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Introduction. Let M" be a Riemannian manifold. If there exists
a positive constant k& such that

(#) —Rijkluijuklg?,k u,;j’uzij

holds good for any 2-form uw=(u,;) at any point, then M™ is called to
be of positive curvature operator. For a space of constant sectional
curvature k the equality sign in (#) is valid. M. Berger [1] has proved
that the second Betti number by(M) vanishes for a compact orientable
M™ of positive curvature operator. Then D. Meyer [4] has obtained
bi(M)=0 for 4=1,---,n—1. We are interested in its Kéhlerian analogy.
As it is impossible to impose the condition (¥) on Kéhlerian manifolds,
the condition will be modified as (*) in §2 below. (¥) would be suit-
able. For, the equality in (*) is valid for a space of constant holo-
morphic sectional curvature k, and with (¥) we can get a satisfactory
result about the Betti numbers. In §3~§5 we shall give Kéhlerian
analogies to the results for M™ which have been given in [4], [5], [9]
and [10].

§ 1. Preliminaries. Let M" (n>1) be a Riemannian manifold.
Denote by g¢;;, Ryt and R;;=R,;;” the metric, the curvature and the
Ricci tensors respectively. We shall represent tensors by their com-
ponents with respect to the natural base and the summation convention
is assumed, unless otherwise stated. F means the operator of the co-
variant differential, and 4=dd-+dd denotes the Laplacian operator, viz.
Af=—V"V.f for a 0-form f and

(Au)L: '—VTV,,.%,-—I"RM%T, p:]-y

+ hEkRihikTsuil'“T” s.ipy 10;2,

for a p-form u=Q1/p)us.s,dac Ao Ada®.

If a non-zero p-form u satisfies Ju=2Au with a constant 2,.it is
called a proper form of 4 corresponding to the proper value 1. KEspe-
cially, a harmonic p-form is proper corresponding to 2=0.



8 S. TACHIBANA NSR. 0.U., Vol. 25

The quadratic forms F,(u) of u are defined by
Fl(%): Rij%iuj,

(R”uriz“'ipusw_.ip + _2;1_

Fy(u)= 2

1 78131 j
oD Ryt 20 ).

Iffwe denote

{u, v7 =%%nm¢pvilmi", lul*=<u, u,

s 1 .
]V%]JZETV]‘%“...”,V‘?%” ip,

the¥following Weizenbock formula holds good for any p-form u :
{1.1) 1 A(u)=<u, duy — [V ul*— Fp(u).

A Kahlerian manifold K™ of real dimension n=2m is a Rieman-
nian manifold admitting a parallel tensor field F;* such that

F‘iTFrj:_aij; Fji:—Fij-

In the sequel, we shall consider only Kéhlerian manifolds K*" and
assume that m>1.
The fundamental form £ is the 2-form given by

Q=13 Fdx’ Nda®.
‘The curvature tensor and the Ricci tensor satisfy [12]
FLTRrhji: - Fhrerji ’
3 FTersji:F”Rrjsi: _Sji:sij’
where
Sji:thRt«,; .

Let w=wu;dxz* be a Killing 1-form, viz. a vector field «' satisfying
Vui+Vu;=0.
It is well known that such a u satisfies
Vil jui+ Ropjeu”=0.
A Killing 1-form « will be called F-special with ¢, if it satisfies
Vil jui+ 1 e(gnji— gnith;— Frjibi+ Frth;+2F;340,)=0

‘where ¢ is a constant and w,=F,"u,.
The curvature tensor of a space of constant holomorphic sectional
curvature k satisfies

Rrhjr_—]l‘ k(gnjgri—‘grjghi"l“ thFri_Ferhi_ZFrh ji)-

Any Killing 1-form in such a space is special with ¢=k.
The holomorphically projective curvature tensor P, of K™ is
defined as
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1
2(m+1

A necessary and sufficient condition for P,,;=0 is that K’™ is a space
of constant holomorphic curvature, [11].

Prhji:R'rhjl_{— )(R‘rjah Rh]5 +S”Fh ShJF +ZSThF)

§2. The Betti numbers. Let us associate to a p-form u
(2m=p=2) a scalar g,(u) by

— h . h a0
Up(u)——gr(uil . ;,;pull 4 F TF]s%hji3 A.q;p’b{/,-szs v+ B Tuhris...ipF”ujs“ Lp).

