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§0. Introduction

The Mordell-Weil lattice theory of Shioda ([7]) is a very powerful tool
for the study of elliptic surfaces and gives many important results on
algebraic surfaces, which include the complete classification of rational
elliptic surfaces by their Mordell-Weil lattices ([4]). But in general the
determination of the Mordell-Weil lattice of arbitrary elliptic surfaces is
not so easy because of the bigness of their Picard numbers, and neither is
the study of Néron-Severi groups which relate closely to the Mordell-Weil
lattices.

Let X be a non-singular projective surface defined over an algebraically
closed field k of positive characteristic p. X is called unirational if there
exists a generically surjective rational mapping from the projective plane
P? to X. Let =:S—C be a unirational elliptic surface defined over k. S
is said to be of base change type if there exists a curve C’ and a morphim
f from C’ to C such that the fiber product SXx.C’ is rational. The classi-
fication of irrational uniratinal elliptic surfaces of base change type by

singular fibers is given in [2, 5].

In [6], we calculate the determinant of Néron-Severi groups of uni-
rational elliptic surfaces of base change type in characteristic 2 by using
the results of Oguiso and Shioda mentioned above. The situation is greatly
simplified due to the existence of generators of the Mordell-Weil lattices
of short length.

The purpose of this paper is the same as that of [6], but we study in
characteristic bigger than 3. We know that increasing of characteristics
makes generators of Mordell-Weil lattices longer and longer. So, we must
start from detailed study of generators of lattices.

So, the organization of this paper is as follows. In section 1, we ob-
serve the hexagonal lattice and give it the “shortest” representation by
modulus p (Theorem 1.8).

In section 2, we review on Mordell-Weil lattices and unirational elliptic
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surfaces of base change type, and then prepare to calculate the determinant
of the Néron-Severi group of these unirational surfaces.

In section 3, we set up the algorithm of calculation for the deter-
minant of the Néron-Severi group of unirational elliptic surfaces with
specific Mordell-Weil lattices. Precisely, their Mordell-Weil lattice is in-
cluded in the product of two hexagonal lattices. Finally, we analyze the
determinant in characteristic p <41, using a formula-transforming program
“Mathematica” (Theorem 3.8).

§1. The shortest representation of the hexogonal lattice.

The main reference of this section is [1].

For the 2-dimensional real vector space R* with a fixed basis, we de-
fine the following :

Plx,y] or [#, y]: the coordinate of a point P= R?,

0[0, 0] : the origin of R?

O R*XR*—-R; Plx, y] X P'[x, yl—xx’ +yy =|P]{P’|cos 0 : the ordinary
inner product where ¢ is the difference of arguments of P and P’.

DEFINITION 1.1. (1) The hexagonal lattice A is a lattice in R?
spanned by e=[1,0] and f=[1/2, v3/2]:

(1.1) A={{z,y]e R*|?a, = Z, x=a+ B/2, y=+/3B/2},

with the ordinary inner product ¢, ).
We denote the point Pla+ /2, v/38/2]=A by P(a,p), or (a, ) and
rewrite the formula of the ordinary inner product as follows:

(1.2) G0 (a, BYX(al, B) — aa’+ BB+ (af’ + Ba’)]2.

(2) For an arbitrary positive integer N, we denote the quotient group
A[/NA by Ay.

We call |P[*=<P, P> the length of P= R? for convenience, although it
is the power of its length exactly.

REMARK 1.2. In usual the notation of the hexagonal lattice is used
for A,=A(2), which is isomorphic to A as an Abelian group and its inner
product equals 2 ¢, ).

We denote by G the automorphism group of A which is the dihedral
group of order 12, and fix its generators as follows:

GeEo:(a, B)=[x, y]l—[(x—V3Y)/2, (vVBz+y)/2]=(—B,a+p),
T. (C(, ‘8):['%‘; y]H["‘w; y]:(_a—l@J 18) .

(1.3)
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G acts canonically on R? and R? is separated to twelve areas A
(1=<:<12) which are transitive each other:

(1.4) A={[z, y]= R*|tan ((¢—1)x/6)x <y = tan (¢x/6)x} .

It is convenient to handle a point P= A and its orbits together.

