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Abstract

Let X;(t) and X,(t) be independent subordinators and let X; '(t) be the right-continuous inverse of
X,. The asymptotic behavior of P[X1(X;'(t)) < z] as  — 0+ for every fixed ¢t > 0 is studied. It is
shown that the infinitesimal order is determined by the exponent of X; and the constant, which depends
on t, is determined by the Lévy measure of X;. The problem is motivated by a generalized arc-sine law
for one-dimensional diffusion processes.

1. Introduction

Let X(t) be a subordinator, that is, X(¢) is a right-continuous, increasing process with stationary
independent increments such that X(0) = 0. Let ¥ be the class of functions 9(A) of A > 0 which have
the form

(1.1) P(A) = A+ /000(1 — e )n(du)

where ¢ > 0 and n(du) is a nonnegative Radon measure on (0, 00) with

® wu
d .
/0 e un( u) < 00
The law of the process X (¢) is uniquely determined by ¢ € ¥ by the relation
E[e™X®] =¥ 0<t<oo, A>0.

The process X (t) will be referred to as the subordinator determined by the exponent 1. The measure
n(du) in (1.1) is called the Lévy measure of X(t).
Let X; (i = 1,2) be two independent subordinators determined by exponents

".bz(/\) = ;A + Aw(l — e_)"”)n,-(da:)

(e o]
=\ {ci + / e n,(z, oo)da:} ,
0

and let X; ! be the right-continuous inverses of X; so that
X;71(t) = inf{s : Xi(s) > t}, 0<t<oo.
The main result of this note is the following:
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Theorem 1.1. If 11 (\) varies regularly at oo with ezponent 0 < a < 1, then

(1.2) P[X1(X;'(t) L z] ~ z — 0+

for every continuity point t of ny(-, 00).

This result is motivated by the following problem. Let {X;, P*} be a diffusion process on (—o0,00)
and let T'y (¢) = fot 1¢x,>0pds. Thus I';(t) is the sojourn time of {X;} on the half line (0,00). Let l.(¢)
be the local times at 0 of the processes which are obtained by the sum of positive or negative excursions
of X;, respectively. Then the right-continuous inverses l;l of I are mutually independent subordinators
determined by the certain exponents 1y and we have the following S. Watanabe’s formula, which is
essentially due to D. Williams:

PYTy(t) < z) = P[l_(t — 2) < I4(z)]
= P[I7'(-(t — z)) < z], z>0,t>0
(see Corollary 1 of {2]). Therefore, the asymptotic behavior of the distribution function of I' . (t) as z — 0+
may be understood by studying relation between two independent subordinators. In [1], we studied the
asymptotic behavior of PO(I';(t) < z) as z — 0+ for every fixed ¢ > 0, however, the analytical proof in [1]
did not provide sufficient probabilistic explanations. Qur main result in this note gives more probabilistic
explanation of that problem, which is based on excursion theory.
2. Proof

For the proof of Theorem 1.1, we prepare the following lemma:

Lemma 2.1. For A >0, 4 >0,

% bt [ AKX (X7 g Y2 (1)
(2.1) [)e Ele ]dt A0 + ()

Proof. Note that 1 = P[X(z) < t] + P[X~1(t) < z]. Integrating with respect to Ae~**dz - ue~**dt on
both sides, we see

1= )\/ e E e *X®)]dz + u/ e M E[e™ X W] d¢
0 0
= A / e e~ W dg 4 / e M E[e™ X T )] gt
0 0
A

= ——— / e M E[e X 0] 41,
o [ ]

Thus we have

* e~ HtE[e— 2 X1 (@) _ Y(u)
I bt = o e

Since E[e‘*Xl(Xfl(t))] = E[e"/’l(")xﬂ?l(t)], we have

/ " B[ T )] gp = / ~ M B[ X O] gy
0 (V]

_ ()
w(1(A) + ¥2(u))

which completes the proof of Lemma 2.1. O
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We are now ready to prove Theorem 1.1. By Lemma 2.1, we have

. * - 1 2 (u)
Jim 1(3) /0 e p [T O] gp — P20

=cy +/ e #ny(x, o0)dx.
0
By the continuity theorem of Laplace transform (see Lemma. 2 of [1]), this implies

wl(A)E[e‘)‘Xl(X;l(t))] — ng(t,00), A— o0

at all continuity points ¢ of ng(-,00). Since 1); varies regularly at co with exponent 0 < a < 1 by our
assumption, this together with Karamata’s Tauberian theorem implies

P[X(X51(t) < 7] na(t, 00) T—0+.

~—t _ 1
T(1+a) $1(1/z)’

This completes the proof of Theorem 1.1.
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