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The relations between binary Reed-Muller codes and cyclic codes
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Abstract. First we introduce a different representation of binary Reed-Muller codes. In consequence,
we describe clearly the relations between binary Reed-Muller codes and binary cyclic codes, and
prove them easily and directly.

1 Introduction

Though the shortened generalized Reed-Muller code is defined as a cyclic code (cf. [1]), there are no systematic
and detailed explanations about the relations between binary Reed-Muller codes and binary cyclic codes so far as
we know. So that, we introduce a different representation of Reed-Muller codes, and using this representation,
describe the relations between them clearly. Consequently we can prove them easily and explicitly.

2 Reed-Muller codes

Let F,, be a finite ficld of order 2" andlet @ be a primitive element of E, . F,, is an m-dimensional
vector space over prime field F, withabasis {l,&,@?,---,a™'}. According to the list of the elements of
F

2"’

ie. F, = {a’ =1,a",a?,,a” 2, a® =0}, we represent the characteristic function of an affine

subspace U of F, as (C,,Cp,c*,Con_,,Cp) 510 if @' €U then ¢, =1, otherwise ¢, =0.

Definition 2.1 Let O0<7<m . The linear code of length 7=2" which is generated by all the
characteristic functions of (72 — 5 )-dimensional affine subspaces of Fz,,, with 0 < §s<7, is called the 7th

order binary Reed-Muller code and denoted by R(r,m).

Theorem 4.5.9 in [1] shows us that R(7,m) defined above is clearly equivalent to what is defined by
Definition 4.5.6 in [1].

m
For £, eF, with 1<i<m, Zf, '™ represents an element of Fz"" Let U be the solution space of

i=]
the following system of § linear equations &, =1, £, =1,---, g, =1 with 1<i <, <--<i <m. U
is an (m — s )-dimensional affine subspace of Fz,,,‘ The solution of void system stands for the whole space
Fz,,,. The set of the characteristic functions of the solution spaces of the systems of § linear equations with
0< s<7r mentioned above is a basis for R(r,m) (cf [1]). Hence, the dimension of R(r,m) is

m m
1+( 1J+---+( J Note that the minimum distance of R(7,m) is 2" and the dual of R(r,m) is
r

Rm—-r—-1m).
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3  The relations between binary Reed-Muller codes and cyclic codes
Let C be a binary cyclic code of length‘ n. I we identify code word (c,,c -,C,;)€C with

c, +cx+-tc, x" e E[x]/(x" —1), C is an ideal in F,[x]/(x" ~1) and for some polynomial
g(x) which is a divisor of x" —1, C =(g(x)). We call g(X) a generator polynomial of the cyclic
code C. Let B be a primitive 7th root of unity. And suppose that f(x)eC if and only if

f(B7)=0 for j=12,-- k. Thenwecall{ 8",---, B* } adefining set for C.

Proposition 3.1  R(r,m) is equivalent to an extended cyclic code.

Proof. Let (c,,c,+,C

o 2,cm,) be the characteristic function of an (2 — 5 )-dimensional affine subspace
U with 0<s<r. By the linear mapping x> ax for xeF

s U is mapped to oU . The

characteristic function of aU , (¢,n_,,Cy,***,C,,) € R(r,m) and this is the cyclic shift on the first 2" -1
positions of (Cy,***,C,m_,,C,). Since all code words of R(r,m) have even weight, R(r,m) is

equivalent to an extended cyclic code. (]

Definition 3.2 Let U be an affine subspace of F, . We define Z; )= Z x .

xeU
Definition 3.3 Let / beaninteger. We denote the number of 1°s in the binary expansion of i by w(i).

We quote Lemma 6.6.12 in [1] as follows.

Lemma3.4 Let Ubea k-dimensional affine subspace of F, . If w(i)<k then Zi(U )=0.

