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§1. Introduction.

Let X be a locally compact Hausdorff space with a countable base, G be a
continuous function-kernel on X and NN be a lower semicontinuous function-kernel
which is locally bounded outside the diagonal set. Further, assume that each
non-empty open set is not G-negligible and not N-negligible. In this note we
shall ask necessary and sufficient conditions in order that for any pair <K, F)
of disjoint compact sets there exists a (G, N)-condenser-type measure « of each
A€ M% of which NA is locally bounded on K, i.e., there exists a measure a=gy,
—u; such that

supp (uo) C K,  supp(u) CF,
Ga=NA Gmne on K, Ga=0 G-n.e. on F,
0<Ga<NaA on X.

In case where N=1(the constant kernel) this problem has been solved in [6],
i.e. G satisfies the condenser principle if and only if, G is non-degenerate and
it satisfies the domination and the classical maximum principles.

In § 3 we shall show that for any pair <K, F'> of a non-G-negligible compact
set K and a compact set F with A(K)N\F=@, there exists a (G, N)-condenser-
type measure of each 1€ M% of which NA is bounded on K if and only if, G
satisfies the domination principle and the relative domination principle with res-
pect to N.

It is well-known that in Dirichlet spaces there exists a condenser measure
for any pair <U, V> of a relatively compact open set U and an open set V with
UnV=¢. Further, C. Berg has proved in [1] the existence of the condenser

measure for any pair <U, V> with respect to the kernel x:Sytdt, where (¢:)i>0

be a transient convolution semigroup on a locally compact abelian group.
In §4 we shall ask similar problems for any pair <K, F'> of a non-G-negli-
ble compact set K and a closed set F with A(K)NF=@.
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§2. Various domination pinciples.

Let X be a locally compact Hausdorff space with a countable base. A lower
semicontinuous function-kernel on X is a non-negative lower semicontinuous func-
tion defined on XX X which is strictly positive on the diagonal set 4 of XX X.
A continuous function-kernel is a lower semicontinuous kernel which is continuous
in the extended sense in XXX and finite-valued outside 4. We use G and N
for denoting lower semicontinuous function-kernels and introduce various domina-
tion principles.

DEFINITION 1. We say that G satisfies the relative domination principle

with respect to N, if for g, ve M% with SGyd/,t<+oo

Gu=Ny on supp(u) implies Gu=Ny in X.

We use the symbol G<N for this principle.
“G<LG” is said to be simply the domination principle.
“G=<1” is said to be the classical maximum principle.

DEFINITION 2. We say that G satisfies the transitive domination principle

with respect to N, if for g, veM% with SGydp< +oo

Gu=Gyv on supp(y) implies Nu=Ny in X.
We use the symbol G [ N for this principle.

DEFINITION 3. We say that' G satisfies the relative balayage principle with
respect to N, if for every compact set K and every peM% such that Ny+#-+oo
on K there exists ve M} such that

supp(v) C K
Gv=ENp in X
Gv=Nyu G-n.e. on K.

Here “Gv=Nyu G-n.e. on K” means that the set {xeK; Gv(x)#=Nu(x)} isa G-
negligible set and a Borel measurable subset A of X is called G-negligible if

any measure A= M% with supp(A)C A and SGZdZ<—l—oo is equal to 0. Such a

measure v is called a relatively balayaged measure of g onto K with respect to
(G, N). If G satisfies the relative balayage principle with respect to G, we say
that G satisfies the balayage principle and a relatively balayaged measure with
respect to (G, G) is called a G-balaYaged measure, simply a balayaged measure.
If G satisfies the relative balayage principle with respect to the constant kernel
1, we say that G satisfies the equilibrium principle.

DEFINITION 4. We say that G satisfies the continuity principle if Gu(ge M%)
is finite and continuous everywhere whenever it is finite and continuous on
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supp ().

We denote by .L(G)(resp. 9(G)) the set of measures p=sMk such that Gp
are locally bounded(resp. Gy are finite and continuous).