The following lemma corresponds to the one of D. Mayer [4] in
Riemannian manifolds of positive curvature operator.

LEMMA 2.1. We assume that there exists a constant k>0 such that
*) _thuuhju”;% k oy(u)

holds good for any 2-form u at any point. Then the following inequal-
ities are valid:

2.1) Fiu)=1 (m+DEulf,  p=1,

(2.2) iz "R pup- 5P o), 2mzpze.

PROOF. For each fixed 4,4, we define a local 2-form w®"*#
=3 U Pdx! Ade® as follows. Let P be any point and take an
orthonormal base field around P. With respect to this base we put

ujh(umzP): > (uiln-ir-1j1ly+1-~ip6hir_uﬂ---ir—1hir+1-~ip5jir)'
7
A long calculation shows that

. 2 Rhgzluh (t1 zp)u (i1 lp)>1 k 2 o.(u(zl ‘Lp))

Hip iy, ip
h]?l

is equivalent to (2.1) or (2.2). q.e.d.

It should be noticed that if the space under consideration is of
constant holomorphic curvature k, the equality holds in each of (*),
(2.1) and (2.2).

LEMMA 2.2. For any p-form u 2m=p=2) we have

uir..ipu“ “ipz]F’”Fjsuhjig...ipunia'"ip].

PROOF. We take an orthonormal base at a point with respect to

which the components of F;; are all zero except
Fp=—Fus,=1, p=1,m; p¥=m-+yp.

The metric tensor has components d;; and u“""?=wu, ,, with respect



10 S. TACHIBANA NSR. 0.U., Vol. 2&

to the base. If we put
A= X FhrFjsuhjis~~-ipursi3~--ip

R, § 7,8
13, 1p

and denote njuy="Unjis-1, for simplicity, then it holds that

A=23 _(%uv(i)uy*v*(i) - uyv*(i)u’y*‘v(i)) =2a-b,
&, 0,0
where
ﬁ:(u’pw(i)’ %,u»*(i)); b:(%mw(i)» —‘%mu(i))-

Consequently we have
2[a-b|=2a] [bl<[E+bl= = (ui.,)
1,1,~~,‘Lp
which completes the proof. q. e.d.

Now, consider the operator 4 [6, p. 170], which associate to a p-
form v 2m=p=2) a (p—2)-form

1

'Uil...ip_zdxil A Adx'??

with
Vigwip-3=35 I Ursiyip-g-
When Au=0 holds, w is called effective. Any 0-form and 1-form are
defined to be effective.
Let u be any effective p-form (m+1=p=2). Then we have from
Lemma 2.2.
2 |ul*=|op(w)).

Substituting this equation into (2.2), we get
(2.3) Fp(u) =3 p(m~+2—p)klul’

By this equation and (2.1), Fy(u) is positive definite on the space of
effective p-forms (m+1=p=1). Thus we know that there does not
exist an effective harmonic p-form except the zero form. Consequently
we have

THEOREM 2.3. The p-th Betti number of a compact Kdihlerian
manifold K™ satisfying (*) 1s 0 or 1 according as p is odd or even,
(2mz=p=0).

§3. A condition to be a space of constant holomorphic cur-
vature. Consider a compact Riemannian manifold M" and define a
scalar function K by

K: RTSRTjihstin—!—% lequzmthquh—‘— 2lemhRmequth .

Then it is well known [2] that the following integral formula holds
good :
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§ (K= Ry 3do=—4[ IV, R;u'l'do

where do denotes the canonical measure of M™ and |Au|’=A4;,A7™"
Hence if the curvature tensor satisfies

(3.1) V'erihT:(),
then we have v
(3.2) { Kdo=—} jM[VTR,.mklzdago.

By virtue of the identity
(3.3) VTRjinT:VjRih—V,;Rjn

the condition (3.1) is satisfied when M™ or K*™ has one of the follow-
ing properties:

(i) the Ricci tensor is proportional to the metric tensor,

(ii) the Ricci tensor is parallel,

(iii) the conformal curvature tensor vanishes identically, and the
scalar curvature is constant,

(iiiY the Bochner curvature tensor of K®™ vanishes identically, and
the scalar curvature is constant, [8].

In a recent paper [10], the present author got the following

THEOREM. If a compact Riemannian manifold M"™ (n>2) of posi-
tive curvature operator satisfies (3.1), then M™ is a space of constant
curvature.

