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Combination Matrices and its Application

Honda Kyoko * Yamasaki Hideki |

Abstract

We study the lower triangular matrices, especially Pascal, Stirling and the sum of powers
matrices. Considering these matrices as the linear transformations on 1-variable polynomials,
we reveal widely the close relations between them and also with the Vandermonde matrices.

1 Introduction

Based on the previous works [1, 3, 4], we study extensively the lower triangular matrices of the
combination numbers, such as Pascal matrices, the first and second Stirling matrices, and the matrices
of the coefficients of the sum of powers functions. These matrices are closely related to each other
as linear transformations of the space of n-dimensional 1-variable polynomial functions, and are
therefore related to Vandermonde matrices. Based on this observation, we propose a general and
clear treatment of these matrices with many results and examples.

We introduce the basic notation of matrices and vectors used in this paper, in § 1. For a lower
triangular matrix A = (a;;), the idea of parametarization A(r) := (1" Ja;;) (§ 2) gives us many useful
information and properties. Using the idea on the bases {1,z,2? --- 2" '} we can derive basic
useful results and give the precise proofs of well-known properties for well-known lower triangular
matrices: Pascal (§ 3), Stirling (§ 4) and also Vandermonde matrices (§ 4).

In § 5, it is shown that the parametarized matrices of the sum of powers have rich connections
with Pascal matrices. We also have a construction of Vandermonde matrices using the second Stirling
matrices, that gives us the clear visualization of the fact that the determinant of n-dim. Vandermonde
matrix is divisible by [/, ! [2].

For educational purposes, we give many examples, hoping many teachers and students will enjoy
these topics. We also have several plans to develop the related topics.

2 Basic notation

In this paper, for the convenience and clarity of description, we propose the notation |, [a;;]" for the
m X n matrix (a;)1 <i<m, 1<j<n), and O [a;]" " for (a;;)0<i<m—1,0<;<n-1). Therefore,
L lai—1j-1]™ is denoted by ¥ _[a;;]""*. For example,

0 0 0
T e N I ,
slaij]” = | a2 axn | and y[(i —1)(j —1)]" = 0 2 4 = 3[ij]
asy as2 0 3 6

The transpose of a matrix A is denoted by *A. Therefore, t(}n [a;;]") = Llaji
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Square matrices are represented as A, =9 _[a;;|"" or B, = . [b;;]™. Here, we use the subscript
n of A to indicate the dimension of A, and also for B. For example,

Qoo Qo1 Ap2 bi1 b1z big

0 2 1 3
Az = Q[Qi]‘] = aip ai; a2 , B3 = 3[%‘] = ba1 by bos
Ao Q21 22 bs1 b3y bss

We define z (%_[a;]"™") = L_i[a;]"7", ie., z(A) is the matrix obtained by deleting the first
column and the first row of the square matrix A. For example,

Qoo  Ao1  Ap2 Qoo Qo1 A2
o a1 a12 2 _ 11 12 o
z aip aixz a2 = ) 10 arx Q12 =z *(@22)-
21 A22

I\

A21 22
Qgp Q21 (22 Qgp Q21 Q22
. . o .o o . 1 if p(i, )
For a relational expression p(i, j) of indices i, j of a matrix, we define 6, ;) := 0 if —p(i, j) -

Examples 2.1 of p(i, j)

_— P L 1 (Z:J> 0 12 ! 0
1. Let p(i,j) be i = j. d;=j = { 0 (i %) ol0i]? = 0 10

. L 1 (i>y) [t 00
2. Let p(3,7) be i > j. ;5 = { 0 (i<j) 3[0i>51° = ( } } ? >

R R - e 1 +Jaz>]]3—<_{ )

o . _ J 1 (it—j=1) : s (000
3. Let p(i,j) bei—j=1. 0;_j—1 = { 0 (i—j£1) 30z ] = ! (1) 8
The n-dim. identity matrix F, is defined by E,, := }[6;—;]". Let O,,, := 1,[0]". The direct sum of

A,, and B, is defined by A,, ® B, := < (;::ln OB";”

For n-dim. column vectors, omitting the right-superscript of our matrix notation, we use the
notation ¥_;[a;] or ![a;]. Similarly, we use °[a;]""" or *[a;]" for n-dim. row vectors. For example,

Qg ay
g[ai] = aq ) é[ai] = a2 ) O[Gi]Q = (a07a17a2)7 1[%‘}3 = (a17a27a3)-
a9 as

Let 2' be the z to the ith power. Then }[2/] =0 [z =20 ,[2]. For example,

8
—

= | 2 | =4 =2l =a| =

For a n-dim. column vector w and a m-dim. column vector v, u | v is defined to be a (n + m)-
dim. column vector which is arranged vertically w and v, i.e., }[a;] | 1 [anse] = Lionla;]). Therefore,
0] = Bi L hale]
n—11T 1% p—1¥ |

Examples 2.2

]

a as a2
() e e ) = e b =Yal = | o
2 as Q4
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1
2 9= @ | =1 (5 ) =Bl
22
We divert our notation for row-vectors to represent lists. Thus, the n variable function f(xy,zo, -+, z,)

is denoted by f(l[xl]") and f(xg,x1,22) = f(o[xi]2).