Hereafter we shall assume that G is a continuous function-kernel on X and
N is a lower semicontinuous function-kernel on X which is locally bounded outside
the diagonal set 4 of XXX,

PROPOSITION 1. Assume that each nom-empty open set is not G-negligible and
not N-negligible. If G[ N, then pe.L(G) implies ue L(N).

PrOOF. Let p be a measure in .£(G). Obviously the potential Ny is Iocally
bouuded outside supp(u). Let x, be an arbitrary point in supp(y). Since
G(xo, x0)>0, we can find a compact neighborhood X of x, and a constant ¢ such
that ¢G(x, y)=1 on KX K. Denote by p, the restriction of ¢ to K. Since Gy, is
also locally bounded, there are a compact neighborhood K, of x, and a constant b
such that K{;CK and Guo<b on K;. First, assume that x, is an isolated point.
Then {x,} is not G-negligible and not N-negligible by the assumption and we have
G(x, x9)<-+oo and N(x, x,)<+oco. Denote by g, the restriction of g, to K.
Then Guy=bcGe,, on K, and hence Ny,=<bcNe,, on X by G[N. Since Ne,,
and N(g—p,) are bounded on K, Ny is also bounded on K;. Secondly, we con-
sider the case where x, is not an isolated point. Take x;€K;\{x,} and find a
compact neighborhood K, of x, satisfying K,C K, and x,¢ K, If we denote by
the restriction of p, to K, we have Gu,=bcGe,, on K, and hence Ny,=<bcNe.,
on X. Since Ne;, and N(p—p,) are bounded on K,, Ny is bounded on K,. Thus
we obtain that Ny is locally bounded.

PROPOSIGION 2. Assume that each non-empty open set is not G-negligible and
not N-negligible. If G satisfies the continuity principle and G [ N, then G satisfies
the relative balayage principle with respect to N. Here G (resp. N) is the adjoint
kernel of G (resp. N).

Proor. Let K be a non-G-negligible compact set and g be a measure in
% with Nu#-+4c on K. Put

S:={u=Go—Gr; ceM%, t€%(G), supp(z-)CK}

and define for each feC(K)

p(f):=int{|Nodu—\Nedp; u=Go—Gres, uzf on K},

We remark that Nz is locally bounded by Proposition 1 and SNrd p<-4oco. By
the assumption we can find, for each f=C(K), o, %(G) satisfying | f|<Go, on
K. Then p(f)§SNaodp<+00. Take u=Go—Gres with u=f on K and
supp(e)C K. Then Gr<Go+Go, on K and G[ N, we have NrgNa‘—l-Nao.
Consequently p( f)g——SNaod p>—oo. Since the mapping f+— p(f) is sublinear



42 H. WATANABE NSR. 0.U., Vol. 34

on C(K), there exists a linear functional v on C(K) such that
w(HEp(f)  for all feCE).

If <0, it follows that v(/)=<p(f)=0. Hence v is a positive measure on K.
For each s M%, we have

SGadu:sup{Sfdp; 0=f<Go on K, feC(K)}
<sup{p(f); 0=F=Go on K, feC(K)}é’SNad,u.

Especially, SGexa’ug SNsxdy and hence éu(x)éNy(x) for each x=X. For each
€3 (G) with supp () C K, we have

S-— Grdvép(-Gr)éS—Nrdp .

Thus gévdt:SNDdT for each t=9(G) with supp(z) C K. Since G satisfies the

continuity principle by the aSSmnption,' it follows that Gyv=N ¢ G-n.e. on K.

§3. Condenser-type theorems for disjoint compact sets.

Hereafter we assume that G is a continuous function-kernel and N is a lower
semicontinuous function-kernel which is locally bounded outside 4. Further,
assume that each non-empty open set is not G-negligible and not N-negligible.

