BEOKKFREFEBRBERSE  H59% 1y
Natural Science Report, Ochanomizu University, Vol. 59, No. 1 (2008)

Fractal Tilings and developments of
doubly-covered squares

Nobue Negishi, Nao Kamio and Fukiko Takeo

Department of Information Sciences, Ochanomizu University,
2-1-1, Otsuka, Bunkyo-ku, Tokyo 112-8610, Japan

(Received March 7, 2008)
(Revised April 15, 2008)

Abstract
By considering a 2 x 2 integer matrix and a digit set, we investigate a tiling problem
and also the relationship between a tiling and a development of a doubly-covered square.

1 Introduction

A tiling is a locally finite covering of the plane by compact sets, such that the interiors of any
two tiles are disjoint. For an expanding 2 x 2 matrix M and a digit set D, let the ’fraction’ part

be A = {Z;’il M7id;; eR® | d; € D} and the ’integer’ part be the lattice W spanned by

the set {2;?:0 Mid;, €7’ | d eD,ke N}[ﬁ]. Then the boundary of A is often fractal

[8], that is, its fractal dimension is more than 1. For some M and D, it is known [4][5] that
A +w; and A + w; have no interior points in common for all w;, w;(w; # w;) in W and
U (A +w) fills the plane, that is, {A +Ww}wew is a tiling. By the property of matrix M, the

weW
form of the fraction part is sometimes characterized such as twin dragon, tame dragon or so on

in [5] . 1t is also known [1], [2], [3] that the fraction part A sometimes becomes a development
of a doubly-covered square. .
 As for the condition for M and D when {A + w}wew is a tiling, the following theorem is
known.

Theorem A [[7], Theorem 10] Given an expanding ¢ € N,(Z) and a set D C R™
lying on a discrete p-invariant lattice, with |D| = |det ¢| and 0 € F, there is a corresponding
self-similar tiling of R™ iff R, is injective on D*, where R,(z) = d;, + ¢(di,) + - + ¢*(di,)
and D* is the set of finite sequences of elements of D.

In this paper, we shall consider an expanding 2 x 2 integer matrix M with | det M| = 2 and
a digit set D = {dp =0,d; € 7% with d; # do}. The resulting fraction part A derived from M
and D gives a tiling system with the integer part W by Theorem A. We investigate a condition
when the set A is a development of a doubly-covered square if {A +w}wew is a tiling. At first
we show that the set A has point symmetry in Proposition 1 and show the property of the set
with point symmetry in Lemma 1. In order to consider the development, we treat the folding,
which corresponds to the reflection. In Lemmas 2 and 3, we treat the property of reflection. By
using the lemmas, we show a condition that the set with point symmetry is a development of a
doubly-covered square (Proposition 2). We apply Proposition 2 to the fraction part A and give
a condition that A is a development of a doubly-covered square (Theorem 1). Furthermore,
we consider whether the condition in Theorem 1 is also a necessarily condition for the set A to
be a development and obtain an equivalent condition about a development of a doubly-covered
square in Theorems 2 and 3.
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2 Notations and terminology

In this paper, we will use the following notations.
Notation 1. Let M be an expanding 2 X 2 integer matrix with | det M| = 2, where all eigenvalues

of M have modulus > 1. Let
{do - ( g ) .y €72, d, ;édo}

A = (N MTd;eR® | d, €Dy,

i=1

D

and W4 be the lattice spanned by the set {Z?:o de,-]. € 7? | d;; € D,k e N}.
To characterize the lattice, we define the following.
Notation 2. Let the lattices W1 and W3 be defined by

(122 wres
= {(f Jeseaf v (3 oses)

F - F

W,

Il

F 5 s

“l
1]

&
<

w, W, W

To classify the set A and to simplify the notation, we need the following map.
Notation 3. Let the map ¢ : R*> - R? be defined by

o(3)-(i17).

To consuler the development of a doubly-covered square V, we consider a face of V as So
or Sy. We also consider reflections and rotations as follows.

Jm () () ()

Notation 4. Let Sy be a square with vertices P; (

DO [t

We divide the plane R? as follows;

el <3, v <-4},
x
Yy
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Let5’0250+<

= O

) be a square with vertices P; = P; + (

= O

),forj € {1,2,3,4} and

let S; = S; + ( (L) ) , for j € {1,2,3,4}
2

Notation 5. For j € {1,2,3,4}, we shall define the reflection Fj, Fj and the rotation R;, Rj
as follows.

(1) let F; : R* — R? be the reflection with the line including the points P; and Pj,,, where
P, 5 = P, 1,

(2) let Fj : R — R® be the reflection with the line including the points P; and Pj,,, where
P 5 = -15 1

(3) let R; : R® — R? be a 180° rotation about the point P;,
(4) let R; : R* — R® be a 180° rotation about the point P;.

