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Let G, N and T be finite groups such that G is the semidirect product
of Nby T:
G>N, G=NT, NNT={1}.

Let Z denote the additive group of the rational integers, and let @ denote
the rational number field. The additive group of @ will also be denoted
by Q.

In this paper, we shall make simple remarks on the Schur multiplier
of G, namely the second cohomology group H*(G,Q/Z), under certain con-
ditions on the structure of G. It is of course understood here that G
acts trivialy on the additive group Q/Z. In the last part of the paper, we
shall explain briefly how our result is related to the Hasse norm principle,
over @, for an unramified abelian extension of a quadratic field in the
narrow sense.

§1. Results and proofs.

We first prove the following

LEMMA. Let A be a G-module on which N acts trivivally and let [
denote the subgroup of Hom (N, A) such that t(h(y))=h(rvr™') for every
=T and every vEN. Then

HYG, A)=HXT, A)YPI .
PROOF. For each subgroup S of G, we denote by Zs the additive
group of maps z:S—A satisfying
01(2(02))“”2(0102)"‘2(01):0: 015 UQES .

Given any f<Z;, the restrictions f|7 and f|N clearly belong to Zr and
Zy, respectively. It then follows from G=NT' that the map ¢: Zs—
7D Zy defined by «(f)=(f|T,fIN) is an injective homomorphism. Since
N acts trivially on 4, we also have
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Sow) =vi(fv) + ) =Fb) +fvs), w1, vEN.
Furthermore, for each v= N and each 7= T,
t(fON=Ff(v)=f(z)=Ff (zvr7't)— f ()
=t N(f (@) +fzve™)—f(r)=f(zvr ™).

Thus, f|N belongs to I.
Take next any g<Z; and any h=l. Noting that T~ N=({1}, define
the map F': G—A by

F(yr)=g(z)+h(yv), vEN, z=T.
Then, for any v, v,=N and any 7, r.= T,
Vit (F (vy79)) — F'(vi7yws7s) + F(vy7q)
=v,7,(9(72) +1lvs)) — g(zr175) — by 71veti )+ g(z1) + R(y))
=11(9(72)) +71(h(v2)) — g(7172) = vi (AT 177 Y)) — A(v1) + g (1) + R(vy)
=1,(h(v,)) —h(z,v,771)=0.

Since F|T=g and F|N=h, it follows that Im:=7Z,PI. Now, for each
subgroup S of 7, we let By denote the additive group of maps b:S—A4

such that
blo)=0a—a, o&S,

with some a=A. By this definition, BsC Zy, HY(S, A)=Zs/Bgs, and we
easily see that
((BG):BT@BN: BN:{O}-

Consequently, ¢ induces an isomorphism from HYG, A) onto HY(T, A)PDI.
For each subgroup S of G, we let

S*=HY(S, Q/Z)=Hom (S, Q/Z) .

PROPOSITION 1. Assume that N is the direct product of its » cyclic
subgroups Ny, -+, N, (r=1) and that, for each t&T, there exists an
wnteger t such that rvr '=yv' for every veN. Then

HXG, QI Z)=H T, QIZ)D(NAN)D @1 HYT, N¥).

Here the action of T on each N} is defined by
(fI)=f(zve™"), €T, fENF, vaN;,

and NAN denotes as usual the exterior product of N.

PROOF. Let us prove the proposition by induction on ». Let s be any



December 1994 Note on the Schur multiplier 87

positive integer. Assuming that the proposition holds if »<s, we consider
the case r=s. Let N'=N,---N,_; so that G is the semidirect product
of N, by TN’. Let R be the restriction map H%G,Q/Z)—~H*TN’,Q|Z).
Then, by Theorem 2 of [2],

HY G, Q|Z)=H*TN',Q/Z)PKer R
and there exists an exact sequence
0 — HY(TN’, N§¥) — Ker R — H*(N,,Q|Z),
where the action of TN’ on Nj is of course defined by
(af)p)=f(ops™"), e=TN’, feN¥, peN;.
However, H*(N,, Q/Z)= N, \ N;={1} since N, is a cyclic group. Thus
(1) HYG,Q|Z)=H*TN',Q|ZYDH(TN', N¥).

It further follows from our hypothesis of inductioh that
§~1

(2) HYTN',Q|Z)=HXT,QIZ)D(N'NN)D O H(T, N}).
i=1

Take arbitrarily h=Hom(N’, NJ), r=T, veN’, and p=N,. The as-
sumption of the proposition then implies that

tur'=pt, tvrT'=y' for some t=Z.

Hence
(z(R(W) () = () pr ™) = (R(¥))(z")

=t(h(v) () = (th() ()= (h{zyv™H))(g) .
Therefore, z(h(v))=h(zvr™") so that, by the lemma,
HYTN’, N)=HYT, N*)®Hom (N’, N¥) .

Since Hom (N’, N})=®izi Hom (IV;, Nf) =Pz (V,QN,), it follows from (1)
and (2) that
H*G,Q|Z)

~HYT, Q| Z)& (N’ AN')@C@ HA(T, N;“))GBHl(T, N¥)@ e_ai (N, QN,)

=~ HX(T, Q| Z)B(NA N)@i@}l HY(T, N¥).

The proposition is therefore proved.
REMARK. Since N is abelian, NAN=H?*N,Q|Z) as is well known.

PROPOSITION 2. Assume that N is abelian, |T|=2, and oy, =y}
for every ve N, ¢, being the non-trivial element of T. Then
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H*G,Q|Z)=(NAN)D(Z]2Z) ,
where p 1s the 2-rank of N.

PROOF. As T is cyclic, we first obtain H*(T,Q/Z)=0. Next, given
any subgroup S of N, we have, by the assumption on 7,

tof=—f for every feS*.

Hence HY(T, S*)=S*/2S*, The proof is now completed by Proposition 1.

§2. Relation to number theory.

Let & be a quadratic field and L an unramified abelian extension over
k in the narrow sense. Then, by class field theory, L is a Galois exten-
sion over @, Gal(L/Q) is the semidirect product of the abelian group
Gal (L/k) by J, an inertia group for L/Q of a prime ideal of L dividing a
rational prime ramified in %, and azyx '=y ' holds for every y=Gal (L/k),
with the non-trivial element 2« of the group J of order 2. It therefore
follows from Proposition 2 that

(3) H*Gal(L/Q), Q| Z) =(Gal (L/k) NGal (L/k))B(Z|2Z)*

where A is the 2-rank of Gal(L/k). Now let g denote the number of
rational primes ramified in %k, so that A<¢g—1. Using (3), we can see
that ¢ does not exceed 3 if the Hasse norm principle holds for L/Q,
namely, if a rational number which is a norm for L/Q of some idele of
L is always a norm for L/Q of some algebraic number in L. Further-
more, it follows from (3) (combined with classical results) that, in the
case ¢g=<2, the Hasse norm principle holds for L/@Q if and only if L is a
cyclic extension over k (for the case where g=1 and I is the Hilbert class
field over k in the narrow sense, see [1]).
The details of this section will be published elsewhere.
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