For each x=X and for a closed set K, we define

Alx):={yeX; b>0, G(z, y)=bG(z, x) for all z=X}
A(K) :Zx\eJKA(x) .

and

We shall consider the necessary and sufficient conditions in order that (G, N)
has the following property :

() Let K be a non-G-negligible compact set, F be a compact set with
A(K)NF=@ and A be a measure in M% of which N4 is bounded on K. Then
there exists a (G, N)-condenser-type measure a==g,—p; of 2 onto <K, F), i.e.,
there exist p,e€L(G) and p,€.L(G) such that

by) supp(p) CK, supp(u)CF, '

by) Ga=N2 G-n.e. on K, Ga=0 G-n.e. on F,

b)) 0=Ga=NA on X.

THEOREM 1. Let N, G be continuous function-kernels. Then the following
assertions (1), (2) are equivalent;

(1) (G, N) has the property (b).

2) G<LG and GLZN.

Proor. (1)— (2): Let K be a non-G-negligible set and A be a measure in
% such that NZ is bounded on K. Then there exists a (G, N)-condedser-type
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measure g,—y; of 4 onto <K, @) by the assumption. Since =0, g, is a
relatively balayaged measure of A onto K with respect to (G, N). Using this,
we can easily show that G satisties the elementary relative domination principle
(cf. Proof of Lemma 2 in [3]). By Theorem 1 in [3] we have G<N. Next,
we shall show that G<G. Assume that éygéex on supp(y), where peM¥k

with SG)aa'p<—f—oo and x&C(supp(y)). If there is a point x,=X\supp(g) such

that G/vc(xl)>Gvex(x1), we can find a compact neighborhood X of x; such that
éy(y)>Gvez(y) for all ye K. Remark that A(K) \supp(¢)=@. By the assumption
there exists a (G, N)-condenser-type measure p,—py of ¢, for z&supp (p) onto
<K, supp(g)>. It is obvious that p,#0. We obtain

O:S(G,ao#Gyl)dngépdpo—géyd,al>SGvexdpeo—SCv;ezdp1
=G po(x)— G ()20

This is a contradiction. Thus we have éyééex on X. Since G<N implies
that G satisfits the continuity principle (cf. [3]). Consequently G satisfies
satisfies the domination principle (cf. [5, Theorem II.3]) and so G does (cf.[2]).

2)— (1): Since G<G, G satisfies the continuity principle. Let K be a
non-G-negligible compact set, I’ be a compact set with A(K)"\F=¢@ and 4 be a
measure in M% such that N2 is bounded on K. The assumption G</N implies
G [ N. By Proposition 2, G satisfies the relative balayage principle with respect
to N. If v, is a relatively balayaged measure of A onto K with respect to (G, N),
Gy, is bounded on K. Since there is a,=F(G) satisfying Gyv,=Ga, on X, Gy,
is locally bounded. Further we can choose successively a sequence {v,} of
measures in .£(G) with the following properties:

(i) supp(vem) C K, suppWom+r) CF

(i1) vYem+, is a G-balayaged measure of v,, onto F,

(iii) Yem+e IS @ G-balayaged measure of v,,., onto K.
Then {Gy,} is decreasing and lim szm:;izrolc Gvsm+i. Since G<G, we have

m—e

é<é. Let B be an arbitrary measure in g(é). Then we can find aei’(é)
and € £(G) satistying

éa—ér:éﬁ G-n.e. on K, Go—Gr=0 G-n.e. on F,
0=<Go—Gr=GB G-n.e. on X(cf. [8]).
Remarking that supp(ven) C K and supp (Vem.1) CF, we have

Slim Gamd B= 1imSGv2md ﬁ:limgéﬁdvmzlimS(éoﬂéz—)d»m
:S(nrp Gvgm)da—S(lim Gyam)dz

— S (lim szm“)do-—S(lim Gyamel)dr
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:lim S(éa—‘ér)dl)gm+1=0 .

m—oo

Consequently lim Gy,,=0 G-n.e. on X and hence lim Gy,=0 G-n.e. on X. Thus

n—co

we see that the alternative series X (—1)"Gy, converges G-n.e. on X. Put
n=0

g ::mE:O(GVZm_GVZm+1) .