Definition 1. For a compact set A and a lattice W, if A+w; and A +w; have no interior points

in common for all w;, w;(w; # w;) in W and U (A + w) fills the plane, then {A + W}wew

weEW
is called a tiling with W.

The following definition is due to [2].
Definition 2. (1) A flat polygon V is called a doubly-covered square if it consists of two
congruent square faces joined together along each of the corresponding edges.

(2) A connected plane figure A is called a development of doubly-covered square V if
it is obtained by cutting the surface of V and opening up its faces. The resulting figure
is bounded by a simple closed curve.

3 Tilings and developments

Let M be an expanding 2 x 2 integer matrix with |det M| = 2, where all eigenvalues of M

have modulus > 1. Then M~! can be considered as a contracting map of R*. For d; € Z*
. 0 .

with d; # do = ( 0 ) ,let D = {do, d;} and A = {z;‘;lM id;, e R® | d eD}.

Then A is a compact set. We shall consider conditions when A becomes a development of a

doubly-covered square. At first, we show the property of A.

Proposition 1. Let A and W 4 be defined as in Notation 1. Then the following holds.
(1) The set A has point symmetry.

(2) {A+wlwew, is a tiling.

Proof. (1)Puta; =Y M~7d;ande = % Forallbg =Y M77d;; € A=) M7d; € R’|d;; € Dy,

j=1 j=1 J=1

let b, = Z M (d; —d;;). Since d; — d;; =do or d; —d;; = d;, we have b; € A. Moreover,
j=1

o0 O
) ) by +b
since by + b; = E M_](dij +d; _dij) = E M7d, = a;, we have ~—-——-0; L —-—al = C.

j=1 j=1
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bo + b
Therefore, for all by € A there is a point by € A such that 201

point symmetry with respect to c.
(2) In this case, D consists of two elements and so every element of W 4 is uniquely expressed.

= ¢, which means A has

So by Theorem A, {A + w}lwew, is a tiling. O
Example 1.
Let M = 11 and D = 0 L Then the sets A, W4 and U (A +w)
-1 0/7\ 0 . 7 EW
w A

are shown in the following.

Fe e

the set A the lattice W 4 U (A+w
wcW 4

Since the set A has point symmetry, we shall consider the property of the set B which has
point symmetry, where the set B has no relation with the matrix.

Lemma 1. Let Wi, Wy, P; and 153 be defined as in Notations 2 and 4. Let the compact set
B has point symmetry with respect to the origin and the area |B| of B is 2.

(1) If {B+ w}wew, is a tiling, then the point P; (j € {1,2,3,4}) is not an interior point of
B.

(2) If {B+ w}wew, is a tiling, then the point }3] (7 € {1,2,3,4}) is not an interior point of
B.

Proof. (1) Since {B + wW}wew, is a tiling, B° N (B° + ( i >> = @, where B° is interior

of B. If P is an interior point of B, there is &€ > 0 such that B D U.(P;). Since B has
point symmetry with respect to the origin, we have B D U.(—P;) = U.(Ps). So B + ( i ) 2

1 1

UE(P3)+( 1 ) = U.(P;). Therefore, we have BN (B + ( 1 )) D U.(Py), which contradicts

to B°nN (B° + ( i )) = @, so P, and P; are not interior points of B. Likewise, since
B° N (B° + ( _11 )) ={, P> and P, are not interior points of B.

(2) Since {B+w}wew, is a tiling, B°N (B" + ( ;

there is ¢ > 0 such that B O U.(P,). Since B has point symmetry with respect to the origin,
we have B D U.(—P,) = U.(P, — ( ; )) SoBN (B + ( 1 )) D U(P,), which contradicts

)) = (). If P; is an interior point of B,

2
to B°nN (B° + ( ; )) =0. So 131 is not an interior points of B. In the same way, 154 is not
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an interior points of B. In a similar way, we can prove that P, and P; are not interior points
0fBbyusingB°ﬂ(B°+((1))):@. O
To prove that B is a development of a doubly-covered square, we need the following Lemmas

2 and 3.

Lemma 2. Let Wi, Wy F; and F; be defined as in Notations 2 and 5 . Then for any
i,j €{1,2,3,4} with i # j,

(1) there exist k € {0,1} and w € W;\dy satisfying
(a) Fi(x) = F;((~=1)¥x + w) for any x € R? and
(b) FiFj(x) = (—1)*x +w for any x € R?.

(2) there exist k € {0,1} and w € Wy\dq satisfying
(a) Fy(x) = F;((~1)*x +w) for any x € R* and
(b) FFj(x) = (~1)*x + w for any x € R?.