3 Lower triangular matrices

The set of n-dim. real lower triangular matrices is closed under the usual sum and product of matrices,
and scalar product. A lower triangular matrix is regular if and only if each of its diagonal component
is non-zero.

s
Since a;;0;>; = { aéj Ez 2 j; , any n-dim. lower triangular matrix A, is represented as A, =
0 1 0 2 oo 00
e
N1 [aij(sizj] . For example, A3 =5 [aijéizj] = aip ail 0
Qgp 21 A22
o - » ai - (i=)
In the same way, we define A, (r) = | [ Ja;;65;]" " where r' a0 = ' a; (10> ]) .
0 (1<7)

apo 0 0 0
raiog a1 0 0
r2a20 rasy 929 0
ragy raz rasy ass

For example, Ay(r) = g[ri—jaij(gizj]?’ _

Lemma 3.1 Let A,, B, be n-dim. lower triangular matrices.

1. A,(1) = A, 2. A,(0) ="

. [aiiéi:j] s diagonal
3. (A, + B,)(r) = Au(r) + Bu(r) 4. (An(q)) (r) = A.(qr)
5. (cAuB,)(r) = cAu(r)By(r)  (c€R)  6.(A7)(r) = (A (r)) ™"

7. Ap(r) = Opp (Vr €R) <= A, =0y,
Proof. We prove 5 and 6.

n—1
5. An(r)Ba(r) = [ ay; 0] ) [r by Ging]" T = [ i G 7 by Gy
k=0
n—1 7 i
Since Zéizk 5k2j = Z(Sizj, we have An<T)Bn(T) = :71 [Tiij Zaikbkj 52-2]-] el = (Aan>(T>
k=0 k=j k=j

6. Putting B, = A;' in 5, we have A,(r)(A4,'(r)) = (A4.4,')(r) = E(r) = E, and A, (r) =

n n

(An(r) ™" O

By this lemma, for the equations composed of n-dim. lower triangular matrices A(r), B(r),...,
it is enough to show the case r = 1.

Examples 3.1 Let f(z,y,2) = xy+3z. For n-dim. lower triangular matrices A, B, C' and s, t,u € R,
we have the followings for any r € R.
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1. f(A(s), B(t),C(u)) = A(s)B(t) + 3C(u)

2. f(A(sr), B(tr),C(ur)) = A(sr)B(tr)+3C(ur) = (A(s)B(t)+3C(w)) (r) = f(A(s), B(t), C(u))(r)
3. f(A(sr), B(tr),C(ur)) = O <= f(A(s),B(t),C(u)) = O

4 Pascal matrices

The Pascal matrizis defined by P, == 271 [( ' )]nil =0 ¢!, then P,(a) = 271 [ai‘j< : )]nil (a €

R). For example,

0Co 0 0 0 1 0 0 O 1 0 0 0

0 i 3 1Co 1Ch 0 0 _ 1 1 0 O _O0r (i 3 a 1 0 0
P4 3 [( 7 ):| - 2Cy 201 209 0 - 1 2 1 0 ? P4(G) 3 [a 7 :| - a? 2a 1 0 .

3Co 3C1 302 3C3 1 3 3 1 a® 3a%> 3a 1

Lemma 4.1 For the Pascal matrix P,, we have the followings.

0

n—1

L Py(a) % [z'] = [(z+a)] 2. P,(0)=E,
3. Py(a+0b) = P,(a) P,(b) 4. P,(a)™t = P,(—a) 5. 2(Pny1)(a) Lz = :L[(CC +a) — ai]
Then {Pn(a)|a € [R} is a one-parameter group. We omit the proof of Lemma 4.1, since it is easy

to see from the following Examples 4.1. Similarly, we often omit proofs that are easy to see from
examples.

Examples 4.1

1 0 0 0 1 1
0.7 0 i a 1 0 0 z | z+a
1. P4(a) 3[17] - 3[($+a)] 2 2 1 0 22 = (m+a)2
a® 3a? 3a 1 x3 (z+a)?
1 0 0 0 1 0 0 0 1 0 0 0
_ a+b 1 0 ol [ e« 1 o0 o0 b 1 0 0
2. Py(a+b) = Py(a) P4(b) (a+1b)? 2(a+b) 1 0 > 2a 1 0 o2 1 0
(a+b)? 3(a+b? 3@+b) 1 a® 3a%2 3a 1 b 362 3b 1
1 0o o0 o\ ! 1 0 0 0
-1 o a 1 0 0 | —a 1 0 0
3. Py(a)™" = Py(—a) a2 22 1 0 a2 —2a 1 0
a® 3a%2 3a 1 —a® 3a2 —3a 1

x (z4+a)—a
22 (z+ a)2 —a?
3 = (z+ a)3 — a3
x4 (x4 a)* —a*

We define d,, := 2_1 [(sz + 5,»,j:1]"71 and D,, = 0 [(5@]4]”71. For example,

n—1

10 0 0 10 0 0
0 3 1 1 0 0 0 3 1 1 0 0

dy = 3[5i=j + 5%‘*3‘:1] =l o110 and Dy = 3[5Z>J] =l 111 0 |
0 0 1 1 11 1 1
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Examples 4.2 dy(a)Dy(—a) = E, (

oo
o9 = O
Q= OO
oo =Oo
oo o
= =]
N——

Lemma 4.3

(5 )= ()