DEFINITION 1.3. For a point P(a, ) in A, we define as follows:

(1.5) AV(a, B)={p((a, B))}sca
av(a, B)=Card. AV(a, B).

LEMMA 1.4, Let a and B be a pair of integers.

(1) There exists a pair of integers, say, a’ and B’, which satisfies
that a’'=p" =20 and that AV(a, B)=AV(a’, B).

(2) Assuming a=[=0, it follows that

1 2f a=p=0.
AV(a, B)=1 6 1f a=8+0, or a>p=0,
12 otherwise.

PROOF. Immediate. O

Let N be a fixed positive integer. It is trivial that the quotient group
Ay has the Yollowing representation system, which is very naive and
intuitive :

DEFITITION-LEMMA 1.5. Set the following mnotations:
Agevy=Ag={x, y]= R?| — vV3N[4 <y = v/3N/4,
V3(x—N[2) =y <~3(x+ N/2)},
N=Ty=AqaNA.

Then Jl gives a representation system of the quotient group Ay=
A[NA.

PROOF. trivial (See Picture 1.1.)
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The main objective of this section is to give Ay the “best” representa-
tion. In our sense, such a representation satisfies the condition of the
following definition :

DEFINITION 1.6. Let (L,<{,») be any finite dimensional quadratic
module with the inner product <, ), L’ be its subgroup, and S be a repre-
sentation system of L/L’. & is called the shortest representation of L/L’
if it sastisfies the following condition (*) for all se .

(*) For any element s’=s+L’, it holds that s, s)=<<s’, s'>.

The shortest representation of the hexagonal lattice is given in the
following :

DEFINITION-LEMMA 1.7. Set the following notations :
Agon=Ag={w, y]€ R —N/2<2=<N/2, (x—N)/v/3=y<(x+N)/3,
—(@+N)/V3=y<—(x—N)/V8},
H=Hy=AgNA,
H=TunA,
OH =0 A NA.

It holds that Y gives a representation system of the quotient group
Ay=A|NA.
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PROOF. K and J! have 1:1-correspondence like Picture 1.2. (A~A’,
BoB’, DoD’, E<~FE’) Our lemma follows from this correspondence.

Picture 1.2.

O

THEOREM 1.8. Y gives the shortest representation of A, and the
shortest representation of A is unique up to the choice of the boundary.
Precisely, for all P and for all Q= A\(0), it hold that

(1.6) |P+NQI*=|P|*,
where the equation holds when it suffices the following :

(1.7) P, P+NQeoH .

PROOF. Since it holds that |P+NQ|*’=|P]*+ N*Q|*+2N|P||Q| cosd
where § is the difference of the argument of P and @, it is sufficient to
show the following (1.8):

(1.8) ' N|Q|= —2|P]|cos @ .

We remark that |P|<N/+v/3 for all P . If |Q|=+/3, (1.8) holds with-
out the sign of equality because N|Q|=v3N=2N/v3=—2|P|=|P|coséb.
So we may assume that |Q|=1.

If it also suffices that |P|<N/2, then we verify (1.8) at once, with
the condition for the sign of equality, i.e.



80 ' M. OHHIRA NRS, 0.U., Vol. 44

(1.9) |P|=N/2, and cosf=rx.

Remark that (1.9) yields that NQ=—2P, and we see that (1.7) holds.

Assume N/2<P<N/+/3 now. We can assume P<(C,, where the closed
triangle C, is as in Picture 1.3, due to the existence of many symmetry
of the regular hexagon Lﬁ_ﬂ.

Co becomes C,, Cs, +++, or C, in Picture 1.3 after the translation by an
elements of NAV(1,0). For 3=:¢=6, it is evident that all the elements in
C:NA are longer than any elements in Cy\A.

Assume P’'<(P+NA)N\C,. It suffices to show that |P’|=|P|. Let P”
be the image of P by symmetry at y-axis. It holds that |P”/=|P|. P~
is also the image of P’ by symmetry at the line [, and the origin O is at
the same side as P”. So, we see that |P’|=|P”|, and that the equality
holds only when P=I,Co4 .