Since Gvom—Gvoms1=0 G-n.e. on Fand Gvypi1— Gyomss=0 G-n.e. on K, we have
3.1) g=Gy;=NA G-n.e. on K, g=0 G-n.e. on F,
0=g=Gy,=Ni1 on X.
Further we can choose 7, 6€ .£(G) satisfying
Gr—Gé=1 Gn.e. on K, Gr—G3=0 G-n.e. on F,
0<Gr—Gé Gn.e. on X.

For any p<N, it follows that

P v v D v v
[avinz 2 \(Gr—Cadvin— 3 [(Cr—Co)dvimn

0 =0

p
=

m

|

D ?
EOS(szm—szm-‘—l)dr—mZ=OS(Gv2m— Gvom+1)do
§Sgd7:SGV0d7< oo

and hence i}ogdvzm<+00. Put p:= iovzm. Then p, is a positive measure
supported by K. If we choose ﬁoei(é) satisfying éﬁo>1 on F, we have
mZ:. dezm+1§mz=ogéﬁod1)2m+1zmz Sszmﬂdﬁo

0 =1

= 3 (Guand o= 35 |G podvin< +o0.

=0

Consequently y;:= i_ovgmﬂ is a positive measure supported by F. Obviously it
follows that 3 Guyn=Gfto, 3 Gvami=Gp and g=Gp—Gypuy on X. Since Gy

<Gp,—Gy, and Gy, is continuous on K, Gy, is bounded on K and hence it is
locally bounded on X. Using Gu,=Gpuo, Gpy is also locally bounded on X.
Therefore po—p, is a (G, N)-condenser-type measure of 2 onto <K, F>.

Putting N=G in Theorem 1, we obtain the following corollary.

COROLLARY 1. G satisfies the domination principle if and only if (G, G) has
the property (b).

DEFINITION 5. We say that G satisfies the condenser principle if for each
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non-G-negligible compact set K and each compact set F with K F=@, there
exists a measure a=p,— (o< L(G), p:<.L(G)) such that

supp(¢o) C K and supp(p)CF,
Ga=1 G-n.e. on K, Ga=0 G-n.e. on F,
0=Ga=1 on X.

If A(x)={x} for any x=X, we say that G is non-degenerate. Putting N=1
(the constant kernel) in Theorem 1, we have easily the following well-known
result (cf. [6])

COROLLARY 2. Let G be non-degenerate. Then G satisfies the condenser
principle if and only if G<G and G<1.

COROLLARY 3. If GG, GN and G is non-degenerate, then for any pair
of a mnon-G-negligible compact set K and a compact set F with KN\F=0, there

exists uniquely a measure o= po—p (o, € L(G)) satisfying by), bs), bs) in
Theorem 1.

PrROOF. Let K be a non-G-negligible compact set and F be a compact set
with KN F=@. Since G is non-degenerate, we have A(K)N\F=@. By Theorem
1 there exists a measure a=po—p(po, pi € L(G)) satisfying b)), by), bs). Let B
=yy—v,(vy, v;E€.L(G)) be another measure satisfying b;), bs), bs). Since GG
and G is non-degenerate, é<é and G is also non-degenerate. By Corollary 1
there exists, for each re £(é), a measure 0=o0—1(o, reI(é)) such that

Gé=Gr G-n.e. on K, G6=0 G-n.e. on F,
0=Go<Gr on X.

Then we have

Sé}’d/xoz (Gvo—Gvr)d/,zo—S(éa*—sz‘)d,ul

I

I

|
S(G;eo—Gyl)da—S(Gyo—Gpl)dt
S(Guo—Gul)dU—S(Gvo—-le)dz'

:S(éa—ér)dvo—_—géfdw .

