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A NOTE ON SEMIGROUPS OF LOCALLY LIPSCHITZ OPERATORS
ASSOCIATED WITH SEMILINEAR EVOLUTION EQUATIONS

KAORI KIKUCHI AND KIYOKO FURUYA

ABSTRACT. In this note we shall give a simple proof for a part of proof of T. Matsumoto and
N. Tanaka [6] Theorem 2.2. This theorem is applied to the global solvability of the mixed
problem for the complex Ginzburg-Landau equation by T. Matsumoto and N. Tanaka [5][6].

In this note we shall give a simple proof for a part of proof of T. Matsumoto and N.
Tanaka[6] Theorem 2.2.

1. PRELIMINARIES
Let (X, || -||) be a Banach space with norm || - || and D be a closed subset of X.

Definition 1. A one-parameter family {S(t);t > 0} of Lipschitz operators from D into
itself is called a semigroup of Lipschitz operators on D if the following three conditions are
satisfied:

(S1) S(0)x =x for =z €D, S(t+s)xr=38(t)S(s)r for s,t>0 and z€D.
(S2) For each x € D, S(-)x :[0,00) — X is continuous.

(S3) For each 7 >0, there exists L, > 0 such that

IS®)z - Syl < Lllz—yl for wyeD and teo7]

For semigroups of Lipschitz operators we have the following properties.

Proposition 1. Let {S(t);t > 0} be a semigroup of Lipschitz operators on D. Then there
exist M > 1, w > 0 and a nonnegative functional ® on X x X satisfying the following three
conditions :

(1) |®(z1,91) = P(@2,2)| < M([J21 — @2l + ly1 —we2ll)  for (21,11), (22,92) € X x X,
(ii) |z —y[| < ®(z,y) < M|z -yl for (z,y) € D x D,
(iii) ®(S(t)x, S(t)y) < e ®(x,y) for t >0 and (x,y) € D x D.

Proof. Cf . Y. Kobayashi, T. Matsumoto and N. Tanaka [3]. O
We consider a semilinear Cauchy problem in X of the form
u'(t) = Au(t) + Bu(t) (¢t >0), u(0) = ug (SP; ug).

Here we assume :
(A) A is the infinitesimal generator of an analytic Cy- semigroup {7'(t);¢ > 0} on X with
|T(t)|| < Const.e®4t for all t > 0, where Const. > 1 and ws < 0 are some constants.

Remark 1. We may assume without loss of generality that Const. = 1.

We know that, for any integer n € Z, the operator A" is defined. We are then concerned
with extending the definition for all real exponents o € R.

Date: October 11, 2011.



10 KAORI KIKUCHI AND KIYOKO FURUYA NSR. O., Vol. 62

Definition 2 (Fractional powers). Let a > 0. Define (—A)™ by
1 o0
e M A QR X 1
(A= s [T e T for we 0

where, T'(a) is the Gamma function. An operator (—A)® is defined by (—A)* = ((—A)~*)~L.

Proposition 2. (—A)® satisfies the following conditions :
(i) Forz € D((—A)%)

T(t)(—A) % = (—A)*T(t)x for t>0. (2)
(ii) For a > 0 there exists M, > 0 such that
I(~APTO] < Mat™  for >0 3)

(iii) For v € (a,1) there exists M, > 0 such that
[(=A)* (T W)z —2)|| < Moyt *[[(=A)7x||  for t=0 and € D((=A)"). (4)
(iv) If0<a <0 <y <1, then there exists Mg~ > 0 such that
|42l < Mag (A @l (-4 2| =5 for weD(=A))  (5)
Proof. Cf . H. Tanabe[7]. O

2. ASSUMPTIONS AND MAIN RESULT

Let @ € (0,1) and Y = D((—A)*) . Then Y is a Banach space equipped with norm
[olly == [[(=A)"]  for veY =D((-A)") (6)

