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For a probability measure p defined on a finite dimensional space R",
we have another measure as follows:

1=\ pu(-Ddm),

where O(n) is the family of all unitary operators on R"™ and m, is the
normalized Haar measure defined on O(n). Thus we can make a rotation-
ally invariant measure A from p. 2 is an average of p with respect to
rotations.

Can we have the same result about cylindrical measures on an infinite
dimensional space ?

The answer is “yes” for special kinds of cylindrical measures, for
example, (strongly) rotationally quasi-invariant ((S)RQI) cylindrical meas-
ures (in fact, these coincide with RQI-cylindrical measures [5]).

In the former half part of this paper, we treat the above problem
for type 0-cylindrical measures. We present the main result in chapter 1.

The latter half part gives a detailed account of the relation between
Shimomura’s result ([5]) and GRQI-cylindrical measures ([2]) concerning
the case of type 0O-cylindrical measures.

1. An average of a cylindrical measure with respect to rotations

Let H be a real separable Hilbert space with an inner product <., ->
and the induced norm |-|=+{:,-), B(H) the Borel s-algebra of H and
P(H) the family of all finite dimensional orthogonal projectioné of H.
A set ZCH is said to be a cylindrical set if there are P=P(H) and
Be B(R" such that Z={x=H : Px< B}, where n=dim PH. Let Cj denote
the family of all cylindrical sets of H. A map g from Cy into [0,1] is
called a cylindrical measure if it satisfies the following two conditions:
(1) #(H)=1; (2) Restrict p to the s-algebra of cylindrical sets which are
generated by a fixed P P(H). Then each such restriction is countably
additive.
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Let &, be the collection of all closed balls of H and u be a cylindrical
measure on H. We say that g is of type 0 if for any >0 there exists
Se@&, such that p(x '(x(S)))=1—e for all x= H.

Let {¢;}n-1s.. be a complete orthonormal system (CONS) of H. Uy the
family of all unitary operators of H and N be the set of all positive
integers. Let H, (n=N) be the subspace of H generated by {e, ----, eq}.
For each n=N, we denote by Uy(n) the subset of Ny consisting of
satisfying the following two conditions: (1) Restrict u to the space H,.
Then such restriction is a unitary operator of H,. (2) Restrict w to the
space Hi. Then it is the identity operator on Hi.

It is easy to see that Uy,(n) is isomorphic to the n-dimensional
orthogonal group O(n). Since O(n) is the compact topological group, we
have the normalized Haar measure on Ugz(n), denote it by m,. Define

) zn(A):Su g A)dm, ) for all ASCy.

H

Then 2, is a cylindrical measure on H ([1], p. 97).

Let {v}.c; be a collection of cylindrical measures on H. We say that
{v,},c; 1s uniformly of type 0 for (=1 if for any ¢>0 there exists Se&y
such that v, (x ' (2(S)))=1—¢ for all x=H and all =1

LEMMA 1. If p 1s of type 0, then the class {A,}nen 1S uniformly of
type 0 for ne N.

PROOF. By the assumption, for any >0 there exists S€©&, such
that u(x™'(2(S)))=1—e for all x=H. Since u(x~'(x(S))) ={u(x)} {u(x)}(S)
for every uw=Uy, we have A,(z '(x(S)))=1—e¢ for all x=H and all neN. ]

Let T be an injective Hilbert-Schmidt operator of H and (i, H, E') be
the abstract Wiener space induced from the measurable norm p(x)=|Tx|
(x€H). Then H and E are two Hilbert spaces and the inclusion map <

is a Hilbert-Schmidt operator. We denote by | -|l; the Hilbert-Schmidt
norm. :

LEMMA 2 (3], p.215). Let (i, H,E) be as above, a=|il, and p a
cylindrical measure on H satisfying that p(x™'(x(B)))=1—y for all x<H,
where B, is the wunit ball of H and 7>0. Then (y) satisfies that
g@(w)(g(B))=1—e for every finite dimensional vector space G and for
every continuous linear map g : E—G wnere B, is the wunit ball of K
and e=Cmax (a,n) and C is a universal constant.
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THEOREM 1. Let p be a cylindrical measure on H and {2}.cy be as
m (*). If u is of type 0, then the sequence {1,} contains a convergent

subsequence {an}j=1,2,.... The limit 1s denoted by A. Furthermore, 2 18
rotationally imvariant.