. . z —r+1 z z
Proof. (1) By using the relations F; = , F = ,
f. (1) By using 1(y> ( y ) 2(1/) <~y—1)

F3<;):(_:Uy‘l)andE;(Z):(_yw+1),wcgettheresult.
. . ~ T —x+1 ~ T x ~ T
2) By using the relations F = F: == F: =
@ By g shesoons £ (3) = () B ()= () A ( )

( ~xy_ 1 ) and F; ( z = ( _yx+ 9 ) , we get the result. O

By using Lemma 2, we get the following Lemma.

Lemma 3. Let F; and Fj be defined as in Notations 1 and 5. Let the compact set B have point
symmetry with respect to the origin and the area |B| of B is 2. Then for any i,j € {1,2,3,4}
with 1 # j, we have

Fi(B)NF;(B%) =0 and FF;(B°)NB° = 0.
E(BO) n ﬁ’j(Bo) =0 and Fiﬁj(Bo) NB° =40.

Now we give a sufficient condition for the set B to be a development of a doubly-covered
square.

Proposition 2. Let the compact set B have point symmetry with respect to the origin and
the area |B| of B is 2. If {B + W}lwew is tiling with W = W1, Wy or W), then B is a
development of a doubly-covered square.

Proof. (1) Suppose W = W;. We shall show that some family {F}, o F}, o---0 F;, (B) N S1}

are mutually disjoint and their union covers the square S; and some family {F;, o F;, o --- o

F;,, ., (B)N Sy} are mutually disjoint and their union covers the opposite side of the square Sp.
Put 4, =BnN 58, 0111 =B°Nns;, 01’2 =B°NS,, 01,3 = B°nNS3; and 01,4 =B°nN.S;.
Then by Lemma, 3, we have F;(Cy ;) N F;(Cq ;) =0 for i # j. Put

4
D1 = U Fj(CLj) (31)

=1
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and B; = D; N S5. Since F;(Ch ;) is mutually disjoint, we have |D;| = ijl |Cy,;] and so
|D1| = B[ = |41 > 1 (3-2)

by |B| =2 and |4;]| < 1.

(i) If D1\By = 0, then |D;| < 1 and with (3.2), we have |D1]| = 1 and |4;| = 1. So A; covers
So and D, covers the opposite side of Sg.

(i) If D1\ By is nonempty, put

02’1 = D1 n Sl, 02,2 = D1 n Sz, 02,3 = D1 N Sg and 02’4 = D1 n 54.

We claim that A N F;(Cy;) = 0 for i € {1,2,3,4}. For if there exists x € A5 N F;(Cs;), then
there exists y € Cy; C D; such that x = Fi(y). By (3.1) there exists j such that i # j and
y € F;(C1,5) C F;(B°) and z € B° such that y = F;(2z). So x = F;F;(z) and B°NF; F;(B°) # 0,

which contradicts Lemma, 3. .

So A} and Fj(Ca,;) (j € {1,2,3,4}) are mutually disjoint. Put Dy = | | F;(Ca;) and 4y =
j=1
Dy N Sg. Then |Dy| = Y-, |Cajl = |Di| = |Bi| = 2 — [Ai] — |Bi|. If D2\As = 0, then
|A1| + |A2] = |A1]| + [D2] = 2 —|By| > 1. Since A; and A, are disjoint and are contained in
So, |A1] + |A2| < 1 implies that |A;| + |A2| = 1. So the union of A; and As covers Sp and B;
covers the opposite side of Sj.
If Do\ A, is nonempty, for j > 2 we continue this process inductively as follows.

4
A]' = Dzj_.z N SS, Cz‘j—l,i = -D2j-—2 N Si, D2j—l = U Fi(C‘Zj—l,i)

=1

4
Bj = Dy; 1085, Coji = Dagj_1NS;, Dyj = U Fi(Cs;)

i=1

Hence {A;} is mutually disjoint and |J A; covers Sp. Also {B;} is mutually disjoint and |J B;
covers the opposite side of Sy.

Ai o

(2) Suppose W = W,. We shall prove in a similar way as in (1). Put Do = B and define fij
and B; inductively for j > 1 as follows.

4
Aj =Dy 3NS5, Cojri=DyjaNS;, Dajy = Fi(Caj-1,)

=1
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4
Bj =D3; 1N 85, Coji = Dayj_1 NS, Dyj = U Fi(Caji)
=1

Then by using Lemma 3, {A;}and {F;(Caj_1.:)} are mutually disjoint and |J A; covers Sy. Also
{B;} and F;(Cy;,;)} are mutually disjoint and |J B; covers the opposite side of Sp. O

We apply Proposition 2 to the set A derived from 2 x 2 matrix M and a digit set D.
Theorem 1. Let the map ¢ : R? — R? be defined by

+(3)=(i5)

and let the lattices W1, Wa and W), be defined by W, = ( H_J

1= )|i,j€Z}, W2 =

{( 2Zj>|i,j€Z} and W}, = {( ?Z)]i,jEZ}. Let M be an expanding 2 X 2 integer

matriz with | det M| = 2 and
0 2
do = 0 ,di € 27,d; # do

> M7d; €R® | di; €D

j=1

D

A

Il

If there exzists k € NU {0} satisfying

(1) the area of A is 2% and

(2) {A+wluew is a tiling with W = oF~1(Wy), o1 (W) or ¢F~1(W}),
then A is a development of a doubly-covered square.