0

2. [a+1)]=Ed(@+1)] [(e+1)]  3.da(l) %yfz’) = By | (x4 1) O[]
4. 2(Dy11)(a) = Dy(a) 5. 2(dpy1)(a) = dy(a)
Proof. Sinc P 6D Gy and T 5™ then we obtain 1. OJ
roor- e T G ey M o T weo '

Examples 4.3

1

1. g[(erl)i] =FEi ] (z+1) g[(x+1)z} ( (;:11)2 ) _(1),L(x+1)< (lerl )

($+1)3 -T+1)2

‘ ‘ 1 0 0 O 1 1 1
2. di(1) Y] = By | (o + 1) Bl ( DL ) ( ) - ( o ) Wit ( . )
00 1 1 23 22(z + 1) *
1 0 0 0 O
1 1 0 0 O 1 (1) 8 8
3. 2(Ds5) = Dy L o0 =1 1
1 1 1 1 0
11 1 1 1 il
1 0 0 0 O
1 1 0 0 O } (1J 8 8
4. 2(d5) = d4 2o L0 0 =16 1 1 ¢
0O 0 1 1 0
o 0 0 1 1 00 11
Theorem 4.1 ([1], [3])
0 . n—1
1. P,(a) = exp (a o [36;—j—1] )
1 I[O]n—l 0
2. Py(a) = (E1 @ Py_1(a)) dua) = | = II (Br®duri(a)
nl@’] Paoi(a) dyi(a) h=n—2
1 1[0}7171 n—2
3. Pu(a) = D,(a) (E1® Py_i(a)) = =[] (Ex & Du-i(a))

4. D, _1(a) Py—1(a) = 2(P,)(a) = P,_1(a) dy—1(a)

Proof. 1. We will first prove AP, (a) = iPn(a) for A = 2_1 [iéi_jzl]nfl.

da
n—1 _
AP, (a) = 2_1 [iéi—jzl]n_l 2_1 [aifj( ; >]"‘1 _ ) [Ziéi—kzl ak_j( I; )} ' and for k =i —1, we
" k=0

e AR = 515 ) S (27 ) = -0 ()
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0 L ) n—1 d
AP, (a) = [(Z - j)al_]_l( ; )} = d—Pn(a). Then we obtain 1 from P,(0) = E,.
n—1 a

2. We will show the case a = 1. Since P,(1) ) ,[z'] =" [z +1)] =B L (z+1) | [(z+1)],
(Br @ Poa(—1))Po(1) Oy 2] = (B @ P (1) (Br L (e +1) ) L [(x+1)]) = By ) (2 + 1) O[]
= d,(1) 9_,[#"], we obtain (Ey @ P,_1(1)7")P,(1) = du(1) and P,(1) = (Ey ® Py-1(1)) dyn(1).
Next, Po(1) = (B, ® Py_1(1)) dy(1) = (E1 o (B, o Pn_2(1))dn_1(1)) d, (1)

= (B2 ® P,_5(1)) (Ey @ dn-1(1)) dn(1) and for Py(1) = da(1), we obtain 2, i.e.,

Po(1) = (Enz ® do(1)) (Epes ® d3(1)) - -+ (B ® dp—1(1)) dp(1).

3. We are able to put from 2, P,(—1)"' = P,(1) = D, (1) (E1 @ P,_1(1))

=D, (1)(E1 & Dyo1(1)) -+ (Ey—s ® D5(1)) (Ey—2 @ D5(1)). Then we obtain 3 for P»(1) = Dy(1).
O

Examples 4.4

1 0 0 0 00 0 0

_ ors. . 13 a 1 0o o | a 0 0 0

1. P4(a) = exp (a 3[51_J:1] ) 2 2a 1 0 =exP| o 4 0 0
a® 3a®> 3a 1 0 0 a O

2. P5(CL) = (E1 D P4(CL)) d5(a) = (E2 D Pg(a)) (El D d4((l)) d5((1)
= (E3 D PQ(G)) (E2 D dg(G,)) (E1 b d4(a)) d5(a)

1 0 0 0 0 1 0 0 0 0 1 0 0 0 0
a 1 0 0 0 0 1 0 0 0 a 1 0 0 0
a? 2a 1 0 0 = 0 a 1 0 0 0 a 1 0 O
a® 3a®> 3¢ 1 0 0 a2 22 1 0 0 0 a 1 0
a* 4a® 6a® 4a 1 0 a® 3a%2 3a 1 00 0 a 1
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0
01 0 0 0 01 0 0 0 a 1 0 0 0
=]l 0 0 1 0 0 0 a 1 0 0 00 a 1 0 0
00 a 1 0 00 a 1 0 0 0 a 1 O
0 0 a2 2a 1 0 0 0 a 1 00 0 a 1
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 O
01 0 0 0 01 0 0 0 01 0 0 0 a 1 0 0 0
=] 0 0 1 0 0 00 1 0 0 0 a 1 0 0 0 a 1 0 0
00 0 1 0 00 a 1 0 0 0 a 1 0 0 0 a 1 0
00 0 a 1 00 0 a 1 00 0 a 1 00 0 a 1