Let f be a non-negative continuous function on X with compact support. Since
G is non-degenerate, we can find sequences {o,} {r,} in ,E(é) satisfying

0§éan—érn§é2 on X for some lEF(é),
lim(Go,—Gz)=f G-n.e. on X.

n—0c0
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Consequently we have po=vy, If F is non-G-negligible, we have g, =v; analo-
gously. If F is G-negligeble, it follows that g,=y,=0. Thus we have y,=y,
al'ld H1= V1.

§4. (G, N)-éondedser-type theorems for a pair (K, F> of a compact set
K and a closed set F.

We say that (G, N) has the property (»’) if the following property (b’) is
satisfied :

(") Let K be a non-G-negligible compact set and F be a closed set with
AK)NF=@. Then for each A=.L(N) there exists a measure a=pg,—,
satisfying

b1) supp(u) C K, supp(u)CF,

b (Gmdp<+eo  for each per(l),

bs)  po(B)=p,(B)=0 for each G-negligible set B,
b)) Ga=NA G-n.e. on K, Ga=0 G-n.e. on F,
bi) 0=Ga=<NZA on X if Fis compact and 0=Ga=<NA G-n.e. on X if F
is not compact.
In this section we ask necessary and sufficient conditions in order that (G, N)
has property (b").

THEOREM 2. Assume that G<G and L(N)#{0}. Then (G, N) has the
property (b') if and only if (G, N) has the following three properties (c), (d), (e):

(¢) Let F be a non-G-negligible compact set. Then for every pe L(N) there
exists a measure veM¥% such that

supp(y) C K, Gv=Np G-n.e. on K, Gv=Np on X.

(d) Any peL(G) is balayable onto any closed set F, i.e., there exists a posi-
tive measure v such that

Gv=Gp G-n.e. on F, Gv=Gpu on X.

(e) Let K be a non-G-negligible compact set and F be a closed set with A(K)
NF=@. Then there exist sequences {c,}, {zn} (o4, . L(GY) satisfying
e)) 1im(Gop,—Gr)=0 G-n.e. on F, lim(Go,—Gr,)=1 Gne on K,

n—oco n-—co

ex) 0=lim(Go,—Gr)<Gn Gm.e. on X for some neL(G),
es) éonééanﬂ and érnéérnﬂ for each neN,

. 1iminf§]\vland‘8<+oo and 1iminf$]\7rnd,8<+oo for each Be.L(N).
PRrROOF. Suppose that (G, N) has the property (&").
(¢): Let K be a non-G-negligible set and ¢ be a measure in £(N). Then
there exists a (G, N)-condedser-type measure a=p,— p; of 2 onto <K, @>. Since
p1=0, we have
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Gue=Np G-n.e. on K, Gue=Np on X.

(d): We remark that it is sufficient to prove that for each closed set F

4.1) lim (Go,—Gr,)=0 G-n.e. on F implies lim(Go,—Gz,)=0

n—oo

G-n.e. on X, where {0,}, {t.} C L(G) satisfying
supp (o) CF, supp(z,) CF,
Ogéan~érn§ér G-n.e. on F for some 7E£(é),
éanﬂ—énﬂééo‘n—-érn G-n.e. on F (cf. [8 Theorem 1'])

Assume that lim(éan'—érn)ko G-n.e. on X. Since O_S_éan—érn on X, there

exists a non-G-negligible compact set contained in {x=CF; lim (éon(x)—érn(x))

>0}. We remark that A(K)\F=@. By the assumption there exists, for 1<

L(N)A#0), a measure po—py; satisfying bi)~bf). Since A+#0, we have p,#0.
Consequently

O:m{g(cpo—Gm)dan—S(Gﬂo—Gyl)drn}

:Slim (G on—Crn) d;zo—glim (Gon—"Cra)d

-0

:Slim(éon-—éfn)d,ao>0 .

