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§1. Introduction.

For a positive operator T in an ordered Banach space, the following
theorem has been shown by S. Karlin [2].

Tuaeorem (S. Karlin).

n—1
— > T' converges uniformly to a non-zero operator if and only if 1 is
n i=o ,

a simple pole of the resolvent R(2, T) of T.

S. Karlin has shown also tﬂat if 1 is a pole of R(4, T) of order k%,
then —F(knkﬁg T! — (T — I)*~' P, where P is a projection operator. The
converse, however, doesn’t hold in case of k=2 as shown in § 2.

In this paper, we shall give a necessary and sufficient condition for

1 to be a pole of order k of the resolvent, which is the extension of the
above theorem of Karlin.

§ 2. Results.

ExAMPLE. ,
Consider T= (1 1 0
1
1-1/2
1—1/3_

0 “1-1/n
belonging to L(I*).
n—1
Then the sequence {_}; 3 T"} converges uniformly to
n i=0

(T—1)P=(0 1 , where P= (1
0

. 0
But 1 is not a pole of R (2, T). '
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The above example shows that the convergence of a sequence
{——I—‘-(k—"i_l—)—. 2 T'} is not sufficient for 1 to be a pole of R(4, T'). There-
n
fore, by using another sequence of polynomials, we obtain the following
theorem.

THeOREM 1.

Let T be a positive operator with r(T )=1 in an ordered Banach space E%).
Then the following are equivalent.

i) 1 is a pole of the resolvent R(A, T) of order at most k.

ii) frna(T) converges® to an operator P, as n—oco, where

fk:n(z)— 2 Ay, 2lsm N rrsin— 1(2)
=t gk:sm 1(1)

Girerg( D) = 2 ...... E zw A

=0 iz= iy!
and az,=(—1)*1(k\ (2k+s—2 / 2k~—2>.
s k—1 k—1
The coefficients {a;,} in Theorem 1 are solutions of the following simple
equations :

13

Zakrszl

s=1

k 1 _ 1 . *
2 IS j=s k-1 *

—_— Ay = ————
1 k4j+s—1 k+j—1
By calculation, we obtain

FomlP (2) = 2 Qs Zrs+jm—j—1(A)
gk’s,n—l(l)

guwa D= (1T E N 1)

and

b (=D & (s+j—1)! (s+k—1)
Jent > D)= (n—j—1)! 2] (s—1)! (s+k+j—1)!

Therefore, by using the relation (*), we get
Fon(D)=1 and fo.(? (1)=0 for 1< j < k—1.

Proor orF THE THEOREM 1.
Suppose i) is satisfied. Then by the result of S. Karlin stated in §1,

) n—1 :
the sequence {—]Ek— > T"} converges to (T'—I)*-! P, where P is a projection.
nk i=o0

Therefore we have

1) An ordered Banach space means that it is generated by a proper, closed and normal
cone. For these definitions, see (3).
2) In this paper, convergence is understood to be in the uniform operator topology.
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T"
nk

—> 0 (n— o0) (%)

by using the relation

T" ( n+1 )k 1 L. 1 S
= T — —— T
n* n (n+1)k :A—':) n* :g

By calculation, we have, for 1<s<k

gk:sm-q(T) (T—I)k :M Tr+k-1

(n—1)!
4 (=1) (s—1).r:0 (”+’:jf_2) ("—sfl“l) Tk=s=m (T—[ym.

So by using the relation (**) and

(1) = (n—s+1) (n—s+2)------ (n+k—1) spk+sml (RRX)
S(s+1) -c-eee (s+k—1)

gk:sm—

we get

Fom (TY (T—I)F = 3 ay, Eeon=1 (D) (r_py _, 0
s=1 gk’s:n-—l(l)

as n — oo.
By virtue of a result of N. Dunford [1, Theorem 3.6], we deduce that
fiwn(T) converges to a projection as n — oo, by considering (1—1)* for P(2)
in [1. Th. 3.6].