Obviously Y € X and Y is dense in X with X-norm.
Let C = DnNY. We assume that C is dense in D with X-norm. In this case C is closed in Y.
(B) For the operator B we make the following assumptions:
(B-i) The operator B is continuous from (C, || - ||y) into (X, |- ) -
(B-ii) There exists Mp > 0 such that ||Bz| < Mp(1 + ||z||y) for z € C.
(®) Let ® be a nonnegative functional on X x X satisfying the following two conditions:
(®-i) There exists L > 0 such that

[D(z1,y1) — P(w2,42)| < L([[r1 — 22| + [y — 92l])  for (z1,41), (22,92) € X x X.
(P-ii) There exist M > m > 0 such that
mllz —yl| < (x,y) < M|z —y||  for (z,y) € D x D.

(F) Let {F);h € (0, ho]}(ho > 0) be a family of nonlinear operators from C into C which
satisfies the following two conditions:
(F-i) There exists w > 0 such that for any sequence {h,}>°, with h, | 0 as n — oo and
any bounded sequences {x,}>°; and {y,}°>, with respect to Y-norm in C,

(I) F naF n _(I) ny In
(£, @ h"zn) (Zn, yn) —w@(xmyn)}ﬂ 0.

(F-ii) There exists 3 € (0, 1) such that for any sequence {h,}>>, with h, | 0 as n — oo
and any convergence sequence {x,}°°, in C with respect to Y-norm,
| Fhawn = J () n | [ Fhn — I (ha)nlly

i R 0 iy S

lim sup{

n—oo

=0
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where
h
J(h)w = T(h)w + / T(s)Bwds  for weC and h>0. (7)
0

Remark 2. We may assume that in condition (F-ii), §€ (0,1 —al.

Remark 3. [t is easily seen that (F-1) is equivalent to the following condition :
(F-1)" There exists w > 0 such that for any Y -bounded set W C C,

limsup( sup {(I)(th’Fhi) — %@y w@(:c,y)}) <0.

hl0 z,yeWw

The main theorem in this note is given by

Theorem 1 ([6] Theorem 2.2.). Assume that (B),(®) and (F) hold. Then there exists a
semigroup {S(t);t > 0} of Lipschitz operators on D such that
(i) BS(-)r € C([0,00); X) for xze€C,
(ii) BS(:)r € C((0,00); X) N LL.(0,00; X) for w €D,
(iii)
t
S(t)r =T(t)x —|—/ T(t—s)BS(s)xds for ze€D and t>0. (8)
0
Moreover, the following product formula hold:
(iv)
S(t)r = l}ilﬁ)l F}E%]a: for xe€C and t>0, (9)

where the convergence of (9) is uniform on every compact subset of [0,00). Here [a] is the
greatest integer that is less than or equal to .

For the proof of the existence of a semigroup {S(¢);t > 0} of Lipschitz operators on D
satisfying (i),(ii) and (iii) T. Matsumoto, and N. Tanaka used [4] Theorem 5.2. But this
theorem treated more general case.

3. MILD SOLUTIONS

We need the followinfg notion of solutions.

Definition 3. Let ug € D and 7 > 0. A function v € C([0,7]; X) N C((0,7];Y) is called a
mild solution to (SP;ug) on [0, 7] if

(i) u(t)eC for te(0,7],

(ii) Bu e C((0,7]; X) N L'(0,7; X),

(iii) w satisfies the integral equation :
t

u(t) = T(t)uo + / T(t — s)Bu(s)ds for te0,7]. (10)
0

A function u € C([0,00); X)NC((0,00);Y) is called a global mild solution to (SP;ug) if for

each 7 > 0 the restriction u to [0,7] is a mild solution to (SP;ug) on [0, 7].

The continuous dependence of mild solutions to the Cauchy problem for (SP) on their
initial data is given by following Proposition.
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Proposition 3. Let 7 > 0 and z1,x2 € D. Letw : [0, 7] — X be a mild solution to (SP;x1)
on [0, 7] andv : [0, 7] — X be a mild solution to (SP;x5) on [0, 7|. Suppose that conditions
(®) and (F) are satisfied. Then there exist M >0 and w > 0 such that

lu(t) = v(@)ll < Melzy =22 for te[0,7].

