain

(2.11) c:2p(2n~p—|—2)u,~1...z~pu,~1...ip s

(2.12) d=2puil.,,1puil...ip—2p(p— 1)thFrsutqis...ipu,sl-a...ip
—2p(P =D F o FosteqiyiyUrsigi,

and hence

(2.18) c+d=p(2m~p+3)ui1..,¢puil”.ip

- 2p(p— 1)thFrsutqi3---ipurgis...ip .
__.2p(p_ 1)FtrFqs7/(zgq13...ipursis...qu .

Thus (2.3) is obtained from (2.4), (2.10) and (2.13), and Proposition 2
has been proved. O

The following corollary follows immediately from Proposition 2 as in
[11], i.e., we have

COROLLARY (Ogiue-Tachibana [8]). An n(=2m) dimensional compact
Kaehlerian manifold of positive PSC operator is real cohomologically
equivalent to CP™.

§3. Some inequalities. In this section, we prove two inequalities
which are required in the proof of Theorem in § 4. For simplification, we
put as follows:

a :RkjihRihllemkj ’ ,8 :RkﬁhRmijlhm .
7 :Rklejithjih ’ p:Rkjithﬁh ’ T :RkiRki .
Then, we have the following

PROPOSITION 3. In a Kaehlerian manifold M*™ of positive PSC
operator, the following tmequality holds:

3.1) a+2yr=kimp—27) .
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PROOF. Fix a point and take an orthonormal frame at the point.
Tensors are represented with respect to this frame by the components with
lower indices. We take the summation from 1 to n for every repeated
indices. A 2-form %® are defined by

(rs) —
ukg?) - Rkjrs

for each » and s. Apply (2.3) to 4% for each r and s, and take the sum-
mation for » and s. The lefthand side is (1/2)a-+y. On the other hand,
the righthand side is

k
_4'{(27’7'_*_1)10—FLqFrsREqithsih—*Fc'rFqutqithsih}

=2 {@mt 1)p—4c—p) = 2 (mo—22)

by (1.1). Therefore we have (3.1) from (2.3). |

PROPOSITION 4. In a Kaehlerian manifold M*™ of positive PSC
operator, the following imequality holds:

(3.2) —a+48=2kp .

PROOF. Fix a point and take an orthonormal frame at the point.
Define a symmetric tensor u™ = (u$) by

ugﬁZS) = erjs + Rjrks

for each » and s, apply (2.1) to «4“® for each r and s, and take the sum-
mation for » and s from 1 to n. Let us denote

a= Rkhjiugcrjs)um) s b=— RkquthFiqugcC§)u§L1;;s> »
c=uPuiy d= ’—FkhFji%gcrjs)u%) ’
and from (2.1) we have
(3.3) a+b=k(c+d).

We shall calculated a, b, ¢ and d. At the first, by the symmetric
property of ", we have

a:2[8+2Rkhjierstirhs .
From the Bianchi identity, it holds that

1
(3'4) RkhjiRkjsrRhisr: E'a

1

1
BinjiBrjoRinsr = ?RknjiRkjsarfsr —7¢
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1
Rkhjierstirhs = —Rkhjierstihsr+ ﬂ = Za"}‘ ﬁ ’

and we get

(3.5) | a=—-—é~a—l—4/9.

As for b, as the same way of a, we can denote

b :2b1+ 2b2 y
where

b1: _RktquhtFiqursthris
b2: _RktquhtFiqurstirhs .
Here we have from (1.1) and (38.4)

bg"—“——i—a—h@,

and from (1.1) and the Bianchi identity,

b=— Rkjhiersthris + bz
Rkjhiersthris = ,3 —b,.

Hence

(3.6) b=2(— (8—b)+ by} +2b,= —26+6by= — -+ 4.

From (3.5) and (3.6), it follows that
(3.7) a+b=—2a+845.