3. Ps(a) = Ds(a) (E1 @ Py(a)) = Ds(a) (Ey ® Dy(a))(Es ® Ps(a)
= D5(CL) (El D D4(CL)) (E2 D Dg((l)) (Eg D Pg(a))
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1 0 0 0 0 1 0 0 0 0 1 0 0 0 0
a 1 0 0 0 a 1 0 0 0 0 1 0 0 0
a?  2a 1 0 0 |=|=4a* a 1 0 0 0 a 1 0 0
a® 3a2 3a 1 0 a® a? a 1 0 0 a2 22 1 0
at 4a® 6a%2 4da 1 a* a3 a? a 1 0 a® 3a%2 3a 1
1 0 0 0 0 1 0 0 0 0 1 0 0 0 O
a 1 0 0 0 0 1 0 0 0 01 0 0 O0
=] a> a 1 0 0 0 a 1 0 0 00 1 0 0
a® a2 a 1 0 0 a2 a 1 0 00 a 1 0
at a3 a? a 1 0 @& a2 a 1 0 0 a2 2a 1
1 0 0 0 0 1 0 0 0 0 10 0 0 O 1 0 0 0 O
a 1 0 0 0 0 1 0 0 0 01 0 0 0 01 0 0 0
=]l a> a 1 0 0 0 a 1 0 0 00 1 0 0 00 1 0 0
a® a2 a 1 0 0 a2 a 1 0 00 a 1 0 00 0 1 0
at a3 a? a 1 0 a® a2 a 1 0 0 a2 a 1 0 0 0 a 1
4. Dy(a) Py(a) = z(Ps)(a) = Py(a) dy(a)
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
a 1 0 0 a 1 0o o | _ 2a 1 0o o0 | _ a 1 0 0 a 1 0 0
a2 a 1 0 a2 2a 1 0 | | 3% 3¢ 1 0 | | a®*> 22 1 0 0 a 1 0
ad a2 a 1 a® 3a2 3a 1 463 6a2 4a 1 a® 3a® 3a 1 0 0 a 1

5 Stirling matrices and Vandermonde matrices

k-1
We define k-dim. polynomial of variable z as 2% = H(a: + ja) and 2%¢ = 1. For example,
=0
, j
rhe = H(w +ja) = z(z + a)(x + 2a)(x + 3a). The n X n matrix s, defined by s, L[z'] = }[2%!] is
=0
called the first Stirling matriz, and the n X n matrix S,, defined by S, }[z%7!] = L[27] is called the
second Stirling matriz. For example,

1 0 0 0 x x
1147 _ 1781 1 1 0 0 z2 o z(z+1
84 4{$]—4[I ] (2 3 1 0) <13> - <x(z+1§(m+2) >
6 11 6 1 z* z(z+ 1)(z + 2)(z + 3)
1 0 0 O T T
1r.4—17 _ 17, 1 1 0 0 z(z—1 o x?
Sy 4[z"7] = 4[] <1 301 0><m5x—1g(x—2) ><x5)
1 7 6 1 z(x — 1) (z — 2)(z — 3) z*
Lemma 5.1
L. su(a) 3[2"] = oz 2. (B ® sp-1(a)) poy2'] = 5_1[2%]

1 0 0 0 T T
a x? z(z+a
L. 84((1) i[xl] = i[x%a] 2a? 31(1 (1) 8 x3 = zEx i ag(m + 2a)
6a® 11a® 6a 1 x? z(z + a)(z + 2a)(z + 3a)

w N

[\]
—~
&
@

V)

w
SN—
wo
P

8
R

|
wo

8

=

)
/
co o~
[\

Q= o
—= o O
—ooo

1 1
T z(z + a)(z + 2a)
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1 0 0 0 T z2
3. Su(a) il =4l | & o Y 0| 0 e |
a® Ta® 6a 1 z(z — a)(x — 2a)(z — 3a) z*
1 0 0 0 1 1
4 (El 69S?’) g[ . a} = g[xl] 8 (11 (lJ 8 i(x—a) - ;2
0 a? 3a 1 z(z — a)(xz — 2a) 3
1 0 0 O 1 0 0 0 1 0 0 O
1 0 0 -1 1 0O O 0O 1 0 O
5. s4(1) Sa(=1) = E4 2 ; 10 1 -3 1 0] oo 10
6 11 6 1 —1 7 —6 1 0O 0 0 1
1 0 0 0 1 0 0 O 1 0 0 O
si(=1) Si(1) = B, D st oo|{1sto]=looo
—-6 11 —6 1 1 7 6 1 0O 0 0 1
Lemma 5.2
L) = 20 [(z + 1)) 2 1) = 2 0 [(x — 1)

3. Sn(1) palle = 1%

5. 5,(1) §_q[2']

Examples 5.2

=l

noil(@ 4+ 1)5]

n—

x

0 z(x + 1)

L jla¥] =23

(& + 1)"] (

4.5n(1) 5[5

6. sn(1) n [+ 1] =

z(z+1)(x+2)
z(x + 1)(z + 2)(z + 3)

=9 [ + 1) for any j

(G +2)5] for any j

)

1

z+1
(z4+1)(z+2)
(z+1)(z+2)(z+3)