Proof. Let w > 0 be a number appearing in condition (F-i). From (®-i), we have

[P (uls),v(s)) = D(u(t), v(t))] < L(HU(S) —u(t)[| + llv(s) — U(ﬂl!) for s,¢ < [0, 7].
The definition of mild solutions shows that u,v € C([0,7] ; X). Therefore we see that the

map t +— P(u(t),v(t)) is continuous on [0,7]. Let t € (0,7) and let h > 0 be such that
t + h < 7. By the semigroup property of {T'(¢) ; t > 0} and (10), we obtain that

u(t + h) = T(t + )z + /OM T(t+ h — 5)Bu(s)ds
=TTt +T(h) | Tt — 5)Bu(s)ds
- T [ Tt — 5)Bu(s)ds + Ji Pl t b — 5)Bu(s)ds
—T(h) (T(t)m v /0 T — s)Bu(s)ds)
-/ Tt + h— s)Bu(s)ds + / T+ b= $)Bu(s)ds
— T(h)ult) + /HhT t 4 h — s)Bu(s)ds
+/ s)Bu(t + h — s)ds. (11)
With this equation and (7) we have
ult + h) = T(h)u(t) +/hTsButds
—/ s)Bult ds+/ s)Bu(t + h — s)ds
)+ / (Bu (t+h—s)— Bu(t))ds. (12)

From the definition of mild solutions we get Bu € C'((0,7] ; X). Then with assumption (A)
it follows that

lim — /||T (But+h—s) u(t))Hds:O. (13)

Rl h
(12) and (13) yields that

1
1}551 EHu(t + h) — J(h)u(t)|| = 0. (14)
Similarly we have

!
lim —[u(t + h) — J(RJu(t)]| = 0. (15)
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With condition (®-i), we have the following estimate:

;(cp( t+ h),v(t+ h)) — S(u(t), U@)))

uf
(@ Bu(e) J)o(a)) — D(utr) 1))

+ Li(”““ +h) = J(Ru(®)] + ot + h) — J<h>v<t>u>)

< 5 (®(Fw(0), Fuo0) - auv), o))

b2 Jute+0) = SO + o+ 1) = T0)o(0)

<

+ [ (h)u(t) = Eyu(®)]| + [/ (h)o(t) - Fhv(t)l\)}- (16)

From (14),(15) and condition (F) we obtain that

. 1
hn}lllsoupﬁ (@(u(t +h),v(t+ h)) — @(u(t), U(t))>

< lim supi(@(Fhu(t), Fpo(t)) — ®(u(t), U(t))> < wd(u(t),v(t)). (17)
h10

Therefore we have
DY (u(t),v(t)) < w®(u(t),v(t)) for e (0,7), (18)
where D*denotes the upper right Dini derivative which defined by

D* f(a) = limsup flath) = f(a)‘
h10 h

Since ®(u(-),v(-)) is continuous on [0, 7| solving the differential inequality (18) yields that
P(u(t),v(t)) < e'®(xy,79) for te0,7]
An application of condition (®-ii) shows that

1
lu(t) —v(t)] < Ee“tq)(xl,azg) < — e oy — | for te0,7] (19)

RIS

Then we obtain the desired inequality. 0]

Proposition 4. Suppose that (®) and (F) are satisfied. Suppose that for each x € C there
exist T > 0 and a mild solution u to (SP;z) on [0, 7]. Then for every x € C there exists a
global mild solution u to (SP;x).

Proposition 5. Suppose that (P) and (F) are satisfied. Suppose that for each x € C there
exist a global mild solution u to (SP;x) . Then for every x € D there exists a global mild
solution u to (SP;x).

Proof. From Proposition 2.5 in [4](resp Proposition 2.6 in [4]) with ¢ defined by

() { Zigg : go i g )%\D , we have Prposition 4 (resp. Proposition 5). O
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4. KEY ESTIMATE

In this section we give a key estimate to showing the convergence of approximate solutions.

