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1 Affine Connection of 3-webs

A first order ordinary differential equation of one
valuable is

f(xi Y, yl) =0 (*)

where y’ stands for the derivative dy/dz. Here f is
a real of complex analytic function. One can solve
the equation locally in terms of ¢’ as

v = filz,y),i=1,...,d

using implicit functions f;. The solutions of each ex-
plicit differential equation form a germ of foliation,
hence the solutions of the equation (*) form a con-
figuration of foliations of codimension one. Such a
structure is called a d-WEB, and have been long
studied by differential geometers such as Cartan,
Blaschke (see c.f. [1,2,3]). The following figure
shows a tipical singular 3-web structure.

Wayve front 3-web

This is a generic member of a versal deformation
family of the equation.
vityy —z=0 (symmetric wave front)
(For the notion of the versal family, see [5].) One of
basic ideas to extract geometric invariants is to ex-
tend Bott connection of these foliations (if possible)
to an equal affine connection V of the zy-space. In
the case d = 3, such a connection is called Chern
connection. This connection is defined on the com-
plement of the discriminant of the equation, and
extends meromorphically to the discriminant ([4]}).
The singuarity of the connection depends on that
of the equation in general. So one may expect to
classify the equations in terms of affine connectoin,
and in some case only by their curvature forms.
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To introduce such an affine connection let
wi:Ui(dy—fid:c), izl,...,d

with functions U; # 0. By integrability of w; and
Frobenius Theorem or Division theorem,

dw; = 0; A\ w;

holds with one forms 6;. Specializing the i-th w,
the other equation

wq ; 0 --- 0 w1
al “2 | = o 6 - 0 Al 92 o
Wntt 0 -~ 0 6 Wntt
(*)
with coframe wy,...,&;,...,wpy1, torsion term T

and the connection form 6; - I, I being the identity
n x n-matrix. The affine connection V; defined here
is a Bott connection of the i-th foliation.
In the case d = 3, impose the normalization con-
dition
w1 +awy+w3 =0

Then there exists a unique 6 = 6, independent of ¢
such that

Wi g 0 0 wi
dlwa| =10 8 0] A [we (% * %)
w3 0 0 6 w3

Forgetting one of 3 lines this equation defines an
affine connection without torsion which we denote
by V;. The above (**x) tells that V; is independent
of ¢, which is the Chern connection of the 3-web of
Wi, Wo, wWs.

Let S denote the variety in the zyp-space (i.e.
the 1-jet space J!(R, R)) defined by f(z,y,p) = 0.
The S is locally identified with the xy-plane via the
natural projection. The above method is generalized
to define an affine connection on (the smooth part
of) S which is an extention of the Bott connection
of the foliation on S defined by the contact form.
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2 The flat 3-web and non flat
3-webs

A non singular 3-web of the plane is a configura-
tion of 3 non singular curvilinear foliations, which
are mutually in general position. Portrait of such a
generic 3-web is as follows.

Y
. /.
X
1] L1
L1 L1+
1 // ///-

A non hexagonal 3-web

A 3-web is flat , or in other words, hexagonal if its
Chern connection is flat, in other words, the curva-
ture 2-form is identically 0: df = 0. The following
fact is classically known (see c.f. [3]).

Theorem 2.1 Let W = (Fy, F3.F3) be a germ of
3-web on the plane: F; = {w; = 0},1=1,2,3. As-
sume W is flat. Then W is diffeomorphic to the
linear 3-web defined by dz, dy, —(dz+dy): there ez-
ists a germ of diffeomorphism h of the plane such
that

wy = Uy h*dz,wy = Us h*dy,ws = Us h* —(dz+dy)

where Uy, Uy, Us are non zero function germs.

The following figure shows the linear 3-web struc-
ture.
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The linear 3-web

3 Flat Defferential equations

Theorem 3.1 (Lins, Nakai[4]) Assume the vari-
ety S in x,y, p-space is smooth at (0,0,0), the pro-
jection of S onto the zy-plane is Whitney cusp map-
ping, and the 3-web is flat. Then the 3-web is equiva-
lent, via o coordinate change of the xy-plane, to one
of the following 2 germs of differential equations at
the origin.

Y3 +azy —y=0, (1)

1
Y2+ -z +y=0. (2)

(1): Clairaut 3-web
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(2): Rectangular 3-web

The reader may fing the affine (linear) structure
on the non singular part of the above webs.

4 Dual 3-web

The dual 3-line configuration of a 3-line configura-
tion L = L; U Ly U L3 of lines in the plane pass-
ing through the origin is the invariant configuration
(different from L) of the group generated by three
involutions respecting the line L; respecting L. The
dual 3-web W* of a 3-web W is defined by inte-
grating the dual 3-line configuration of the tangent
3-line fields of W.

Theorem 4.1 The bi-duality holds: W** = W,
and W and W* have the same Chern connection.

Corollary 4.1 A 3-web W is flat if and only if its
dual W* is flat.

The dual equations of the above (1), (2) are re-
spectively

3 2
2z° + 27y dz® =0,
27y
®3)

3 2
2z° + 27y d® = 0
216y
(4)

The 3-web structure of these equations are as fol-
lows.

3 2z° 2 2
dy +—§Zj—dxdy -z dxdy +

2
3_ T 2T 2dy
dy 3ydxdy 4da:dy
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(4): Dual 3-web of (2)

5 A Self-dual flat 3-web

Consider the following flat 3-web obtained by fold-
ing the linear 3-web (1) by the antipodal involution
of the y-coordinate, y — —y.

/
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The dual of this web is the following
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Dual of the Self-dual flat 3-web
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It is senn that the dual web is the rotation of the
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origina web.
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