K

T 1
2. a1 = 2 (= 1)) ( e D2 ) ( e )
z(x —1)(z —2)(x — 3) (z—1)(z —2)(xz —3)
1 0 0 0 1
3. 84(1) (= 1)) =[] L s 1o || Gone-y 22
17 6 1 (x — 1) (z —2)(z —3) 3
10 00 1
4. 54(1) 0[9271] = g[(j +1)7] ( } ; ? 8 ) ( z'(jfl) ) - ( ZJ++11)2 )
17 6 1 JiG=13G~2) G+1)?
1 0 00 1 1
5. 54(1) g[xz] :g[<x+1>l;l] ; ;, (; 8 ;2 - ?z++11)(x+2)
6 11 6 1 3 (z+ 1)(z+2)(z +3)
1 0 00 1 1
6. 54(1) 316G + 1)1 = 35 + 21 (%é ?3)@ﬁ”)_(yéw”) )
6 11 6 1 (G+1)3 (G+2)(G+3)(G+4)
Theorem 5.1 ([4])
1 1[0]7171 0
L. su(a) = (B @ sn_1(a)) Pu(a) = I (Bce Pii(a)
Lolila'] sn_q(a) 2(Py)(a) k=n—2
2. 2(sn)(a) = sn-1(a) 2(F)(a)
1 I[O]n—l n—9
3. Su(a) = Pu(a)(Ey @ S, 1(a)) = 11 (Bc® Pui(a)
n-1la’] z(Po)(a) Su-1(a) k=0
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4. z(Sn)(a) = z(Pu)(a) Sp-(a)

Proof. 1. Since s,(1) (2] = 1[z"'] and }[z%] = 2 0_,[(z+1)%"], wehave (E1®S,_1(—1)) s,(1) ;[2]
= (B, @S, (-1) 2| [(e+ D)%) =2 [(x+1)] =2 Pu(1) O [2"] = Pu(1) L[],

SO (E1 a5 sn_l(l)*l) $p(1) = P(1) and s,(1) = (E1 @ Sn_l(l)) P,(1).

Remainders are obtained in the same way as in Theorem 4.1. (]

Examples 5.3
L. s5(a) = (B ® sa(a)) Ps(a) = (B2 ® ss3(a)) (E1 ® Py(a)) Ps(a)

= (B3 @ 52(a)) (B> ® P3(a)) (E1 ® Pi) Ps(a)

1 0 0 0 0 1 0 0 0 0 1 0 0 0 0
a 1 0 0 0 0o 1 0 0 0 a 1 0 0 0
2a? 3a 1 0 0 |=]0 a 1 0 0 a®  2a 1 0 0
6a® 11a®?  6a 1 0 0 2a®> 3a 1 0 a® 3a®> 3¢ 1 0
24a* 50a% 3542 10a 1 0 6a® 11a?2 6a 1 at 4a® 64 4da 1
10 0 0 0 1 0 0 0 0 1 0 0 0 0
01 0 0 0 01 0 0 0 a 1 0 0 0
=] 0 0 1 0 0 0 a 1 0 0 a®  2a 1 0 0
0 0 a 1 0 0 a2 2a 1 0 a® 3a®> 3a 1 0
0 0 2% 3a 1 0 a® 3a®> 3a 1 a* 4a® 6a® 4a 1
10 0 0 0 10 0 0 O 1 0 0 0 0 1 0 0 0 0
01 0 0 0 01 0 0 0 0 1 0 0 0 a 1 0 0 0
=] 0 0 1 0 0 00 1 0 0 0 a 1 0 0 a? 2 1 0 0
00 0 1 0 0 0 a 1 0 0 a2 22 1 0 a® 3a%2 3a 1 0
00 0 a 1 0 0 a2 2a 1 0 a® 3a%2 3a 1 a* 4a® 6a® 4a 1
1 0 0 0 1 0 0 0 1 0 0 0
3a 1 0 0 a 1 0 0 2a 1 0 0
2. 2(s5)(a) = sa(a) 2(Ps)(a) 112 6a 1 0|7 | 2% 3 1 o0 362 3¢ 1 0
50a®  35a%2 10a 1 6a® 1la® 6a 1 4a® 6a® 4a 1

3. S5((I) = P5(a) (E1 &} S4((I)) = P5(CL) (El D P4(CL>) (E2 D Sg(a))

= P5(a) (1@ Py(a)) (B2 & Ps(a)) (Es ® S(a))

1 0 0 0 0 1 0 0 0 0 1 0 0 0 0
a 1 0 0 0 a 1 0 0 0 01 0 0 0
a?  3a 1 0 0 |=]| a®* 2a 1 0 0 0 a 1 0 0
a®  Ta? 6a 1 0 a® 3a®2 3a 1 0 0 a2 3¢ 1 0
a* 15a% 25a% 10a 1 a* 4a® 6a® 4a 1 0 a® 7a®> 6a 1
1 0 0 0 0 1 0 0 0 0 10 0 0 0
a 1 0 0 0 0 1 0 0 0 01 0 0 0
=] a2 2a 1 0 0 0 a 1 0 0 00 1 0 0
a® 3a®> 3a 1 0 0 a2 22 1 0 00 a 1 0
a* 4a® 6a® 4a 1 0 a® 3a%2 3a 1 0 0 a? 3a 1
1 0 0 0 0 1 0 0 0 0 10 0 0 O 1 0 0 0 0
a 1 0 0 0 0 1 0 0 0 01 0 0 0 01 0 0 0
=] a2 2a 1 0 0 0 a 1 0 0 00 1 0 0 00 1 0 0
a®  3a? 3a 1 0 0 a2 2a 1 0 0 0 a 1 0 0O 0 0 1 0
a* 4a® 6a® 4a 1 0 a® 3a%2 3a 1 0 0 a2 2a 1 00 0 a 1
1 0 0 0 1 0 0 0 1 0 0 0
3a 1 0 0 2a 1 0 0 a 1 0 0
4. 2(55)(a) = 2(Ps)(a)Sa(a) 702 6a 1 0 || 3a2 3¢ 1 o0 a2 3a 1 0
15a® 2502 10a 1 4a® 6a® 4a 1 a® 7a® 6a 1
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We call V (°[z;]"1) ==0_, [xﬂnil the Vandermonde matriz of °[z;]" ' = (zo,x1, -+ ,p—1). For