Proof. If the area of A is 2¥ with some k¥ € NU {0}, put B = ¢~(*=U(A). Then the set B
satisfies the assumption of Proposition 2 and so B is a development of a doubly-covered square.
Hence A = ¢*~1(B) is also a development of a doubly-covered square. O

Remark 1. As shown in Proposition 1, {A +w},cw is always a tiling with a lattice W = W 4.
If the area of A is 2% with k > 2, W, is sometimes neither of ¢*~1(W;), ¢©*~1(W3) nor
©* (W), So even if {A + w}yew, is a tiling, A is not necessarily a development of a
doubly-covered square as shown in the following example.

(2 -1 _f(o 1
ExampleZ.LetM—(4 _1)andD—{(O),(o)}

Then the area of A is 4 and the set A is not a development of a doubly-covered square,
although {A + w}wew, is a tiling.
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i

0 F‘U““

: wae{( & Jurer)

Corollary 1. Let M be an expanding 2 x 2 integer matriz with |det M| = 2 and

D = {do:(8>,dlezﬁ,dl¢do}
A = (> Md €R® | d;€D
=1

If the area of A is 1 or 2, then A is a development of a doubly-covered square.

Proof. If the area of A is 1, then W 4 is ¢~} (Wj). If the area of A is 2, then W4 is W, W,
or Wj. So A is a development of a doubly-covered square. O

Next we shall investigate a necessary condition for a compact set B to be a development of
a doubly-covered square.

Lemma 4. Suppose that a compact set B has point symmetry with |B| = 2 and is a development
of a doubly-covered square with a square face S .

1. If the center of B is the center of S = S with vertices {P;}, then
B°NR;(B°) =0 forje{1,2,3,4},
where R; is defined in Notation 5.
2. If the center of B is the midpoint of an edge P, P, of S = Sy, then
B°NR;B°) =0 forje{l,2,3,4},
where R; is defined in Notation 5

Proof. By the definition, R; = F;F;;; and R; = F;F;,, holds. So by Lemma3, the result is
obtained. |

Now we give an equivalent condition for the set B to be a development of a doubly-covered
square.

Theorem 2. Let the compact set B have point symmetry and the area |B| of B is 2. Then the
following (1) and (2) are equivalent.

(1) {B+ w}wew is a tiling with W = Wy, Wy or W),
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(2) (i) The set B is a development of a doubly-covered square V with a face S and
(i) the center of B is either the center of S or the midpoint of some edge of S.

Proof. (1) — (2): follows from Lemma 1 and Proposition 2.
(2) = (1): Let S be Sy defined in Notation 4 with vertices {P;};c(1,2,3,4}-
(i) If the center of B is the center of Sp, that is, the origin, then B° N R;(B) = 0 by Lemma

4. Since B has point symmetry with respect to the origin, R;(B) = B + ( i ) holds. So we

haveB°ﬂ<B°+<})>:@.
1

In the same way, we have B°N (BO + ( 1 )) = by B°NRy(B) = 0. Hence {B+w}wew,
is a tiling.

(ii) If the center of B is the midpoint of some edge of S, we can prove in a similar way to (i)
that {B + W}wew is a tiling with W = W, or W), by using R; instead of R;. O

Remark 2. In Theorem 2, the condition (ii) of (2) is necessary. Even if the set B is a development
of a doubly-covered square, (1) does not hold without the condition (ii), as shown in the following
example 3.

Example 3.

A development of doubly-covered
square, which cannot be tiled by W,
nor Wo.

By Theorems 1 and 2, we have the following theorem.

Theorem 3. Let the map ¢ : R* = R? be defined by

(5)-(2)

and let the lattices W1, Wo and W, be defined by W, = ( L/

i—3j )lZ’JEZ}y W2 =

' i,j €EZ; and W, = 2.1 1,] €EZ . Let M be an expanding 2 X 2 integer
2j 2 J

matriz with | det M| = 2 and
0 2
dg = 0 ,d1 € Z7,d; #dg

{ZM“jdi].elR2 | d,-jeD}.

D

A

Il

=1
Then the following (1) and (2) are equivalent.
(1) There exists k € NU {0} satisfying
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(a) the area of A is 2* and
(b) {A + W}luew is a tiling with W = ¥ ~1(Wy), o*"1(W3) or o*~1(W}).

(2) The set A is a development of a doubly-covered square V with a face S and the center of
A s either the center of S or the midpoint of some edge of S.
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