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Use of an integral representation of sin xz/x and-its related formulas
simplifies greatly the derivation of the solutions of wave equations.

§1. Initial value problems in wave propagation
In an infinite space of dimension n, the solution to the wave
equation
0%u T 0*u ' . : ‘
BRI S 1
A= oW
with the initial condition

Weo=fi,, - 2)=f0), (2] (o, e ) =0) @
is given, as is well known by the superposition of two Fourier integrals
u(t, t)=u,(T, )+ u,(r, t) 3)
u,(r, t)= (21)n \dpe‘l”cosq g dr'f(x')e N (4)
ok, B) =L | dpetrr SR [ grigrryein (5)
(2m)" q ,

where each of the integrations ranges over the whole space r or the
whole momentum space p, ¢ standing for the square root of p?

g=(p)"".

The assumption of reversibility of the order of integrations leads
to the integrals

cos gt - e x-dp ‘ o 6

@) S qt - e P - - (6)
1 S Sin gt ipee—r ‘

e ap . \ 7)

Gy . p . _ (7

The evaluation of these integrals is difficult. ,
A usual method consists of splitting the integration 1nto one of
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the angular part and one of the radial part, performing them succes-
sively. To overcome the difficulty encountered at thé integration of
the radial part,-one needs to rely on the Dirichlet integral and certain
devices. Since (6) is derived by differentiating (7) with respect to ¢,
it suffices to evalute the integral (7). :

§2. An integral representation of sin x/x

The difficulty encountered at the evaluation of the integral (7) lies
in the function sin gt/g, ¢=(p»'? where lurks the square root (p2)'/%
If one could factorize the function sin ¢t/g into the product of n func-
tions, each depending on one wvariable pk only, the evaluation would be
immediate.

However it is impossible. To ach1evo the same effect, one may
use the integral representation of sm ac/x

L e=0. (@8

sin =[’(3/2).§c+i°° (-22). dz
% 201 Je—ico g
2
The substitution of ¢t for x factorizes exp(——%tz) into the product

z
of exp(—pit’/4z), k=1,2,.-., n
It is more convenient to use the formula

1 ,Scm ( B ) de _ sinV/AB 1 ., .
e All —_ . — —— . G Afl
2 R S P R V4 B L ET- T

e--700
or, more generally

1 (eve B\ d J«/AB
Egc_iweXp(Az‘“@‘)'zyi ‘ (543)»/2)(2‘4) «A) (9)

where the function e(x) is defined by
€x)=1 x>0
0 90<O':.v |
One gets then 'thé representation:.: "% - ' ' '

»_vsinqt F(Slz)gexp(zﬁ pa) dz .- 0
g 2mi )\ dg |2, o

by replacing A and B by t* and p® respectively. With s stdhding for
r’'—r, the integral (7) becomes then ' o

1 singt _ihs Lo
(M= (2x)" S q evap "
F(3/2) 1 ~

t2
(27[)" 2mi Sexp(z ) P
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_I'3/2 1

(2m)" 2t
_I3/2) 1 S e e ¢ v
= o g exp z(t*—s%) " 2™ %)/zdzi';a“

F(3/2)5<n (1Y, s=|s|

nm
where the function &*(z) is d:eﬁ'ne;d by SO
1 ¢+ico S o " ) )
5”(90)-:-— S exXp 2% - z“dz’ g c,> 0
ﬂ@ c—1io0

50(90) being the usual delta functlon of Dirac.

that
Bm(w)z(aix)ma@, EESE
b= (] - ) S s
since N

- 1 (et . dz ex) 1

O~ 12( ) = e — W) .
@) 21t S w22 Nx '(1/2)

The differentiation of (9) gives

1
(2m)"

(6)=

§ 3. Solutions of initial va’lue' problems
The substitution of (11) into (5) leads to
u(r, t)— [_’(_3%2_)5 =92 g% q(r -+ 8) ds

n.n

_0,0'(3/2)

nﬂ

where one uses Q(s) and w, deﬁned by

[ exp st - (mpinzeomge 0

'5/3;'lelefjif,;}"1 -:

S expip - S cos qtdp:]-:(lg_)tdi"‘”/z(ﬁ—sz) .