The purpose of this section is to get a similar theorem for
Kéahlerian manifolds satisfying (*).

Let P be any point of a Kéhlerian manifold K** and consider all
the quantities to be written with respect to an orthonormal base field
around P. For each fixed %, 7, v, h we define a local field of skew
symmetric tensor u;,** by

%lm(kjih) - leihamk + Rklihamj + Rkjlhami + Rkjilamh.
—ij1n5zk“kain5zj_ Rkjmn5zi - Rkjimalh .
Then it follows after long calculations that

[Z Flmulmckjih):O:
s m

> U Yy =8{(2m — 1)|Rkjihi2_ 21Rj1:[2},

k4R
L,m

> FlrFmsulkaﬁh)u'r:<kﬂh):24{IRkjih12_2leil2}-
~

L5
Lm, 7,8

Hence we have
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i) _4
(3.4) k,gn%(u(k] h))—g(m+1){|Rkﬁh]2_ m+1 IRjiIZ}
=8(m~+1)|Pyjinf™
On the other hand we can get
(3.5) k% thmpqulm(kjih)upq(kjih): —16K.
1, m,pq

Now we assume that K™ satisfies (¥*) and (3.1), then we have by
(8.4) and (8.5)

K> (m+1k
- 4

]ijihlz

and by (3.3)
(m+1)k

Oé——zl L{lpkﬁhlz do= —%leVkijlPdO'éO.

Thus we have P.;;,=0 and hence the following theorem has been
proved.

THEOREM 3.1. If a compact Kahlerian manifold K™ satisfies (*)
and

VerihT =0,

then K™ s a space of comstant holomorphic curvature.

§4. The proper value. Let L be the operator which associates
to a p-form u a (p+2)-form Lu=2Au. As is well known [6, p. 180],
every p-form u (m+1=p=0) has a unique representation as a sum

(4.1) “:n‘:\;o L@, _on

where ¢,_,, are effective (p—2h)-forms and r=[p/2]. If p—2h is the
largest number such that ¢,_,, does not vanish identically in (4.1), we
shall call it the height of u.
Now let w be a proper p-form (m+1=p=0): du=2u. Then we
have from (4.1)
% Lhdgbp-ﬂh: % Lh(2¢p—2h)

because 4 commutes with L [6, p. 176]. As 4 commutes with 4, ¢,
are effective too, and hence

A%—zh:zsﬁp—zh

hold by the uniqueness of the representation. Hence the discussion
about 1 for p-forms of height ¢ reduces to one for effective g-forms.
We shall find a lower bound of 2 for effective p-forms in a
compact Kéhlerian manifold K’ satisfying (¥).
First, the following lemma is known.
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LEMMA 4.1. (Gallot-Meyer, [5]). For any p-form w (n—1=p=1) in
an n dimensional Riemannian manifold, the following inequality holds :

1 1
2> o 2 = 9
7 ul =0T |du|*+ n—pt1 [ow/’.

Let w be a proper effective p-form (m+1=p=1) corresponding to
A. By integration of the Weizenbock formula (1.1) we have

(uw, 20 Z|PulP+ | Fy(u)do

where (,) and || || mean the global inner product and the global
length respectively. If we take account of Lemma 4.1 and (2.1) or (2.3)
it follows that

1 1
(w, 4wy~ lldull 5 lloull 4+ plm -+ 2— plljul
1
2 gy (dull -+ 12ulf) + 4 plm -2 —p)Elfull

Thus we can get the following

THEOREM 4.2. Let K™ be a compact Kahlerian manifold satisfying
(*). Then the proper value A for effective p-forms (m+1=p=0) satisfies

1> 2m—p+1)p(m-+2—0p) I

- 2(2m —p)

§5. F-special Killing 1-form. Consider a compact Ké&hlerian
manifold K* satisfying (¥*). Let u be a coclosed proper 1-form : du=0,
Adu=2u. Then we have by (4.1)

Alull’= 7 lldwll®+ % (m+ 1)kl lul|,
from which we get
(5.1) 2=(m+1)k.
If the equality holds in (5.1), the u must be Killing, which follows

from the proof of theorem 2.4 in [9]. Hence we have

LEMMA 5.1. In a compact Kahlerian manifold K™ satisfying (*)
if there exists a coclosed proper l-form wu corresponding to A=(m-+1)k,
then u 1s Killing.