Proposition 3.5 Let & be a primitive element of £, , and let {@’ |0<i<2" -2, w(i)<l} be a

2]“!’

defining set for a cyclic code C of length n=2"—1. C (extended code of C) is equivalent to
(m—1) th order Reed-Muller code R(m—Im). And the cyclic code with defining set {o |
0<i<2"-2,w(i) <!} isequivalentto shortened R(m —1I,m).

Proof. Let f(x) be the irreducible divisor of x° ' —1 having & as a root. The set of conjugate roots
of f(x)=0 is {a',@®,---,@”'} where s is the minimal positive integer such that (2°*' —1)i =0
(mod 2" —1). Since w(@)=w(2i)=---=w(2°i), {&'|0<i<2"-2,w(i)<l} is the maximal
defining set for C. Hence g(x)= H(x —a') is a generator polynomial of C. Let U be a

O<w(i)<!

k -dimensional affine subspace of F), with K>/ and let (€p,€15,°**,Com_,5Cr) be the characteristic



October 2004 The relations between binary Reed-Muller codes and cyclic codes 17

2""—2 . s ry : P .
functionof U . Consider c(x)= ».¢;x’. For i with 0<w(i) </, c(a’)= D (@) = D (a’)
j=0 aleU aler

=Y (U)=0 byLemma34. Thatis, g(x) divides c(x). Hence R(m—ILm)cC.

Let izmz_lé’,’ij be the binary expansion of 7. Themmlberqfi with 1<w(i) </ is
[';’ ] ++m dim(Z() = dim(g(x)) = 2" ~1 - deg(g(x)) = 2" ~1- {m . {/fJ}

=1+(?J+---+( ml)=dimR(m—l,m). Hence C is equivalent to R(m-1,m). Next,
m_—

h(x) =(x—1)g(x) is a generator of the cyclic code with defining set {’ | 0<i < 2" -2, w(@i) </ }.
Since (A(x)) consists of all code words of (g(x)) with even weight, (h(x)) is equivalent to shortened
Rm—-1,m). O

Corollary 3.6  Let & be a primitive elementof F, and let g(x)= H(x -a'), h(x)=

1<w(i)<l

[[G-a), with I+k=m+1. Then the extended code  (g(x)) is equivalent {o the dual of ((¥)).

1<w(i)<k

Proof. This follows from the fact that the dual of R(m —1I,m) is R(m—k,m). d

Let g(x)= [J(x—a’) andlet h(x)=(*""-1)/g(x)= [](x—a'). The dual of the cyclic

O<w(i)<i I<w(i)<m

code (g(x)) is (h(x)). On the extended codes of them, following proposition holds.

Proposition 3.7 Thedual of (g(x)) is (A(x)/(x-1)).

Proof. The cyclic code (A(x)/(x —1)) is generated by two polynomials A(x)and 1+ x+x---+ x¥ 2,

(h(x)) and (g(x)) are orthogonal and since A(1)=0, (A(x)) and (E@ are orthogonal. The vector
(1,1,-++,1) oflength 2™ is orthogonal to any vector of (g(x)). Hence (g(x))and (A(x)/(x—1)) are
orthogonal. Since dim(g(x))+ dim(A(x))=2" -1, dim(g(x))+dim(A(x)/(x -1)) =

dim(g(x)) + dim(A(x)/(x — 1)) = dim( g(x)) + dim(A(x)) +1=2". O
" Corollary 3.8 (h(x)/(x —1)) isequivalentto R(/—1,m),and (#(x)) is equivalent to shortened
R(I-1,m).

Proof.  This follows from Propositions 3.5and 3.7. [J
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'
Corollary3.9 Let C be a binary cyclic code of length 2™ —1 with a defining set {o',&?,-- Lot
where ¢« is a primitive element of Fz,,, . (This is so-called BCH code of designed distance 2 ) The

extended code C contains R(m —I—1,m).

Proof. K 1<i<2' -1, then 1<w()</. The resultfollows immediately. [
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