Lemma 1. There exists K > 1 such that for any 7 € (0,1] and for any finite sequence

{s1. 1V, satisfying 0 < sy < s, <- - < sy <7, the following two assertions hold:

(i) Let Mg > 0 and let G : [0,7) — X be a measurble function satisfying ||G(§)|| < Mg for
€€10,7). Then

[T = G©)llvds < KMgls;— ) for 0<1<i<N.

(ii) Let € > 0. Then for any finite sequence {G;}Y., in'Y satisfying ||G|| < e(s; — si_1) and
ICGilly < e(si —si-1)? for 1 <i < N, we have

ST (s — s)Glly < Ke(si — si,)” for 0<k<i<N.
I=k+1

Here as usual we put Zf:kﬂ =0.

Proof. Cf. T. Matsumoto and N. Tanaka[4] Lemma 3.2. O

In the rest of this paper the symbol K stands for the constant specified in Lemma 1 and we
define

Eyw = Fyw—Jh)w  for he(0,hy] and w €C. (20)

For wg € C,h > 0,p > 0, M > 0 and € > 0 we introduce the condition
(i) |Bz|| < M for x € Uy(wo,p)NC,

V(wg; h,p, M,e) = . 21

(wo; b p, M, €) { (ii) K (M + e)h? + supyepop T (s)wo — wolly < p. (21)

where Uy (wo, p) denotes the closed ball in Y with center wy and radius p and [ is a constant
appearing in condition (F-ii).

Lemma 2. Let wy € C . Assume that 0 < h <1, p >0, M >0 and € > 0, satisfy condition
V(wg; h,p, M,e). And take o > 0 satisfy 0 < h. Assume that there ezists a sequence
{(si, wi, G)YY, in [0, 0] x C X Y satisfies the following three conditions :

(i) O=s9<s8<---<sy <o,

(ll) w; = T(Sl — 81;1)’[1)1;1 + fssiil jﬁ(SZ — 5)Bw171d€ + CZ fOT' 1 <

(iil) (Gl <e(si—si1) and (IGlly < e(si—sim0)?  for 1<

Then the following assertions (a) and (b) hold:

(a) We have the following estimates with X -norm and Y -norm respectivery :
(a-1) [|T'(s; — sp)wr, — wy|| < (M +¢€)(s; — S) for 0<k<j<N,
(a-2) || T(s; — si)wr — wjlly < K(M +¢)(sj — s)’ for 0<k<j<N.

(b)  w; € Uy(wy, p) and ||Bw;|| < M for 0<j<N.

N

N«
= IA

Y

Proof. To prove this lemma we use Lemma 1 inductively. O
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Given (to, x) € [0,00) x C we set

i)0=to<ty <...<ty<rm,

(11) t‘—tj 1 <€

(111) Ty = T( ] 1)1‘] 1 +ft 1 ( g)ij 1d§+§j>

(iv) |Gl < €(t —tj1) and ||y < 5(75 —tj-1)"

(v) If x € C satisfies the inequality
[l — 25 ly

< K(Mp+1)(t; —tj-1)" + SUPse[Ot —tj_1] ||T( Jzj-1 — zjally
then HBZ’ — B.T] 1” < W

(vi) (t; = tj-1) (M + 1) +sup,ep,—¢, g IT(8)xj1 — 250 <€

where j =1,2,--- | N.

W(r;e, {(t],IE],CJ) j= 1)

(vii) lim; . t; =T.

Proposition 6. Suppose that condition (F) is satisfied. Let zo € C and e € (0,1/2]. Assume
that 7 € (0,1], po > 0 and Mg > 0 satisfy condition V (xo;T, po, Mp,1). Then there exists
a sequence {(t;,7;, ()32, in [0,7) x C X Y satisfying the condition W (7;e,{(t;, z;,(;)}521)
and condition (vii).