We are interested in the case when K*" actually admits the 1-form
u stated in Lemma 5.1.

Let us consider a Killing 1-form u=wu,dx’ and we assume that u
satisfies

(5.2) Adu=2u, A=constant.
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If we put v;;=V,u;, then

(5.3) Vji= — Vg5, Vh'l)jz': “anjiuT
hold good. From (5.2) and (5.83) we get
RiruT:%zui, VTVTui:_%‘ Zui.

On the other hand if we put #;=F;u; we have
Vs, =V (F3 )= —F R iu
=—2 F'R;,u" = —20y.
Now let us define Aj;, by

Ann V”zn‘}‘tﬁh,
where

tiin=1 k(gnu’h ginWs— Fjiﬁh‘}‘anﬁi'l'z an’ﬁj)

and k is the constant appeared in (¥). If A;;, vanish identically, u is
F-special with k.

We shall integrate |A,:;,’=A4,,A"" over K™ with respect to the
canonical measure do and get an integral formula.

|A;inl? is the sum of the following A, 4; and A,

Ay =20 =—k R,ju (g7 u™— F9" 4 Fergd)
=—22 k|ul?,

A=t """ =(m~+ 1)k |ul?,

A=V = —Vv"R,jinu”
= —VI (V"R jintt") + 0"V Ry jinth” -+ 0" R 35077

If we neglect here and below the terms which vanish under the
integral sign, A; can be written as

Ai=V"I R jinth" — Ry jinv™ 0™,
By virtue of the identity (3.3) the first term of A; becomes
VIR, jinu" =2V iRy, 0" u”
=2V ( Ry, v u") — Ry, V 0 u™ — Rpv™ ;")

=1 2ul*—2 Ryv"0";.
Hence we have
Ai=% Zlul'—2 Fyv).

On the other hand, it holds from Lemma 2.1 that

)

We shall write the right hand side of (5.4) in terms of |ul%.
First we have

(5.4) Fyw) = (m+1)k{Jo] -
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(5.5) 2P=VuF ' w=—uFV uw=4%2lu?
Next, from the definition of o4(v) it follows that
(5.6) 204v)=V u Vu'+ F"F*V uV s+ (F7 u5)

As is well known, any Killing 1-form being contravariant analytic
[12, p. 86], u satisfies :
FriVi’bLJI ——Fjinui.
Hence
FoF3V ¥ ug= — F. W u; B0 ™u
=F;W uF*Vu,=V ul u’.
The last term of o,(v) becomes
(FYV ;=W Y=V aV 4’ = —a V¥ il =2|ul’
Substituting these values into (5.6) we have
a(v)=2]ul’
Thus from (5.4) we get
m—1
4

Summing up A;, 4, and A4,, and taking account of (5.7) we obtain

(5.7) Fyv)= k|l

(2—2k)(a—(m+ 1)} ul =2 | |4,0) doz0.

Consequently we know that « is F-special with % if 2 is the possible
minimum value (m-+1)k. Hence we get taking account of Lemmsa 5.1
the following

THEOREM 5.2. Let K*™ be a compact Kahlerian manifold satisfying
(*). If K™ admits a coclosed proper 1-form w of 4 corresponding to the
proper value (m-+1)k, then u s F-special Killing with k.

REMARK. M. Obata [7] has stated the following theorem without
proof.

THEOREM. Let K™ be a complete simply connected Kahlerian
manifold. In order for K*™ to admit a non-trivial solution ¢ of the
differential equation

(5-8) Vj7i¢h+% C(2¢jgin+ ¢igjn+¢hgji—5ith’“§ghth):0
where ¢;=V ;¢ and c is positive constant, it is necessary and sufficient
that K™ be isometric with CP™(c).

CP™) means the complex projective space with Fubini metric of
constant holomorphic curvature ¢. Let a non-zero Killing 1-form
u=u,dx* be F-special with ¢. If we put ¢=F,u’, then it is easy to
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see that ¢ is a solution of (5.8) which is non-trival because of
Vip=—(m-+1)cu;. Hence we have

THEOREM 5.4. Let K*™ be a compact simply connected Kiahlerian
manifold satisfying (*¥). If K™ admits a coclosed proper l-form of 4

corresponding to the proper value (m-+1)k, then K*™ 1is isometric with
CcP™k).
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