11 1 1
07, 13) — _ 07413 _ | w0 a1 w2 a3 : :
example, V( (2] ) = V(wo,xl,xQ,xg) = S[x] = ( xé 22 a2 a2 ) is the Vandermonde matrix
To T1 Ty T3

Of 0[3:-]_]3 = (x07'r17$27x3)'
Lemma 5.3

LS, O 5t =" G+ 1" =V (O + 1Y)

SRCCRACE G IR I i
5. 2(Pan)(1) 'Pa(1) = D)) Pa1) R, (1) = °_ [(FHA3 )T =0 ()

6 [+ =L () = e ()

Examples 5.4

. , 100 0 111 1 1111
LSy 36 = 3[(3'"’_1)1] - V‘l(o[j"i'l]g) } ;) (1) 8 8 (1J 2?1 3?2 = 1 222 332 zf;
17 6 1 00 0 3-2-1 1 2% 3% 43

111 1 10 0 0 1111

0[+6—113 _ O[:15. 13 ¢ 01 2 3 o1 o 0 01 2 3
2. 3" = 3lildiy]” "Pa(1) 00 21 32 |=|o o 2.1 o0 00 1 3
00 0 321 00 0 321 00 0 1

3. 54(1) 5[+ 17" =[G + 2] = sa(1) Va(°lj + 1?)

1 1 1 1 1 1 1 1

1 2 3 4 B 2 3 4 5

1 22 32 42 [ 7 2.3 3.4 4.5 5-6
1 23 33 43 2-3-4 3-4-5 4-5-6 5-6-7

WO
= =0 0
OO
O =N
\—/
Il
— ==
=}
= =0 O
— ==
W N = O
w = oo
[
O =N
=W w~
\_/

301 4C2 5C3 60y
1C1 5C2 6C3 704

101 202 3C3  4C4
201 3C2 4C3 5Cs | _
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6. 31+ 21 = Sl S )P

1 1 1 1

2 3 4 5 B
2.3 3.4 4.5 5.6 |
2.3.4 3.4.5 4.5-6 5-6-7

From Lemma 5.3, we have the followings.

o oo
o o= O
oON oo

Theorem 5.2
LoSu(1) 0 [i16,0]" " tPu(1) = Vi (Ol + 17 )

1

2. 5,(1) Vo (O + 171 =0 [11,25]"" Da(1) Po(1) LBy (1)

3. sp(a) Sp(a) = g_l[i!&':j]nil Dy(a) Pu(a) | [%&Zﬂ']nil

n—1

Examples 5.5
1 Su(1) U[it6i—;]® tPy(1) = Va(°lj + 1))

1 0 0 O 1 0 0 O 1 1 1 1 1 1 1 1
1 1 0 O 0 1 0 O 0 1 2 3 _ 1 2 3 4
1 3 1 0 0 0 2 0 0 0 1 3 o 1 22 32 4
1 7 6 1 0 0 0 6 0 0 0 1 1 23 3% 4

1 0 0 0 11 1 1 1 0 0 0 1 1 1 1
1 1 0 0 1 2 3 4 o100 2 3 4 5
2 3 1 0 122 32 42 || 0 0 2 0 3 6 10 15
6 11 6 1 1 23 33 43 0 0 0 6 4 10 20 35

0 3 0 3
3 S4(CL) S4((I) = 3[2‘(2:]'] D4(Cl) P4(CL> 3[i'6i:j]
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 10 0 O
a 1 0 0 a 1 0o ol | o100 2a 1 0 0 01 0 0
2> 3¢ 1 0 a®> 32 1 0 || 0 0 2 0 3¢ 3a 1 0 00 1 0
6a® 11a® 6a 1 a® 7a® 6a 1 0 0 0 6 4a® 6a® 4a 1 00 0 é

Lemma 5.4

1.’ [k:;;_l]n_l . [z'( ki )]n_l = 07 [z’!éizj]n_l 0 [( ki )]n_l for non-negative integer k;

n—1 n—1 %

2. 5,(1) 0[] " [( ks )}”‘1 =V, (°lhy + 1Y) = S (1)) [k

7 n—1

3.