Proof. We shall construct inductively a sequence {(t;,7;,(;)}52, in [0,7) x C x Y satis-
fying condition W(7;¢,{(t;,7;,(;)}32,). For this purpose, let i € N and assume that a
sequence {(t;,z;,¢;)}—1 € [0,7) x C x Y can be constructed so that it satisfies condition
W (e, {(t;,x;,¢)}=)). For h>0,t €[0,7),y € C and € > 0 we set

h<Tt—t,

hMMp 4 1) + sup.eo,y [IT'(s)y — yll < e,

|Bx — By|| < ;% for x e Uy(y, p)NC,
where p = K(Mp + 1)h° + SUDse(0, 1) IT(s)y —ylly

0(h;t,y,e) = (22)

By condition (B-i), the strong continuity of 7'(-) and (F-ii), there exist h € (0, ] such that
|Enziy|| < he and  ||Epzi_i|ly < hPe (23)

and (h;t;_1,x;_1, €) satisfying condition @(h;t;_1, z;_1, ). We define h; by supremum of such
numbers h. Then there exists h; € (0, ] such that h;/2 < h; which satisfy @(hs;t;_1,7;_1,¢).
We set t; = t;_1 + h;, then condition (ii) is satisfied. From (22) we get conditions (i),(vi)
and (v) in W(7;¢e,{(t;,7;,¢;)}:—;). Next we shall show that there exist z; € C and ¢; € Y
satisfying  (iii) and (iv) in W(r;e, {(t;,2;,(;)}—;). Here, we define x; = Fj ;-1 and
¢ = Ep,xi—1. Obviously Fyz;1 € C and Ej,x;—1 € Y and condition (iv) is satisfied by
(23). With (7) and (20), we have

z; =Fy,xi1 = J(hi)zio1 + Epxiq

hi
:T(hl):r;z,l + / T(s)Bxi,lds + Ehixi,1
0

t;
=T(t; —ti1)zi1 + T(t; — s)Bxi_1ds + (. (24)

ti—1
It remains to show that condition (vii) is satisfied. We can show it in a way similar to
that of T. Matsumoto, and N. Tanaka[4.Proposition 3.7]. It is concluded that a sequence
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{(t5,25,¢5) 152, in [0, 7)xC XY can be constructed so that the condition W (7; ¢, {(t;, 75, (;)}52;)
and condition (vii) are satisfied. O

Proposition 7. Let 2o € C,0 < 7 < min{7r, 1}, po >0, Mg >0 and 0 < e, A\, u < 1/2
and suppose condition V(xo; T, po, Mp, 1) satisfied. For each e = X\ or u , suppose that there
exists a sequence { (t5, 75, (5) 152, in [0, 7)XC XY satisfying conditions in W (7; &, {(t5, 25, (5) }321)
and condition (vii). Set P = {t};i=0,1,---} U {t§;5 =0,1,---}, and define s) = 0 and
sp = inf(P\ {s0, 81, -+ ,sp_1})(k € N). Then there exists a sequence {(z, z)}32, in C x C
satisfying the following conditions (where e = X or u)

(a) If sy =15, then z§ = aft,

(b) If s #t5, then the element fi on'Y defined by

Sk
Ji =Tk = se1)sia+ [ Tlow— OB yde - 24, (25)
Sk—1

satisfies || fl] < £(si — si-1) and || fElly < (sk — sp-1)".
(c) ®(zp,28) < e*{LN+ )T+ (AN, p)} for k >0, where

mAp)=3L A > (B —t)+p Y (=)

tre{s1, 8} tge{slf”vsk}

Here w is constants appearing in condition (F-i) .

Proof. The proof is assured by Proposition 4.2 in [4] with ¢ defined by

xr)=0 x€D
(w){gigxg:oo xEX\D'

5. CHARACTERIZATION OF SEMIGROUPS

We characterize semigroups of locally Lipschitz operators associated with semilinear evo-
lution equations of parabolic type.

Theorem 2. Assume that condition (B) is satisfied. Then, the following two statements

are equivalent:

(i) There ezists a semigroup {S(t);t > 0} of Lipschitz operators on D such that for each
x €D, S(-)x is a global mild solution to (SP;x).