Y
Cs
l
_Pl PI/ P
C,14
: ‘ ,
0 N x
2
o
Picture 1.3.
If P’e(P+NA)NC,, the proof is similar. O

COROLLARY 1.9. Every element of A/NA can be represented by P=9I(,
whose length (P, P)> satisfies the following :

N?*3 4f N=0 (mod. 3),
(1.10) (P, P>=qy (N*-2N+4)/3 4f N=1 (mod. 3),
(N*-N+1)/3 if N=2 (mod. 3).
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PROOF. Immediate. 0

§2. Néron-Severi groups

In this section we use the following notations:
p: a rational prime number which satisfies the following (2.1):

(2.1) p=5 and p=2(mod3),

k. an algebraically closed field of characteristic p,

K=1I(t): the 1-dimensional rational function field over k,

E/K: an elliptic curve over K with the following Weierstrass normal
form:

(2.2) y¥=*+t'(t—1V°(t—a)’,

where a=k\{0, 1}.

f: X— Py} the relatively minimal model of E,

NS(X): Néron-Severi Group of X with the quadratic from by inter-
section,

(S=E(K), {,>s>: the Mordell-Weil lattice ([7]) of £ with the height
pairing <, >s,

K’'=Fk(t"?) . the purely inseparable extension of degree p,

fo: P*—P': the purely inseparable morphism of degree p correspond-
ing to the field extension K'/K,

(S’=E'(K’),<,>s>: the Mordell-Weil lattice of E'=EXK’ over K’
with the height pairing (, g,

¢: S—S’: the natural injection,

S:=Im().

E/K is our main object in this section, and the following lemma holds.

LEMMA 2.1. (1) S’ is a Mordell-Weil lattice of an elliptic fibration
of a rational surface over k and isomorphic to (A(2/3))%%
(2) The following equation holds:

(2.3) [S": S]=|det NS(X)|"/*p?*.

PROOF. From Katsura ([2]), we see that all the singular fibers of f
are f1(0) and f~'(o) which are of type C; (cf. Néron [3]), and f~'(1) and
fY«) which are of type C; (cf. loc. cit.). Katsura [2] also tells us that
these fibers become, respectively, two fibers of type C; (cf. loc. c¢it.) and
two fibers of type C; (cf. loc. ett.) of the ellipic surface f/: X' =XXp P!
—P!'. So, from the table of Main Theorem of [4], we see that S’
(A(2/3))%2, This shows (1).
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(2) is deduced from the following :

|det NS(X)|¥*p*#tor
det S’ TIm ’

(2.4) [S”:8]=

where #tor is the number of torsion points of S’, and m{’ is the number
of irreducible components of multiplicity 1 of the fiber f!(v) for ve P,
The proof of (2.4) is almost the same as that of Lemma 2.1 in [6].
]

REMARK 2.2. Lemma 2.1 tells us that the calculation of det NS(X) is
equivalent to that of [S’: S].

From some experiments described in §3, we set the following con-
jecture.

CONJECTURE 2.3. For every rational prime number p which satisfies
(2.1), the following equation holds :

(2.5) ldet NS(X)|=p".

§3. Numerical experiments using ‘‘Mathematica’

In this section we use the same notations as in §2, unless otherwise
mentioned.

From Remark 2.2, Conjecture 2.3 is equivalent to the following :

CONJECTURE 3.1. For every rational prime number p satisfying (2.1),
the following two equivalent equation hold :

(3.1) [S”: S]=p*,
or
(3.2) S/pS’=0,

PROOF OF EQUIVALENCE. Since the endomorphism of multiplication
by p over E’ is the composition of the Frobenius map over the prime field
and its dual, we see that S2pS’. So, (3.1) is equivalent to (3.2). |

To do all the computation on the hexagonal lattice A, we use the fol-
lowing relation between lattices.

LEMMA 3.2. There exist the following injection ¢ and the 1somor-
phism ¢ of lattices as in (3.8), whose quadratic forms relate to each other
as 1 (3.4).
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: ¢
(3.9 (S, €,08) S (87, €, 00) —= (A%, C,),
(3.4) (GorlP), o @) =5 eP), dQ>s. =L<P, @,

where P,Q<S.

PRrROOF. This is from the functoriality of height pairing (Proposition
8.12 in [7]) and Lemma 2.1. [

Next we determine values of lengths of elements of Im (goc).