Next we suppose that ii) is satisfied. We consider the functions

(D) =2E2EZL £y (D) =il T)
and

i (T) =2EZEL D) = T BT
for 2<m<k.

Then by using the condition that f,,(T) converges to a projection, we see,
for 1<m=<k

Riymon(T) —> O (n — oo).
By calculation, we have, for 1<m<k

et (m—1)! (s+r+k—1)! (k—s—r)
hk:mm (T) - .sgl rgo : r! (S—].).’ m__r_l A5+
(n—1)! (k—s—m+1)(n—1)! }
X —l8n+m— T 8T Mm— T
{(n+k+s+m—3).’ Si-trom+m—1(T ) + (1t k+s+m—2) Eirsmim—1(T)
— 1YV’ m=1 — 1Y — /
+ (n—1)/ (m 1) (2k m—l—r). Aisk—m4r+1 8x—1rk—m+n+m—1 (T)

(n42k—2)! r=0 vl (k—m)!

(o)
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and |
" —DI(k—=1) & (r+k—1)
By (T)e (T—T)e-2 = .
wion (1)+(T=1) nr2k—2 A -1
Xni Ti+2k—2_|_0(_1_)_
i=0 n
Since é #{)I’l a.,, is nonzero, we have
r=1 r—1)/
1 n—-1 . ”
—wan L T 0 (o) (*1)

by using the relation /y,,,.(T)+(T—1)*?* — 0. In the same way, from (*1)
and Zy,p—1,,(T)«(T—I1)¥* — 0, we have

Tn

prre 0 (n— ) (*2)

n
and then, from (*1), (*2) and A pe0.(T)(T—1)* — 0,
T'l

k=3

(T—I) — 0 (n — oo).

A repetition of this argument clearly yields

" 71y — 0 (n — ) (*j+2)

n2k—2—_,

for 1< j<k—2.
By using the relation (**¥), (*1)~ (*k) and

fk,n(T) (T—I1)%? = k2$

s=1 Zr,sm—1 (1)
(s—=1)A(k-2)

X (—l)i(l.c) (n+.?'—i—2)(s_1)! T+ k=1 (T — [ k=2

= i/ \s—i—1

+ Qi (___ 1)k—1 k! njl Ti+k—1_l_0(nk—s)'
8rrwm—1 (1) » i=0

we get
urlT)«(T=D*=* — 0 (n —> o).

Put P(T—I)Y =04, 1< j=<2k-3. |
Then by using the relation P(T—I)*~*=0, we have, for i >1

PeT'=P+ 3 (;) Ousr Where r=iA(2k—3).
Therefore we have

fon (D) Pe=fin ) B+ 3, L2 g,
=1 Jj!
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Since the coefficients {a,;} satisfy the equations f;,,(1)=1 and f;,,<?(1)=0
for 1£j< k—1, we see that for j = k, fi..9°(1) is nonzero and tends to
infinity as n—oco. If Q,,;#0 for some j = k, || fu..(T)+P;|| tends to infinity,
which contradicts that f;,,(T)«P, converges to P,2. Therefore Q;,,=0, which
means that P,>=P, and 1 is a pole of the resolvent of order at most %,
since r(T')=1 belongs to the spectra of T by positivity of 7. This completes
the proof of the Theorem.

n

The positivity of Theorem 1 plays the role to get —0 asn— oo

nk
from the condition i) in the Theorem and also for 1 to belong to the spectra

of T. So we we can replace positivity by the condition];k--» 0 as follows.
n

TueoreMm 2. Let T be an operator with ¥r(T)=1 in a Banach space,

satisfing

— — 0 asn— oco. Then the following are equivalent.
n

iy 1 is either in p(T) or else a pole of R(2, T) of order at most k.
i1) fun(T) defined in Theorem 1 converges to an operator P, as n — co,
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