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1. Considef 4 Riemann "sp'a'lce Va 'Witﬁ‘a line element d:s 2=g;jdxt dx’
(¢,7,=1,2, - ,»n) and a curve with a parametnc representation x‘hx'(s)
We denote tangent, 1st normal, - (n—1)-th normal by &, &), -,

&, respectively and i-th curvature by k@ . Then the Frenet’s formulas

are given by the following equations:

8 . . . .
(1) "gs‘ ffa): T K(a-D Elta—-l)—*-lc(q) é:aﬂ) (azl’ ey n) ,

ko =tm=0, .

where §/8s denotes covarxan’c differentiation along the curve.

Now we shall define 4 curve called generahzed logarlthmlc spiral of
order p by the following two conditions : ‘

: P+l R
(1) xeps1=0, p<m, (ii) a point field M (s)+ > az &, e: along the curve
- a=1

is invariant by the development along the curveprpvi_ded that the follow-
1ng cond1t1ons are satlsﬁed :

(2) ab—acb_.l, Cb l—ConSt #O C()—-——l a#o (b 1 . ,p+1)

where M (s) 1s an arbltrary pomt on the curve and es “denote natural
repéres at M. '

In this note we shall-obtain the exphc1t forms of «; of the curve
and differential equations of the one of order 1.

2. In the Ist place we shall con31der the curve of order p. From
the condition (ii),

- d'[M‘*‘ E Ua é(a) éi :J
ds o
holds good along the curve. Using (1), we ‘get from the last equation,
. pel _ . :
&(ll)+ a2=1 [a:z &td) + Qa ("—K(a—l) g'z(a—l) +’C(a) 8(”1))]:0

where dash denotes the derivative with respect to s. If we substitute
(2) into the last equation, then
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(3 1+d' —#%g 6 a=0,
(3)s Cs- 1“ +Coz kp=Cp KBX s (6=2, ,P+1)

hold good. From (3)s for b=p+1, we have

Cyp_
(3)!>+1 of =— 2271 Kpy & . -
Cs»

‘Substituting (3),+1 into:(3), (3)s, we get *

(4n Cs—Cp 1 K(pX—C1 €5 Kgy X=0,
o) —Cbi1€o_1 Kpy+Ci €b; Kp-1)=Cb Czﬁ Kby «
From (4), for b=p, it follows ‘

Cp+ct, D1

» Co-p

Kp-p= Kip) -

Substituting it into (4),-;, we get

. 2 2 2
: _ Cs1(Ch+ Ch1HChp)
Kipo)= K(p) -
: . CsCH2Csh_3

If we continue the same process step by step, then we have =~

' C_f>~1 ‘Z‘ éfb—

Cp Cp aCp_(a+1)

(5) Kip-ad—= i Kpyy (6121,2, ,P‘—'.l).;» '

espec:lally for a=p—1, the relation

CChe 1§]c

(6) K= ——2=— k)
5 C1

holds good. On the other hand from (4)1 it follows

(7) ‘ Koo Cy (1 C1 Ky a)

ot - (p)f o
Substituting (7) into (6), we get -
® & e (14 ;flcg)= 551 é.
Differentiating (8) with respect to s, we get
o e, +ega=0.
From. (3)»+; and the last equation, it follows
(9) C Co K= Cpm1KQ) Kip) -

Hence we have from (7), (8) and (9)

c
(16) - "21;: —L K.
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By integration we get

(11), 1 —ﬁﬂ—‘ $+c, (c=const.).
K 2 Ci
a=1
From (5), (6) and (11) we get v
(11)5 L= ab (s € Sa),  (=2,p).
Kp) > 6‘2, G "‘=1
. a=b

3. In the next place we shall investigate the curve of order 1. In
this case by virtue of (11); and ‘(i) we have :

— a N
(12) K= — k=0,
: ce—s

and the Frenet’s formulas are given by

8 s i Y A i
Ss &1) K1) 5‘(2) ’ Ss 5(2) KD f‘d) .
Differentia;e the 1st. equations covariantly, then we get
& 4 g O i A T 2 g
= gy —o— Eipy= D — K .
55 &«1) K(17§(2) L7¢V) Ss f(z) ki, O 5(1) 1§} 5‘(1)
On the other hand it follows from (10) that «;,=«%,/c;,, Hence we
get v
& 4 kay O 4 2 gi
— == + i=0.
5 s ) ¢ 5s §‘<1) L) {‘u)

Substituting (12) in the last equation, we get

8 xt 1 8 xt a V dxi _
13 S + =0,
(13) 8s s—cc; 882 ( s—ca / ds

because £,=dx/ds. (13) is the differential equations of the generalized
logarithmic spirals of order 1.