LEMMA 3.3. For P=S, {$ou(P), poe(P)> is in &, which is defined as
follows :

(3.5) L={jplj is a natural number s.t. j=5 or j=T;.

PROOF. From the definition of the height pairing, the length of P in
S is as follows:
(3.6) (P, P>sg=2y+2(P)-(0)— 21 Contr,(P, P),

tepP

where y is the arithmetic genus of X, 2(P)-(0) is intersection of sections
(P) and (O) which are corresponding to P and the zero point O respec-
tively, Contr,(P, P) is contribution of the fiber f~'(v). From the facts in
§2, table (8.16) in [7], and Lemma 3.2, we get (3.5). |

By the way, since A**p has the representation system 9(®? if there
exists some non-zero elements of Im (¢eoc)/(pA®%), it can be represented by
the element whose length is equal to or less than 2(p*—p-+1)/8(cf. Corol-
lary 1.9).

So, if the answer of the following Problem 3.4 is “yes”, Conjecture
3.1 holds.

PROBLEM 3.4. Assume there exists a subgroup H of A®p such that
every element of H can be represented by P< A®® which satisfies the fol-
lowing :

(3.7) P, Pref,
where
(3.8) ¥={leI<L2(p*—-p+1)/8}.

Then is H the zero-group?

To test Problem 3.4 for fixed p, we can apply the following algorithm.
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ALGORITHM 3.5. (0) Collect the elements P< A®* which satisfy (8.7).
(We denote the set of these collected elements by SETO).
(1) Collect the elements P=SET0 which satisfy the following:

(3.9) 'QeSETO, s.t. 2P=Q (mod pA®?).

(We denote the set of these collected elements by SKET1),
(2) Substitute SET1 for SETO.
(3) Repeat from (1) to (2) for p—1/2 times.
(4) Put SETO0 into SET2.
(5) If SETZ2 equals {0}, we answer to Problem 3.4 positively.

If SET2 remains non-zero element, Conjecture 3.1 is still open.

NOTATION 3.6. Fix p satisfying (2.1). Let &, be the family of sub-
groups of A®*p which are generated by elements of SET2 mod p.

For 8@, let I(8) the shortest positive length of elements of I ,**
which represent elements of 8.

We denote the set of 21(8)/3p by T,

(3.10) T,={28)/3p18=S,} .

When SET2 remains non-zero, to solve Conjecture 3.1 is reduced to
solve the following Problem 3.7.

PROBLEM 3.7. Let &, be the set of points in S whose length belongs
to T,. Is &£, empty?

Lists in § A are examples of the programs and outputs of “Mathe-
matica” based on the above algorithm. From these results, we get the
following :

THEOREM 3.8. (1) (3.1) holds for p=<23.
(2) To={10/8}, T,,C{10/3,14/3, 16/3,20/3, 28/3}.

REMARK 3.9. The computation for p=41 takes about 13 hours on
NEC PC-9821.
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§ A. Lists
A.1. Program 1

Date[]>>\ohhira\outl
p=29
ipla_,b_] :=a*2 + a*b + b*2
mbt=Sort [Flatten|
Table([
Table(
{ip(a,b],{a,b}},
{b,0,a}],
{a,1,p/2}],1]
1>>>\ohhira\outl
dimbt=Dimensions [mbt] [[1]]
hexl={(};
Do[Block|( {pl=mbt{[i]],a=mbt{[i,2,1]],b=mbt[[i,2,2]]},
If{a<p/3,AppendTo[hexl,pl],
If( (a<p/2) && (b<=p-2*a),AppendTo[hexl,pl]
1
]
1,
{illldimbt}];
hex1>>>\ohhira\outl
cl=(};
Dol

