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§ 1. Introduction. In connection with the paper by H. Federer
[1], in which surface area is discussed, Professor K. Iseki has recently
submitted the following problem :

Let p, be the orthogonal projection of the plane R? onto the
straight line [, passing through the origin and with the slope tané,
and denote by m the linear measure on l, for any 6. Let E be any
bounded set in R?. Then, what kind of regularities (e.g. upper or
lower semi-continuity etc.) are satisfied by the function: f(0)=
m(py(E))? (The condition ‘I, passes through the origin’ is no essential
restriction in this problem, but the formulation seems to become a.
little simpler by this condition.)

If F is a rectangular set or a circular disk, then f(6) is clearly
continuous. But, in general, the continuity of f4(6) does not hold. In
the present paper, we shall give some partial answers to the above.
problem. Main results are as follows ;—

I. If G is an open set, then f,(f) is lower semi-continuous (§2,
Theorem 1), but not necessarily upper semi-continuous (§3, Example
1).

II. If K is a bounded and closed (consequently compact) set, then
Sx(0) is upper semi-continuous (§2, Theorem 2), but not necessarily
lower semi-continuous (§3, Example 2).

Therefore, neither upper semi-continuity nor lower semi-continuity
of fn(0) necessarily holds for general bounded set E in R

We wish to express our hearty thanks to Professor K. Iseki who
suggested us the problem and the contents of H. Federer’s paper [1].

§ 2. Theorems. In this section, we shall prove the following
theorems.
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THEOREM 1. The function f (6) is lower semi-continuous for any open
set G R

THEOREM 2. The function fi(6) is upper semi-continuous for any
bounded closed (consequently compact) set KC R’

To prove Theorem 1, we introduce the following notations ;—

T,=the orthogonal transformation in R? defined by the matrix

cos 6 —sin @
sin @ cos d)’

Op=T;"' o py (=the composed mapping of T;' with p).

‘Clearly T,;! maps [, onto [(=x-axis) in one-to-one way, accordingly D,
maps any subset of R? into [,. Furthermore, we may easily see that

(2.1) Dy(E\JE) =0,(E)\ JO,E,) for any E, E,CR?

and

(2.2) m(Qy(E))=fx(0) for any ECR?.

If we put

(2.3) C={LCPR,; },H;] m(Dy(E)S0,,(E))=0 for any 6}
=00

(AOB denotes the symmetric difference of the sets A and B), then
LEMMA 1. If both E, and E,=C, then E\ JE,=C.
PROOF. Since, by (2.1),

V4B, JE)S0g(B,\ JE,) = (04(E)\ Oy B} S (E)\Dy,(B,)}
C (OB OBy, (B} OB S04, (B} ,
-and since E, and E,=C, we have, by (2.3),
r M Dg(E\JE) SOy (E\JE)) ,
=m(Qy(E )OSy, (E))) +m(Dy(£,) S0y, (£,))—0 (as 6—0,),
‘which means: E\JE,&=C.

LEMMA 2. fx(6) is continuous for any EEC.
ProOOF. This is clear from (2.2), (2.3) and the inequality :

| m(Dy(E)) —m( Dy (E)) | =1(Py(E)ODy(E)) -

LEMMA 3. If E is the union of a finite number of circular disks,
then fR(0) 1s continuous.

PROOF. We may put E=D\ J---\ D, where D/ s are circular disks.
It may easily be shown that each D, belongs to C. Hence E=C by
Lemma 1 and accordingly f(6) is continuous by Lemma 2.

PROOF OF THEOREM 1. Any open set GCR? is expressible in the
form

G=\UD, where D/’s are open circular disks.
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If we put G,=D\J---\UD,, then {f; (6)} is monotone increasing in ,
lim fp (0)=1s(0) for any 6, and each Ja (0) is continuous in 6 by

Lemma 3. Hence fyi(6) is lower semi-continuous.

PROOF OF THEOREM 2. It is sufficient to prove the upper semi-
continuity of fx(8) at 6=0 under the assumption that KcS={(x, v);
O<<x<<1l, 0<<y<<l}. Since K is compact and the projection p, is con-
tinuous mapping of R? onto [, (=x-axis), p,(K) is a compact subset of
l,, Hence, for any ¢>0, there exists a one-dimensional open set Ucl,
such that UDp,(K) and m(U)<<fx(0)+e For any xz=p,(K), there
exists an open interval I, such that x=I,c U, and accordingly there
exists a finite number of mutually disjoint intervals I, ..., I, such

that pO(K)CiIVC U. 1If we put
y=1

G,=p;'(L)NS (=1, -+, m) and G=31G,,

then G is an open set in R® and contains K, and p,(G,))=1, (v=1,---, n).
Since G,’s are open rectangular sets, we may choose a sufficiently
small 0>0 such that m(p,(G,))<<m(p,(G.))+e¢/n for any » whenever
16 |<<d, whence

FB)=m(py(G)= SmipyG )<Dmp,(G.) +e

=5 m(L)+ em(U) +e<<f(0) -+ 2.
Hence f,(0) is upper semi-continuous at 6=0.