Va (O[kj]"_l)’ =

Vil + 01" b € 2)

Examples 5.6 For °[k;]* = (ko, k1, k2, k3) = (5,3,7,2),

L0 =0 )P = Slae,] o )

1 1 1 1 1 0 0 O 5Co 3Co 7Co 200
5 3 7 2 _ 0O 1 0 O 5C1 3C1 7C1 2C1
5-4 3-2 7-6 2-1 - 0O 0 2 0 5C2 3C2 702 205
5-4-3 3-2-1 7-6-5 0 0O 0 0 6 5Cs 3C3 7C3 0
1 0 0 O 1 1 1 1
_ 01 0 O 5 3 7 2
- 0 0 2 0 10 3 21 1
0 0 0 6 10 1 35 0
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1 0 0 0 1 0 0 0 11 1 1 11 1 1
1 1 0 0 01 0 0 5 3 7 2| _ 6 4 8 3
1 3 1 0 0 0 2 0 10 3 21 1 )| 62 42 8 3
1 7 6 1 0 0 0 6 10 1 35 0 63 4% 8 3
1 0 0 0 1 1 1 1
[ 1 1 0 0 5 3 7 2
“1l 1 3 1 0 5.4 3.2 76 2.1
17 6 1 5.4-3 3.2-1 7-6-5 0
3. Vil = [VaClis + 1) | = [va Lk — 19)|

11 1 1 1 1 1 1 1 1 1 1
5 3 7 2| |6 4 8 3| |4 2 6 1
5232 72 22 | T | 62 42 82 32 || 42 22 62 1
53 33 73 23 63 43 83 33 43 23 63 1

We obtain the following from Lemma 5.4, 2.
n—1
is devisible by [ ]! for

=0

Vo (°[k5)m )

Theorem 5.3 ([2]) The determinant of Vandermonde matrix
any k; € Z.

Examples 5.7

1 1 1 1 1 1 1 1 1 1 1 1 3

5 3 7 2 6 4 8 3 4 2 6 1 |l Jioiar g _

2o o0 o2 T e g2 g 32 | T2 92 @ q |18 divisible by I | i'=1-1-2.6=0!-1!-2!.3!.
53 33 73 23 63 43 8 33 43 23 63 1 i=0

6 The matrices of sum of powers

n

We define (i 4+ 1)-dim. polynomial of variable n € N as W;(n) = Z k', (i=0,1,2,---). Then we

k=1
have W;(z) as the (n + 1)-dim. polynomial of variable z € R.
Examples 6.1 of W;(x)
r 2 z(z+1) r 2 2 zx+1)(2z+1)
W, = _ Lty Ty T T
0 xZ, Wl(.’L’) B + B B s WQ(l’) 6 + 9 + 3 6 s

For these polynomials, we have the following lemma.

Lemma 6.1
L Wizx) =Wz —1)+2°  (6.1) 2. W;(0)=0  (6.2)

_ _ [ -1 (i=0)
n n—1
Proof. 1 follows from Z k= Z k" 4 n'. Since W;(1) = 1 fori =0,1,2,---, putting = 1 in (6.1),
k=1 k=1
we obtain 2. From (6.2) and putting z = 0 in (6.1), we obtain 3 (since 0° = 1). O

We define the n X n matriz of sum of powers ¥, as ©,, L[z'] =9_ [W;(z)]. For example,
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1 0 0 0 0 * Wo(z)
17,4 _ 0 i g 000 “ Wi(z)
X5 5[z = 4 [Wi()] s 7 3 00 | = | W@
5 4 [ G 4
0 1 ? % 0 xz W3 (JU)
“mw 0 3 3 3 a® Wa(@)

+
-

0
We also define the n x n matrix o, as g, =2, [( o ) 5i2j]n_1. For example,

0 3 0 1Co 0 0 0
— it1 . _ 0 _ 2Co 201 0 0

04 = 3 {( J ) 512]} 04 = 0 - 3Co 3C1 3C2 0O :
4 14Co  4C1 4C2  4C3

To show interesting relations between Y, (a) and o,(a) (Theorem 6.1) including 3, (a)™! =
on(—a), first we see the basic property of o, (a).

e
= w N o
DS W oo

Lemma 6.2 ao,(a) 0, [2f] = i[[x +a]' — ']

For example, aoy(a) §[z'] =, [[z + a]’ — 2]

1 0 0 0 1 a 0 0 0 1 (x+a) -z
a 2 0 0 z - a®> 2a 0 0 x o (x+a)? —2?

a a®> 3a 3 0 2 o a® 3a®> 3a 0 x2 - (x+a)® —23 :
a® 4a® 6a 4 3 a* 4a® 6a® 4a 3 (x+a)t —at

For the proof of Theorem 6.1, we note the following equations.

Lemma 6.3

i1 i i i L7 i
Lo,(1) 5[] = [(z+1) —2'] (64) 2. 0,(=1)9 2] = [2'—(z—1)]] (6.5)
Then ¥, (a) and 0,(a) have the following interesting properties.

