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1. Introduction

Let A be a commutative Banach algebra with identity e and Im(A)
‘the maximal ideal space of A. By definition [2], a unit-boundary F for
A is a closed subset of M (A) satisfying ; ‘ ‘

1) if an element a in A whose Gelfand transform & does not vanish
on F, then a 1s 1nverttble in A, namely, there exists an element b in A
such that ab=e, '

-0r equivalently,
2)  a(F)=a(M(A)*, for every element a in A.

We know that, in general, the unit-boundary for A cannot necessarily
be determined uniquely, but that every unit-boundary contains the
Silov boundary.

In this paper we give a description of unit-boundaries which is
.closely related to the mnotion of rational convex hulls. Although we
treat here finitely generated Banach algebras, it should be understood
‘that the notion of unit-boundaries is a generalization of that of
rational convex hulls to general normed algebras.

-§2. Ploynomial and rational convex hulls

The polynomial convex hull of a compact subset X of C", hull(X),
is a closed set which consists of all z in C™ such that
|p(2)| =max|p(x)], for every polynomial p.
xc X

‘When hull(X)=X, we say that X is polynomially convex.

Let A be a commutative Banach algebra generated by f,, ..., fa.
‘Then, under the natural projection = of M(A) into C™ defined by
w(m) =(fi(m), ..., fr(m)) (meM(A4)), M(A) is homeomorphic to a poly-

* We denote by 4(S) the values of Gelfand transform d(a= A) on a subset S of
IM(A).
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nomially convex set in C™ which is called the joint spectrum o(f, ..., fo)
of fi, eovy fae

The rational convex hull of a compact subset X of C”, R-hull(X), is.
a closed set which consists of all z in C* such that

|f(z)]| =max]|f(x)|, for every rational function f which
rEX

is analytic about X,

or alternatively,
1) if a polynomial p satisfies that p(z)=0, then p(X)=0.
The above definitions are also equivalent to

2" p(R)epX), for every polynomial p.

When R-hull(X)=X, we say that X is rationally convex [1][3].

Note that X< R-hull(X)c hull(X).

Let 0(A) be the Silov boundary for A. For any closed subset F' of”
M(A), hull(z(F)) ==(M(A4)) if F contains d(A4),; and conversely. However,
in general, R-hull(z(F")) need mnot coincide with =(M(A)) even if F”
contains d(4). Now, n(IM(A4)) is polynomially convex set, so a rationally
convex set in C", and IM(A) is, by definition, a unit-boundary for A.
While, every closed subset of 9 (4) containing 9(4) need not be a unit-
boundary for A. These facts will lead us to a characterization of the
unit-boundaries in finitely generated commutative Banach algebras.

§3. A characterization of the unit-boundaries

THEOREM 1. Let A be a commutative Banach algebra generated by
S oo s Jo and M(A) the maximal ideal space of A. Then, a closed subset.
F of M(A) s a unit-boundary 1f and only +f R-hull(z(F))=nr(M(4)),
where © being the natural projection of IM(A) into C™

PROOF. Note that a closed subset F of 9 (A) with b(F)=b(M(A))-
for every element b in a dense subset of A is a unit-boundary for A,
and conversely.

Suppose R-hull(z(F))==(M(A)). If m is in M(A), then, by defini-
tions, p(m)=p(z(m)) e p(=(F))=p(F) for every polynomial p(f, ..., fn).
whence follows that F'is a unit-boundary for A. The converse is also
an immediate consequence of definitions.

COROLLARY. Let A be the same as in Theorem 1. Then, TM(A) s
the only unit-boundary for A iof and only vf R-hull(z(F))S&r(M(A4)) for-
any proper closed subset F of IM(A).

REMARK. It is well-known that every compact set in C*! is ration-
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ally convex. If in particular A has one generator, then, from Corollury,
the maximal ideal space is the only unit-boundary for A.

However in C*(n>1), since every compact set need not be ration-
ally convex, there may be compact sets which have strictly larger
convex hulls. And as Theorem 1 says the unit-boundaries mean the
closed subsets of the joint spectrum o(f,, ..., f,) whose rational convex
hulls become o(f,, ..., f»). This is why proper unit-boundaries exist
mostly in Banach algebras of functions in several complex variables
(see examples in [2]).

One can deduce the next theorem as one of the results about unit-
boundaries [2].

THEOREM 2. Let A be the same as in Theorem 1. If (K },-, s a
Jamaly of totally ordered closed subset of o(f,, ..., fn) with respect to
set-inclusion satisfying R-hull (K,)=a(f,, ..., f,) for every ac A, then
R-hull (QAKa) =a(fy ooy So)
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