§3. Counter examples. We first give an example of an open
set GCR? for which f,(0) is not upper semi-continuous.

EXAMPLE 1. Let R,={r,r, +--,7, -} be the totality of rational
numbers in the open interval (0, 1), and put

Iy={w; r,— 27" <ag<r,+2""7} (n=1,2,...).
Then the set
 G={@y); xEnQIn, 0<y<1)
is an bpen set in R?, and
Fo @) =m(J L)< D2 =273
while fy(6)=1 whenever 0<<f<<z/2 since G contains the set

(%, ¥); &R, 0<<y<l}:

and R, is dense in (0, 1). Hence f4(f) is not upper semi-continuous at
6=0.
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PRELIMINARIES FOR EXAMPLE 2. In

y Fig. |
(ot 4h, b+6oth)
order to construct an example of a ! "o
compact set K for which fx(f) is not .
lower semi-continuous, we shall prove
i 1 h, b4+3xh)
some preliminary lemmas. (a+h, b+3x (o435, b330
We define
f(a)=Arctan «
(the principal value) (a,6)
for any a>0, and o

: — ca@—a)=y—b=a(r—a+2h :
E(a;a,b, h)= 1(90, Y); 3a(m—a—2h)gya—(bgga(x—)a)} (see Fig. 1)

for any real numbers a, b and any positive numbers k and «, and
put

T .a and b are any real numbers
E“',_{E"E(“’ @0 )5 and b is any positive number }

for any fixed a>0.
LEMMA 1. For any ECE,, (« being fixed) and any ¢>0, there exist

Elv b 7En€Ea ('n<OO)
such that

iy E,CE (j=1,---,n) and E;,N\E,=¢ for j+k,
ii) [Px, (ENI°NPx, (E)]°=0¢ whenever 0=0=0(a) and j+Fk,
2 2

where [A]° denotes the imterior of A as a subset of the straight line lu,»
2

i) m@. | (B4 e +En))<(1~£°ST@(“l m(p - (£)),

7+l9(11)
iv) m(pn (B + - +En))>(1—e')?%(202£(E ) -
' 2
PROOF. The set E<FE,, is expressible in the form
E=EQ2«a, a,, b, hy) (see Fig. 2)

for some a,, b, (real numbers) and hA,>0. Then, since the slope of
the ¢diagonal’ expressed by the broken line in Fig. 2 is 3«, there

exist real numbers a, b, a positive number 2 and an integer » such
that the set

F={z,v); b<y<b+6nah, 3a(x—a—2h)<y—bBa(x—a)}
satisfies that (see Fig. 2)
FCE and m(p . (F))>12ah,(1—¢) .
2

1 €

(For example, let n be a natural number such that 5 <?, and
-+
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s Fig. 2
g (0ot 4k, bo+ 1200hg)

(a+2nh, b+6nah)  (at(2nt2)h, b+ 6 noh)

(oot Fg, bot60ho)
(0ot 3by, bo+ 600hy)

glx)

(o, 65)

put h= 5 a=a,+h and b=>b,+6ah.) Next we put, for j=1,..-,n,

B — . a@—a—2(J+2)h)=y—~b—6jah=a(®—a—2(j+1)h),
=1 ) Ba(x—a—2h)<y—b=3a(x=a) :

and
D;={(x, ¥) ; a(@—a—2(J+1)h)<y—b—6jah<<a(r—a—27h)},
Then E;cE, (j=1,.--,n), and E/s satisfy i) and ii). Furthermore
Po(E A+ v +E)=px (F)>12ah(1—e)=(1—e)m(pa (£)) ;
2 2 2

this shows the condition iv). Finally the condition iii) is proved as
follows. Since

m(pl+0(a)(F))§6nah=m(p%(F))<m(p%(E)) ,
m(p_;r_+6(a>(Dj))=2ah cos () (j=1, .-, m)
and
P, oD Pz ,(Di)=0 for j=k,

we have
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cos () m(p

m(é 20%+0(a)(Dj)) =2nah cos O(a)= (F))

1
(3] 2

and hence

m( o F ’*“En)) Px
:(1_&5;@)7%(%@1 ) ( cos 0(ac )m(m(E)) ;_

this shows the condifion iii).
LEMMA 2. Let 0 be any fived real number, and {K} be a monotone
decreasing sequence of compact sets in R?. Then

pﬂ(ué K») = Vf:\lpﬂ(Ku) .