(ii) There exist a nonnegative functional ® on X x X satisfying conditions (®) and a family
{Fn;h € (0, ho]} of nonlinear operators from C into C satisfying conditions (F').

Proof. We begin by showing that(i) implies (ii). Applying Proposition 1 with L = M and
m = 1 there exists a nonnegative functional ® on X x X satisfying condition ().

It remains to check the existence of a family {Fy;h € (0, ho]} of nonlinear operators from C
into C satisfying conditions (F). Let A > 0. From (iv) in Proposition 1 we have

d(S(h)x, S(h)y) < e d(x, y) for (z,y)€ D xD. (26)

Then from the definition of mild solution we obtain that S(h)z belongs to C.
We define Fpz = S(h)z. Now we shall show that {F};h € (0, ho]} satisfies condition (F').
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Let W be a bounded subset of C with respect to Y-norm. By (26), we have
1
h((I)(th, Fry) — ®(z, y)) —wd(z, y)

1

_ h<q>(5(h):p, S(h)y) — Bz, y)) —wd(z, y)

< <}1L(e“h —-1)— w)cb(x, y) for h € (0,ho] and (x,y) € W x W. (27)

Since W is bounded in Y, we have sup{®(z,y); (x,y) € W x W} < oco. This and (27) imply
that condition (F-i)’ is satisfied. That is to say, condition (F-i) is valid. Next we shall

show condition (F-ii). Let take any sequence {h,}>>, such that h, | 0 as n — oo and any
convergence sequence {x,}>, in C.
Note that S(-)z is a mild solution in (SP;z). From (7) and (10) we obtain that

Fpx — J(h)x = S(h)x — J(h)z

:( x+/ h— s)BS( ):cds)—( :1:+/ Bxds)

- / T(h — s)(BS(s)x — Bx)ds. (28)
0
From (28) we have
[Fh@n — J(h)nl| _ 1 fhe
< . P J—
- < g J I = 9)(BS(s)z, — Ba,) s
< max || BS(s)z, — Br,|. (29)

With the strong continuity of S(-) and condition (B-i), from (29) it follows that
F —J(h
,}1_,120 | Fh,n hJ( n)Tnl|

By (3) and (6), it follows that

~ 0. (30)

hn
| En,xn — J(hp) gy < / T (h, — s)(BS(s)x, — Bx,)||yds

hn
- / AT (hy — $)(BS(8)2n — Ban)||ds
</ (B — 8)7°| BS(8)2 — Bay||ds
< My B max |BS(9)a, — B, | 31

With the strong continuity of S(-) and condition (B-1), from (31) we have that
= ()

n—oo hl a

—0. (32)

If 3=1—a, then (32) is the desired estimate. Therefore condition (F-ii) is showed .
To prove the converse implication, let g € C. Then, condition (B-i) ensures the existence
of po > 0 and Mp > 0 satisfying condition V(xg; 7, po, M, 1). Therefore, Proposition 6

asserts that for each ¢ € (0,1/2] there exists a sequence {(t5,25,(5)}32, in [0,7) x C x Y
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satisfying W (7; e, {(#5, 25, (5)}32,) and condition (vii). For each ¢ € (0,1/2], we define a

family {u®} of step functions by
ut(t) = x5 for telt;,t;,,) and ieN.

The purpose is to demonstrate that the family {u®} converges in the space C([0,7]; X) N
C((0,7];Y) . For this purpose, let A, p € (0,1/2], and let {sx}32, be a sequence constructed
as in Proposition 7 . Then, applying Proposition 7 we find a sequence { (2}, 24')}3°, in C x C
satisfying (a),(b) and (c) in Proposition 7, which plays an important role in accomplishing
the above-mentioned purpose. In the following, w stands for the constants in (c), which are
specified by condition (F-i) in Proposition 7.