§ O =DA(E— 2)Q(s) s";ldsv
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(11)

(12)

~ According as v is an 1nteger m or a half 1nteger fm—~%, -one sees
(13)

oy

| '],(15)

(16)

(17)

Q(s)=the mean value of g(r+s) at the spherlcal surface |s|=s

w,=the area of-the spherlcal surface” of radlus 1

]"(,n /2) ’ B Eard S Laam

For an odd =, v_ith‘e application of vfthé‘rvfo'i“lﬁula"\ oy

5(tz~—82)=’%(5‘(t(f§)f:§(t+s))."‘\\ _, ~: R

yields
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l t>=21{$/22)).( . | o —sam e as
__2F(3/2) 5 \ @ OOJ__ N : .n‘—l.
C I(n2) ( atz) So oo (0t —5)+0(t+5)) Q(s) 5"~ ds
— P(3/2) i (n=3)/2 "nfg | | ‘
I'(n[2) ( o ) (t"=*Q()) - Ny )

For an even =, the application of the formula ’(14),‘, '

5(”‘3)/2(1;2—82): ( d )(n~z)/z G(t2—32)~ 1

. o’ NG F(i/z)
gives | | |
L 0 (n—2)/2 Q(S)Sn 1 o -
Halri D= %/2)(8#)‘ ‘ g N oerd 9. (20)
whichImay be rewritten |
0 (n—2)[2 s ¢ M . o
9= <%/2)(at2) »(‘ S N ) | (21)

§4. Klein Gordon equat‘ibn
The solution to the Klein Gordon equation

M U

= —cu o o o ‘k 22
at? o0x? - , , (22)
with the initial condition
Weo=f® . (28] —g) @
ot
may be expressed as in (3), (4) and (5), except that
g=A"DP*+C . '
Replacing A and B in (9) by ¢ and p’+¢? 'respec’tively one gets
1 S SID ¢t o ipes g |
(2m)" q _ , ,
::I:—(_‘S—/EZ_LSS exp (gth, ¢+ p’ ) dz .e=sdp
(2n)" 27:7, dz | 27
_re2) 1 S [ S O
oxp| 2(f?—s%) —-S_ .20 dy 24
o omp p| 2(t*—s%) 1 gUTCeR. (24)

For n=o0dd one gets

I'3/2)l a )‘"*”’2 1 gy €] dz
24 — R DOl
(24) ™/ L ot? 271 S exp[z(t )= 4z ] z

__:l’(3/2)( 0
ot?

)" e T e )

" /2
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by virtue of (9). Hence

_rajz o
R ( o

For n=even one gets

)(" I)IZStQ(s)s” e/ P=ds. (25)

F(S/Z)( )(n—m { cos ca/t?—s? ¢(t?—s?) }
w2\ Bt NG T
Hence o '
o \@-2izc .y COS C\/tz—SQ ‘
i )= m/2>( I v S T

Comparison of the derivations of (19), (20), (25), (26) in this paper
and those in the book. by Courant-Hilbert” makes ObVlOUS the usefulness
of the integral representation of sin x/x. ‘

§5. The initial value problem for elastic waves
The solution to the equation of elastic waves

'u

ot?
with the initial condition

u(r, 0)=1£(r), u,(r, 0)=g(r)
is expressed

=cidu-+ (c:—c2) grad divu

u=mu,-u,
u, = 1 S eil’"{cos c,pt
(27)° -
+ __Dz_(cos ¢, pt— cos c2pt)]dpg e~ rf(r)dr"
» - a
w,— 1 S eip.r{ sin ¢,pt.
(2r)® C,0
+ % ( sinept  sine,pt H dpg -2 g (') dr!
Py ep 0y o

with the same convention as in §1, except that p=|p| and
i Pp, PP '
D=| pp, 1 DD
DDy DD, D3

The evaluation of the integral
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1 S D ( sinept  sin ¢pt

) . e-lp-sdp
cep o ep ]

0, g 0

)

= —— X b
T, (axl 0w,

1 _SL( sin c,pt _ sine¢pt
(2x)® J p* czp op

| -radp
heéds that of H. . . |
.. "The integral representation leads.to the expression
H:M 1 S S ) ézzﬂ'( é--cz’52/4z; é—’c,.’z‘w’/iz’) gTiRs dr dz
(271')3 271 S - . 'pﬂ L8

where one may use an integral formula

—czzp”/4z__. ‘—c;zp"/flz 2. .
(e eI [Pt

= Lgc‘ze'w/‘*zdl .
42 (%

One gets then
T L[ A ey

(2r)® 27e Jer 232 4
_F(3/2)S”’"_d'3_e g 8
- 4732 Jer 1372 A
1 (Ve o0 | 1/ R
=__Z7;_Sm et*—s*u)dy (A=1]p?) .
Hence one sees that -~ = - oeeieeiniog

S g(r-+s)Hds= ”41;81/%@8 gxr+syds

1/, Is1<t/p
— (_1___L>igg(r+s)ds+ LS IR (i__]‘__)g(r,.]_s)ds
¢, ¢ ) Arn Jisi<es 4r Jey<isi<cs\'s ocp [

=K(r; t).say’ -

Hence u, may be expressed as

u,=

S g(r+s)ds+grad div K.‘ |

4drcit Jisi=cit

The present solution is far simpler that that’ of Courant.”
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