Next, we calculate ¢ and d. It is easy to see that
(3.8) c=20+2R,;,;sR;rs=3p .

d can be calculated as

d=2d,;+2d,
where

dy=—FuF iRy jsRuris=0

&=~ FunFs R s Rine=RunseRusns =50,
which deduces
(3.9) d=p.
From (3.8) and (3.9), we get

(3.10) c+d=4p.
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Therefore we conclude (8.2) from (3.3), (38.7) and (3.10). 0

§4. Harmonic Kaehlerian manifolds. In this section, we shall
consider harmonic Kaehlerian manifolds. An analytic Riemannian mani-
fold M is said to be harmonic if for any point «, of M there is a normal
neighborhood U in such a way that AQ is a function of £ only, say f(£),
where 2=s%2 and s is the geodesic distance measured from x,. The local
function f(2) is independent of the choice of x, and called the characteristic
function of M.

S. Tachibana [9] showed an inequality which are satisfied by the first
and second derivatives at 2=0 of f(2), and obtained a necessary and suf-
ficient condition for the manifold to be of constant holomorphic sectional
curvature. Then, Y. Watanabe [13] calculated the third derivative at 2=0
and an inequality which gives a necessary and sufficient condition for the
manifold to be locally symmetric. In the process of obtaining these results,
he used the Lichnerowicz’s formula

@.1) -% Ap=|VRE— 4R T, Ryut K
where
K=2r+a+48,
which is valid in Riemannian manifolds. He also showed that
_ __ 35 1 2>
(4.2) a+2,8—2m(m+1)<p+3ms

is valid in harmonic Kaehlerian manifolds. It was proved there that |VE|,
a and B are constant in harmonic Kaehlerian manifolds.
As a harmonic Kaehlerian manifold is Einsteinian, we have R;;=(S/2m)g;;

and
(4.3) 2t=8*m,
(4.4) 2r=(S/m)o,

which and (4.2) together imply the following

PROPOSITION 5. In an n(=2m) dimensional harmonic Kaehlerian
manifold (m=2), the following formula holds:

(4.5) (m+1)(—a+2/~3)—37'=§

T.
m

In the following, we assume that the harmonic Kaehlerian monifold
M®* under consideration is of positive PSC operator, and m=5. We cal-
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culate (3.1) X (m—5)+(3.2) X (2m—1)+(4.5) X (—2) by making use of Proposi-
tions 3, 4 and 5. The lefthand side becomes

(m—2)(a+4p+27)=(m—2)K

and the righthand side becomes

k(m—2)(m+1)p—2{(m—5)k+ %}T

S
=(m—2)(m+ 1)16<10w m+17>~—2(m+ 1){m——k}r
:(m—z)(m+1)k1U|2—2(m+1){m—ﬂ—f+—l)—k}r,

where U is the tensor defined in Section 1 and |U|P=p—(2/m(m-+1))S*=
p—(4/m+1)r. Hence it holds that

(m—2)K= (m—+ l)lc{(m—Z)] U|2—2<m(TS—_|_1)k——1>r} .

We substitute (4.3) in the above inequality. Here, we notice that p is
constant by virtue of (4.2). As V,V,R,, vanish, we have from (4.1)

YR+ K=0,
and
@ 0z—|VRr=Kzm+)sH{EF - m(qafi—Z)(m(mS—l—l)k 1)}

Now, we assume
| U?| . 1/ S _1> '
S = mim—2)\m(m+1k

Then the righthand side of (4.6) is non-negative, and it follows that K=0
i.e. M* is locally symmetric. Therefore we obtain the following

THEOREM. A 2m(m=5) dimensional harmonic Kaehlerian manifold
with positive PSC operator is locally symmetric, if it satisfies the con-
dition

|U]? 1 S
2 = m(m —2)<m(m—l— Dk~ 1) ’

where U 1s the curvature temsor given im Section 1, S is the scalar cur-
vature.
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