PROOF. Let (¢, H, E) be the abstract Wiener space as above. Using
Lemma 1, we have the following result. For every »>0 there exists a
ball B,€®, such that A,(z'(z(B)))=1—y for all xz=H and all neN. Let
e>0 and set »=a=¢/2C. Then the expression Cmax(a, ) of the preceding
lemma is equal to ¢/2. Denote by Hj, the vector space H equipped with
the gauge of B, as norm. On the other hand let K, be the vector space
FE equipped with the gauge of the ball B,CFE as norm, where we choose
B, so that the Hilbert-Schmidt norm of 4 : Hs, — Ej, shall be =a. This
can be achieved by taking the radius of B, sufficiently large. It follows
then from Lemma 2 that ¢(i(2,))(g(B:))=1—¢/2 for every finite dimensional
vector space G and for every continuous linear map g : £ — G and for all
neN. Therefore, for every n=N, (1, is extensible to a Radon prob-
ability measure on E, denote it by 2,. It follows from the above state-
ment that for any ¢>0 there exists B,&; such that i,(B;)=1—¢/2 for
all neN. Hence we can say that for any ¢>0 there exists a compact
set KCE such that i,(K)=1—¢ for all ne N ([3]). Then the set {i.}new
is relatively compact with respect to the narrow topology ([4]). Thus we
have a convergent subsequence {1,};-s.. and its limit 2.

Using the same arguement in [1], we can get the cylindrical measure
A on H such that i is the extension of 4(1). Obviously the sequence
»{an} j=1,2-. converges cylindrically to 4. The same consideration of Theorem
1 in [1] shows that 2 is rotationally invariant. U

COROLLARY. Let {v}.c; be a family of cylindrical measures on H,
(1, H, E') be the abstract Wiener space as in the above sense and ¥, is the
extension of i(v,) 1f it exists. Assume that {v}.c; is uniformly of type 0
with respect to ¢=I. Then the set {P}.e; is relatively compact with
respect to the narrow topology.

This proof is quite immediate and may be omitted.

We need more processes for the sake of regarding 2 in Theorem 1 as
an average of g with respect to rotations. The following two problems
are open.

PROBLEM 1. Does every convergent subsequence of {A.}nen get the
same or eqivalent limat ?
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PROBLEM 2. Turn the CONS {e,},cy nto another one {filncy. Then,
how does the limits change ?

These problems are solved for the special class of cylindrical measures.

DEFINITION 1. For every ¢>0, there exists a 6>0 such that p(4)<o
(A= Cy) implies p(u(A)) <e for all u€ly,. Then p is called a (strongly)
rotationally quasi-invariant ((SYRQI) cylindrical measure.

For any ¢>0 and any u<Ug there exists a >0 such that p(4)<d
(A= Cy) implies u(u(A))<e. Then p is simply called an RQI-cylindrical
measure.

Let FD(H) be the family of all finite dimensional subspaces of H.
For GeFD(H), let Cy(G+) be the family of cylindrical sets of which bases
are on G+ and Uyx(G') the subset of U, consisting of u satisfying the
following condition: Restrict % to the space G*. Then such restriction is
a unitary operator of G-*.

DEFINITION 2. A cylindrical measure g on H is called a generalized
rotationally quasi-invariont (GRQI) cylindrical measure if for every >0,
there exist a >0 and Ge FD(H) such that p(u(A)) <e for all uwsUy(GL)
and for every A<(Cy(G*) for which p(A4)<ad.

Let 2, v be two cylindrical measures on H. We say that v is [weakly]
cylindrically absolutely continuous with respect to A, in symbols v« 1
[resp. v«.a], if for every ¢>0, there exists a 6>0 [resp. and GeFD(H)}
such that 1(4)<é (A=Ch) [resp. (A= Cx(GF))] implies v(4) <e.

A and v for which both v« 1 [resp. v<&.A] and A< v [resp. A< v] are
said to be [weakly] cylindrically equivalent, in symbols A~ [resp. i~uw].

THEOREM 2. Let p be an (S)RQI-cylindrical measure. Then all limits
wn the above problems are equivalent.

PrROOF. If p is an (S)RQI-cylindrical measure, then Theorem 1 in [1]
shows that p~.1 for every limit 2. {]

2. Remarks on GRQI-cylindrical measures

Recently, H. Shimomura ([5]) showed the result that every RQI-
cylindrical measure is an (S)RQI-cylindrical measure. Arranging the idea
in his main lemma for the case of cylindrical measures, we have the
following lemma.
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Let {eafney be a CONS of H,Ux(o0)=UUu(n) and y(n)"={uclly(co):
The restriction of u to H, is the identity}.