The first step: We shall show that lim.jou®(t) = u(t) in X. Lett € [0, 7).
We begin by estimating the difference ||u*(t) — u*(t)||. Take i, j, k € N such that:

t e [Sk—la Sk), t?—l < Sy < 8 < tz)\ and t?—l < §pq < 8 < tf

Then, from the definition of u¢ we have u*(t) = 2}, and u#(t) = 2% ,. Take p € Z such
A by

that ¢} | = s, . By (a) in Lemma 7, we have z) = 2} ;. From Lemma 1 it follows that

| Bz} || < Mp. This inequality and condition (v) together imply that,

A
| Bx|| SMB+E for x¢€ Uy(x},, p;A)NC.

It follows (b) in Lemma 7 that
Sk
=Tl —se )2+ [ Tlse— € B de— Jf,
Sk—1

satisfies || f£|| < e(sp — sk—1) and || f£|ly < e(sp — sp_1)P. Since 0 = s, — t} | < sp41 — 11, <
coe < s — 1 <o <t} — 1) . We apply the sequence {(spx — £} 1, Zz/a\+k’ —f]f‘+k)}zc’:1 in
0,8 — ;] xC xY for (a-1) in Lemma 2, it follows that
A
261 = Tsp-1 — tiy)aiq || < (Mp + 1K +A)(sk-1 = ty).
This inequality and (vi) in Lemma 6 together imply that |23 ; — 22 ;|| < A\. Similarly we
have ||z;_; — 24_,|| < p. Since it follows from (®-i) that

(s ) = 0z, )] < Loty — 2l + ey — 4Ll ) < LO+ )
(33)
With inequality (33), (®-ii) and (c) in proposition 7, we obtain that

mllu () — u ()] = mllaity — 2f ]| < ey, 2fy)

< (21, #y) + LA+ p)

< e {LO+pr + s 0 ]+ L0+ )
< ALe®T( A+ p)T + LA+ p). (34

This implies the existence of a measurable function u : [0, 7) — X such that lim,. o u®(t) =
u(t) uniformly for t € [0, 7) .

The second step: We shall show that for any ¢t € (0,7), lim.|ou®(t) = u(t) in Y .

The third step: We shall prove that v € C([0,7); X) N C((0,7);Y).
The proof of The second step and The third step is obtained in a way similar to that of T.

~—
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Matsumoto, and N. Tanaka[4.Theorem 5.2]. Therefore we have proved that to each x € C
there corresponds 7, > 0 such that the (SP;z) has a mild solution w on [0, 7,] . Proposition
4 and Proposition 5 therefore assert that for any x € D and t > 0, the (SP; x) has a
global mild solution u(¢;x) . Next we shall show that the family {S(¢)z;t > 0}, defined by
S(t)xr = u(t;z) for z € D and t > 0, is a semigroup of locally Lipschitz operators on D.
From the semigroup property of T'(+) it follows that

S(0)x =u(0; z) = =z,

S(t+s)r =u(t+s;x) =T(t+ s)x + /Ot+s T(t+s—&)Bu(€)dg
—T()T(s)z + /0 T (s — ) Bu(€)de
() (T(s)x + [ - 5)Bu(5)dg) + [ T+ s — &) Bule)de

=T(t)u(s: ) + [ Tt~ )Bu(€ + )
=u(t;u(s)) = S(t)u(s; x) = S(t)S(s)x.

Therefore we obtain the semigroup property of {S(t);t > 0}. Note that u(¢; x) is a global
mild solution. For each 7 > 0 we have that S(-)z = u(-) € C([0, 7]; X). It proved that
S(-)x : [0, 00) — X is continuous. Finally, we check condition (S3). With Lemma 3 we
have
[1S@)z = SOyl = llut; 2) —ult; y)l| < Me*T||z —y]|.

If we take L = Me“7, we obtain the estimate in (S3) .

The above argument proves that there exists semigroup {S(t)z;t > 0} of locally Lipschitz
operators on D, which is a global mild solutions to (SP; x). 0

6. PROOF OF THE THEOREM 1

(ii) and (iii) in Theorem 1 is assured by Theorem 2. (i) follows from Theorem 2 and
condition (B-i) too. The proof of (iv) follows the one given in T. Matsumoto, and N. Tanaka
[6. Chapter 4]. Then the proof is complete.
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