This is a contradication. Thus lim(éon—érn):O G-n.e. on F implies lim(éon

—éz-n):O G-n.e. on X.
(¢): Let {K,} be an increasing sequence of compact sets with \ K,=X.
n

Suppose that K is a non-G-negligible compact set and F be a closed set with
AUKYNF=¢. Put F,.:=F\K,. We can find Xoeq(é) satisfying Gly=1o0n K.
Since é<é, there exists, by Corollary 1, d,=a,— 8, such that

supp(a,) C K,  supp(Bs) CFa,

G6,=G1, Gmn.e. on K, (G0,=0 Gn.e. on F,,

0=<G6,<GA on X.
Since Gan—Gpr<CGan 1 —GPn-y on KUF,, Gan—Gpr=Gan,—Gpry on X.

We remark that éané éan+1 on X. In fact, there exists, for each p€.L(G), a
measure on_—rn(on, 7, € L(G)) satisfying

supp(o,) CK,  supp(z.) CFy,
Go,—Gr,=Gn G-n.e. on K, Go,—Gr,=0 G-n.e. on F,,
0=Go,— Gt =Gy
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Then we have

(Gan—Grn)dan—S(Gon—Gz‘n)a’ﬁn

|

|
=(Car—cdo,—{(Car—Cpadz,
=|(Cann—Gpudon—|(Cann—=Cpuridra

S

- (Gan—Gmdanﬂ—S(Gan—Gmdﬁnﬂ

éSGvdan+1:Séan+1d7].

Consequently Gon<Gan.; G-n.e. on X and hence éanééanﬂ. Similarily we
have éﬂnééﬁn+1 on X. Let A be an arbitrary measure in .L(N). By the as-
sumption we can find a=p,—p, satisfying b1)~b;z). Then we have

+00> | Glud a2 {lim (Gatn—C B pre—lim (Gatn— G )
:iiE{S(Gyo—Gyl)dan—S(Gﬂo—Gm)dﬁn}

=limSN2dan:limSIVand2 .

N—>c0, T ->00

Since éﬂngéan on X and a,, ﬂnex(é), we have, using (¢),

Sﬁﬁndzggﬁandz for all Ae.L(N).

Consequently liminfgl\vfﬁnd,lg}liggﬁandl< +oo.

Conversely, suppose that (G, N) has the properties (¢), (d), (¢). Let K be a
non-G-negligible compact set and F be a closed set with A(K)NF=@ and 2 be
a measure in .L(N). We denote by y, a relatively balayaged measure of A onto
K with respect to (G, N). Since G has the property (d), we can choose a
sequence {v,} of positive measures satisfying ( i )~(iii) in Theorem 1. Obviously
{Gy,} ‘is decreasing. We shall show that lim Gv,=0 G-n.e. on X. Let 8 be
an arbitrary measure in ,E(é) and b be a positive real number satisfying bé,8§l

on K. Using the property (¢), for u:=lim Ge,, v:=lim Gz, in (¢) we have

N —>c0 T —co

Sudun=1imgéapdvn:1imgGund0p

pooo p—oo

:liminfSNldap:IiminfS./\V/apdl< +oo,
p—oo

p->00
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Since the sequence{gudun} is decreasing, it follows that

lim Sudvmzlim Sudv2m+1< Foo,

m—o0 m-—oo

Analogously

lim Svdvgm:Hm Svdu2m+1< +oo,

m—co m—co

Using these relations, we obtain

blim Guand §=1im (6Grom d p=tim [6C fdvan

m—oo

<lim \lim (G Gp— érp)dvzm

Mm-co) poco

m-—oo

=lim udem+1 lim SUdV2m+1

m-—-o0

S

=}im Sudvzm—-hm Svdvm
|

—lim Snm (G oy—C7p)dvems=0.