PrROOF. The relation pe(ﬁKy)cﬁpﬁ(Ky) is evident; we shall
y=1 y=1

prove the converse inclusion relation. For any point P& fo\p,,(K), we

put | o
Le={Q&E"; py(Q)=P}.

Then Lp\K,#¢ for any v, and {L,N\K ; v=1,2,...} is a monotone

decreasing sequence of compact sets in R%. Hence ﬁ(LP[\KU)idn and
y=1

accordingly LP[\(F\KV) contains at least one point Q. Hence
v=1 .
P =py(Q)&py( QJKV) .

Thus we see that [\p,, K)Cp@([\K)

EXAMPLE 2. We put 6 _—_6(2 )=Arctan 2~ (le 2,---), and con-
struct a monotone decreasing sequence {K,} of compact sets in R?

such that the following conditions a,), b)), ¢,) and d,) are satisfied
for each v ;—

a‘u) Ku:Eul+ '”—’_Ey(v’ E,‘jEEl/ZV (.7:17 to 7l,,) ’
b) [Pz (ENI°NPx, (B )]°=¢ whenever 0=<0=<0, and j+#k,
7" 2t .

cos 6,

1— for v=1,

c) mlpg, (K))<

(1— Cozﬁ')m(pE(K,_l)) for v=2,
2

d,) M(pg_(K,))<g(1—2-'x).

Such sequence {K } is constructed by mathematical induction as fol-
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lows. For v=1, we put
¥ Fig. 3

K:ﬂ;Ehmmﬁé)

(see Fig. 3). Then a,), b)), ¢,) and d,) are
obviously satisfied. Assume that K, is
obtained and satisfies a ), b)), ¢) and d,).
K, is expressible in the form:
K/:Eu1+ e +Eulu’
E cE, (I=1,---,1).
Applying Lemma 1 to each FE, (1=1<1),
we obtain g

EVL,I’ P ’Evl,nuleE1/2V+1

(U
L 7

1
3

such that
iy E,,CE, (j=1,---,m,) and E, NE,,=¢ for j=k,
ii) [p%w(Ew,j)]O[\[p%w(E%k)]O¢¢> whenever 0=0=6,,, and j=+k,
i) mipg, Bt o +Bun) | <(1--L e (o, (8,
V) mpg (Bat o By N> —270)m(p 2 (B)) -

We reorder the sets £, ; (j=1,.-,m,; l=1,..-,1) and denote them
by E, .-, E and put

VESNIERE)
ly+y by Tl
‘_) _— ——
3.1) K= 2 E,.=%3 By,
|, — = J:J

Then K,,, is compact, K,,,CK, by a ) and i), and a_,,) also holds. b, .,)
follows from b)) and ii). Since each p,(E ) (1=I<l) is an interval,
2

a ) and b)) imply that

124

(3.2) (o (B) = (o (K)
Hence
b, (0= Emlpe, Bat o +Bau)| Gy G.1)
<318 e Y, ) (by 1)
=18 s V. (K))) (by (3.2)

c,.;) is thus obtained. d, .,) is proved as follows;
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o~
S

Y vi
m(pa(K, )| = 33 m(py (B, (by (3.1) and b,..)
=1 j=
ZV
>(1u51+_f) Lz;m(pf_(Eﬂ)) (by ii) and iv))
=1 9
1 vt 1
=(1— = )m(pL(K,))>g (1~?) (by (3.2) and d ).
Thus t-he desired sequence {K,} is obtained. Now we put
K=NK,.
y=1
Then K is a non-empty compact set. By Lemma 2 and d)), we have
(3.3) M(pn(K))mm(f\pn(K ))—1152 ”Vn(pn(K )
1
zn (1— )>0

‘On the other hand, for any v,

m(ps,, ()| <m(ps , (K)|=(1=-50 Jm(p, (K,

by c¢,). Hence
{(3.4) lim fm(p,,(K)) <lim m( (K))

RE
6-=5+0 ymeo

y—00

(3.3) and (3.4) imply that the function f.(6)=m(p,(K)) is not lower

. . T
semi-continuous at 0:—2— .
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