LEMMA 3. Let p be an RQI-cylindrical measure. Then, for any
e>0, there exist a 6>0 and nyEN such that u(A)<dé (A€Cu(Hz,)) implies
p(u(A)) <e for all uwelUy(ngt

PROOF. Assume that ¢>0 and there exist u,€U,(1)* and A, Cyu(HY)
such that u(4,)<1 and g(u,(A))=e. From the definition of Uy(1)*, u,
belongs to Uy(n, for some wn,. Without loss of generality we can suppose
that n,>1=n,. Next assume that there exist u,=Uy(n,)* and A, Cu(Hx,)
such that u(A4,) <1/2 and p(ux(A4,)=e,.

We repeat this procedure. Then as it is easily seen, a sequence
<Ny < voe e <M< v oo e, u, € Ug(m) "N WUg(n,,,) and A, € Cu(Hr,) are defined
inductively such that u(A,)<1/k and p(u.(4.))=e for all ke N.

Since Uy(n,)*"\Uy(n,.;) is regarded as the orthogonal group on
R*#+17"% it is compact in the natural topology. Hence the direct product

Kzlf_lllly(nk)iﬂll;,(nkﬂ) is again a compact group. Clearly we have KC 1.

Since p is an RQI-cylindrical measure, we can say that for any >0
there exists a >0 such that p(4)<d (A=Cp) implies p(u(A)) <e for all
ue K.

Take ¢=¢. Then we have k=N such that 1/k<d. As above mentioned,
we have A,€Cu(H7,)CCyx and u, €Uu(n,)*NUy(n,,.) CK such that p(4,)
<1/kE<é and p(u,(A.))=e,.

This contradicts the above statement. Therefore it follows that for
any ¢>0, there exist a 6>0 and n, €N such that u(4)<d (AeCu(Hz))
implies p(u(A4))<e for all ueUgu(ny)t. 0

On the other hand we have the following result about GRQI-cylindrical
measures. -

LEMMA 4. Suppose that p is a type O-cylindrical measure on H and
satisfying that there exists a CONS {e,}neny of H and for any >0 there
exist @ 6>0 and noe N such that p(A)<d5 (AeCu(Hz,)) implies p(u(4))<e
Sor all wely(nyt. Then p is a GRQI-cylindrical measure.

PROOF. By the assumption, we have a non-decreasing sequence of
positive integers {k,},-.. .. and a non-increasing sequence of positive numbers
{On}n=ys,.. satisfying that for every meN, p(A)<d, implies u(u(4)) <l/n
for all ueUy(k,)* if AeCu(Hz).
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Let H, . (k, me N\U{0}) be the subspace of H generated by {e ., -*--,
en} and P, ., be the normalized Haar measure of U,(k)*N\Ugz(m). Define

.Zk,m(A)zg t(u(A)dP, (u) for every A=Cy. Also define a map

U R)LN g m)d

¢, as follows:
o - 90:21<$, Crriveri €EHr— T :‘E1<w’ errive; € H.
i= =

Let us consider the restriction of 2, , on Hi and denote it by .. Put
An= Ak, kp+2n0Pr, fOr m=1,2, -+,

Since p is of type 0, we can use the same arguement of Theorem 1
in [2]. Therefore, we have a convergent subsequence {4,;} and its limit 2
such that g~:2. It follows again from Theorem 1 in [2] that g is a
GRQI-cylindrical measure. 0

By Lemmas 3 and 4, for the case of type 0-cylindrical measures, we
have the following result without using the latter half part of [5].

THEOREM 3. Let p be a type O-cylindrical measure on H. If p 1is
an RQI-cylindrical measure, then p is a GRQI-cylindrical measure.

PrOOF. It follows from Lemma 3 that for any >0, there exist a
>0 and n,e N such that p(4)<é (AeCx(Hz)) implies u(u(A)) <e for all
ueUy(ny)-. By the assumption, g is of type 0. Therefore, Lemma 4 says
that p is a GRQI-cylindrical measure. [

References

[1] M. Maeda: Measurable norms and rotationally quasi-invariant cylindrical meas-
ures, Hokkaido Math. J., 12 (1983), 92-104.

27 M. Maeda: Generalized rotationally quasi-invariant cylindrical measures, to
appear in J. Math. Anal. Appl.

{371 L. Schwartz: Radon measures on arbitrary topological spaces and cylindrical
measures, Oxford University Press, Bombay, 1973.

[4] L. Schwartz: Applications radonifiantes, Seminaire L. Schwartz 1969-1970, (Ecole
Polytechnique, Paris).

{57 H. Shimomura: Rotationally-quasi-invariant measures on the dual of a Hilbert
space, Publ. RIMS, Kyoto Univ., 21 (1985), 411-420.