Theorem 6.1
1. on(a) En(a) = 2(Puy1)(a) 2. 0p(—a) E,(a) = E, 3. Xu(a) on(a) = P,(a)

4. 0,(—a) P,(a) = o,(a) 5. Py(a) ¥,(—a) =X,(a) 6. %,(a) = X,(—a) =d,(a) — E,

The (j + 2k + 1,7) component of ¥, is dg—0/2 (0<jk<n-1).
Proof. 1 and 2. We will prove the case a = 1. Taking the sum in (6.4) and (6.5), we have

on(1) 5 [Wi(2)] =

n [+ 1) = 1], ou(=1) Sy [Wil@)] = L[], 0(1) Tu(1) 2] = ) [(@+ 1)1 = 1]

1
n

= 2(Pny1)(1) L[z and 0,(—1) X,(1) L[z?] = L[x%]. Then we obtain 1 and 2.

n

3. Using (6.1), we have £,(1) 0,(1) O_[¢7] = S,(1) | [(z + 1) — 2] =" [Wilz +1) — Wi(z)] =

271 [(z +1)"] = P,(1) %_,[2"]. Then Wg;)btaill 3.
4. Since 0,(1) 2_[z'] = :L[(x +1)' = 2] = 0,(-1) 271 [(z +1)] = 0n(—1) Py(1) 9_,[2"], then we

obtain 4.
5. From 3, we have %,,(1) 0,(1) ¥,(—1) = P,(1) X,,(—1), then we obtain 5 by 2.

6. From 1, we have ,(—1) = X,(1) 2(P,11)(—1). Since ¥, (1) L[z} =9 [W;(z)],

n—1

53
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(1) 4] = Ta(1) 2(Pasa)(=1) Ha') = Sa(1) | [ = 1) = (=1)] =, [Wile — 1) = Wi(=1)].

From (6.1) and (6.3), we have (3,(1) — X,(-1)) L[z'] =% [Wi(z) — Wi(z — 1)] = %, [Wi(-1)]

n— n—1

= n_l[l'i] — 91_1[51':0] = 2_1[$i(51>0] = 2_1[51',]':1]”71 L [l‘z] = (dn(l) — En) ;[.I’Z], then we obtain 6. O

n

Examples 6.2

1 0 0 0 } (1) 0 0 1 0 0 O
L1 9 o
Lomm=xen [ L2o0|li o[z
1 4 6 4 0 ; % 1 4 6 4 1
1 0 0 0 } (1) 0 0 1 0 0 O
_ 11 9 o
2. 04(~1) ¥4(1) = B4 D s ol Pt o ]={00 10
-1 4 -6 4 0 % % 1 00 0 1
1L 0 0 o0 100 0 100 0
11 9 o
3. £4(1) 04(1) = Pa(1) Pl of{iasoflieta
o I 11 1 4 6 4 13 3 1
1 0 0 o0 100 0 1 00 0
_ -1 2 0 0 1 1.0 0 1 20 0
4. 04(=1) Py(1) = 0u(1) (1 -3 3 0)(1 2 1 0)_(1 3 3 o)
-1 4 -6 4 13 3 1 1 4 6 4
100 0 1 0 0 0 1 0 0 0
1 1 0 0 1 1 99 9
5. Pi(1) Su(-1) = %4(1) (1 Lo )( N )(% LY )
s 3l 0 I -3 i 0 3 3 1
6. X4(1) = By(=1) = ds(1) — By = §[0i—j=1]?
1 0 0 0 Lo 0 0 00 0 0
11 g 9 -1 0 o0 10 0 0
(i b )( b )( o )
0 1 3 1 0 1 -3 1 00 1o

We use the following equation for the proof of Theorem 6.2.

Lemma 6.4 liz" ] =a [¢5 — (z - 1)5]

Examples 6.3 j[iz"" ! ==z i[xii—l — (z = 1)571]

1z 1—z+xz)z
2z(x — 1) _ 2—z+x)r(z—1)
3z(x — 1)(z—2) ESfx+zE)ac(xf 1)(z—2)

da(z — 1)(z — 2)(z — 3) 4—z+z)z(z—1)(z—2)(z—3)

T —(z—1)

. z(x — 1) —(z—1)(z—2)
z(z—1)(x —2) —(z—1)(z —2)(x —3)
z(z—1)(xz—2)(x—3) —(z—1)(z—2)(z—3)(z—4)

For the eigenvalues and eigenvectors of ¥,,(1) and 0,(—1), we have the following theorem.

1

n

Theorem 6.2 1. 5,(1) S,(1) = S,(1) | [26i2;]" 2. 0n(—1) Sa(1) = S,(1) Llidi—y]
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Proof. 'We will prove (1) S,(1) L[id;—;]" = S, (1). From Lemma 6.4, we have

Hidizj]™ Hatt = Lia ) = o La®™! — (z — 1)%7!]. Using (6.1), we have

2a(1) Su(1) Lidimy]™ L) = 2,(1) Su(1) @) [257 = (@ = 1) ] = 2,(1) @ [2° — (z — 1)]
0 7 7 §i—
=z [Wilz) =Wz —1)] =2 ) [2"] =[] =S,(1) [z57"].
Then we obtain 1. 2 follows from 1 by Theorem 6.1, 2. O

Examples 6.4

10 0 O 1 0 0 O 1 0 0 O 1 0 0 O

1 4 11 1
L) S0 =81 ,[10i] |22 0 o || 1 st o|=[1sto0|lod 1o
0 % % % 1 7 6 1 1 7 6 1 0 0 O %
1 0 0 0 1 0 0 O 1 0 0 O 1 0 0 O
2. o= S =S ilis=* | 5 5 ot st o]=[1s o]0 0 5 0
—1 4 —6 4 1 7 6 1 1 7 6 1 0O 0 0 4
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