Consequently Slim Gymd =0 for all ,BE,E(GV). Thus we have lim Gv,,=0 G-

m-oco

n.e. on X. Thus we see the alternative series series >, (—1)"Gvy, converges
n=0

G-n.e. on X. 'Put

o0

=2 (Guzm GV2m+1> .

m=0

Then g has the property (3.1). Next we shall show that iol)zm is a positiye

measure. For any g N we have

ngvzmézghm(Gap E2,)dvem— Zq]Shm(Gap——GTp)dvgmH

p-ro0 0

~lim 3} S(Gum—cuwodop

p-r0 M=0

—1im 3 [(Gron—Gramsdz,

P M=0

gliminfggdapgliminfSNZdap< too.
Poo peo

Consequently 2 deméllmlnfSNldap<+oo and hence po:= Z Yom 1S a positive

p—»oo
measure supported by K. Let f be a non-negative continuous function on X
with compact support and 7 be a measure in & (G) with Gp=f on X. Then
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Sfd”2m+1égé77dV2m+1:SGV2m+1d77éSGl)zmdﬁzgéﬁdvgm .

Hence

éogdemHééogGv)‘]dvzm <40,

This implies that the positive linear functional: f — ig fdveme, on K(X) (the
m=0
vector space of continuous real-valued functions on X with compact support) is
a positive measure p, supported by F. Obviously >} Gyym=Gpy, and i} GYoms1
m=0 m=0

=Gp,. For any BE,C(GV) we obtain
[Gmap=3 (Grinndp= 3 (Grindp= 5 [Cpdvin< oo

Thus both Gy, and Gp, are finite on G-n.e. on X and it folldws that g=Gp,
—Gp, G-n.e. on X. We remark that g=Gu,—Gp, on X if F is compact.
Therefore py—p is a (G, N)-condensertype measure of 2 onto <K, F).

We define

S(6):={u=lim Go,; 6,€L@G), ConZConn, Sud,@<+oo for all

peF(G)}.
Putting G=N, we have easily the following corollary.

COROLLARY 4. Assume that G<G. Then (G, G) has the property (b") if
and only if G has the following properties (d), (¢’):

(d) Any pe.L(G) is balayable onto any closed set F,

(¢’) Let K be a non-G-negligible compact set and F be a closed set with
A(KYNF=@. Then there exist u, veS(G) such that

u—v=l G-n.e. on K, u—v=0 G-n.e. on F,
0§u—v§én G-n.e. on X for some nEL(GV).

PROPOFITION 3. Assume that G is non-degenerate and G<G. Further assume
that G has the following property (f):

(f) For any A< E(é), for any €>0 and for any compact set K there exist
u, veS(é) and a compact set K’ such that

v=Ilim éon, supp (o,) C K’

n—oo

(4.2) u—v=e G-n.e. on K, u—v=GA Gn.e. on CK,
' 0Zu—v G-n.e. on X.

Then (G, G) has the property (b).
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Proor. First we remark that we can choose u, ve&(é) in (f) satisfying
(4.2) and

u—v=GA G-n.e. on CK’, 0=<u—v<GA G-n.e. on X.

In fact, since (u—v)AGA=uA(GA+v)—v and uA(GA+v)eS(G), we can take
(u—v)AGA instead of u—v. By Proposition 4 in [8] any pG;C(G) is balayable
to any closed set. Further, let K be a non-G-negligible compact set and F be
a closed set with KN F=@. Choose A, &%F (é) satisfying GA=2 on K. By the
assumption (f) there exist u, ves(é) and a compact set K’ with KC K’ such
that

u—v=Gl G-n.e. on CK', wu—v=l G-n.e. on K
0<u—v=Gi G-n.e. on X.
Then we obtain, putting w1:=é20+v——u,
w;=1 G-n.e. on K, w,;=0 G-n.e. on CK.
0<w,=<CGi, Gn.e. on X.

Since (FNK)YNK=¢@ and é-< é, it follows from Corollary 1 that there exists
we=Ga—Gpa, B.L(G)) such that

wzzéézogl G-n.e. on K, w,=0 G-n.e. on FNK',
ogwé%ézo G-n.e. on X.

We can write w;Aws=u;—us(Uy, uzes(é)) G-n.e. on X and obtain

u;—u,=1 G-n.e. on K, U;—u;=0 G-n.e. on F

O_S_ul—uzé%élo G-ne. on X.

Thus (G, G) has the property (b’) by Corollary 4.
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