Do[Block[{cle=p*(d+3*n)},If[cle<=2*(p*2-p+1)/3,
AppendTo(cl,cl
el
1
1
+{n,0,(2p-34)/9}]
.{4,5,9,2}]1;
c¢l>>>\ohhira\outl
clv2={};clvi={};
Dol
Dol
Do[
If[hex1[{],1)]+hexi[[k,1])]==cl[[il],
If [FreeQlclv2, {(hex1{([k]], hex1[[5]1]1}],
clv2
=Union[clv2, {{hex1[{j]],hex1{[k]]}}]
1;
clvl=Union[clvl, {hex1[{j]1]1}]:
clvli=Union[clvl, (hex1[[k]]}]
1
, {k,Dimensions[hex1]1[[1]]}]
+{j.Dimensions[hex1] {{1]]}]
,{i,Dimensions{cl] [[1]]}]1;
clvi>>>\ohhira\outl
clv2>>>\ohhira\outl
clv3={};clvi=(};
Dol
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Block[{a=clvi[[i,2,1]]),b=clv1[[4i,2,2]],a2,b2},
If[ (a<p/6)
|| ({a>p/6)&& (a<p/4)&&k(b<ap/2-2*a)),
al2=2*%*a;b2=2*b];
If[ ( (a>p/6)&&k(a<p/4)&&(b>p/2-2*a)
&&(b<=(p-2*a)/4)
)
|| ((a>p/4)&& (b= (p-2*a)/4)),
a2=p-2*a-2*b;b2=2+*h];
If[ ((a>p/6)&&({a<p/4)&&(b>(p-2*a)/4))
| [ ((a>p/4)&&(b>(p-2*a) /4)&&(b<=(p-2*a) /2)),
b2=p-2*a-2*h;a2=2*b];
If[(a>p/4)&&(b>(p-2*a)/2),
a2=p-2*a;b2=-p+2*a+2*b];
AppendTo[clv3, {clvl[[i]], (ip(a2,b2],{a2,b2}}}]
1
,{i,Dimensions[clvi] ([1]]1}];
clvé=clv3
clvd>>>\ohhira\outl
clv5={};clvé=clv2;
Do[Block[{dim2=Dimensions[clv2][[1]]},
clvs=(};
Do[Block([{pl=clv2[[j]],ql=clv2[[],11],
r1=c1v2[[j,2]]:P2:Q2:r2:
postbl
Y,
postbl=Position[clv4,ql];
If[postbl([[1,2]]==
1q2=clvd [[postbl[[2,1]],2]]
+Q2=clvd[[postbl([1,1]],2]]
1;
postbl=Position[clv4,rl];
If [postbl[[1,2]]==
(I2=clvd [[postbl([[2,1])],2]]
(r2=clvd [[postbl[[1,11]1,2]]
1:
p2={q2,r2};
If [MemberQ(clv2,p2] | |MemberQ[clv2, (r2,q2}]
(clv5=Union[clvs, {p2}]
1;
1,{3,dim2}];
clv2=clv5;
clv2>>>\ohhira\outl;
Print{clv2]);
If [Dimensions[clv2][[1]]==0,Break(]}];
1.(i, (p~1)/2}];
clv5>>>\ohhira\outl
Date[]>>>\chhira\outl
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Output for p=17.

{{(1, {1, 0}}, (3, (1, 1}}, (4, (2,

{12,
(25,
{37,
{49,
(64,
{79,

(2,
{5,
4,
{7,
{8,
.

2}}, (13,
01}, (27,
31}, {39,
01}, (52,
0}}, (67,
31}, (84,

3,
{3,
{5,
{s,
{7,
{8,

11},
31},
2}},
2}},
2},
2}},

(16,
{28,
{43,
{57,
(73,
{91,

0}}, {7,
{4, 0}),
{4, 2}},
(6, 1}},
{7, 11},
{8, 11},
{6, 511,

(2, 1),

{19,
{31,
{48,
{61,
{75,
{93,

{3,
s,
{4,
{5,
(s,
{7,

{108, (6, 6}}, {10
' . 9, {7, 5}
bty , , {112, (8,
{7, 7}}, (148, {8, 6}}, {169, 28. ;;;’ :13;’
{2, 1}},

{1, {1,

(12,
{25,
{37,
{49,
{64,
{79,

2,
s,
{4,
(1,
{8,
{7,

2}}, (13,
0}}, {27,
31}, {39,
0}}, {52,
0}}, {67,
31}, {91,

3,
.,
{5,
{6,
{1,
{6,

:ﬁ:, 136, 119, 170, 153}
. {3, 01}, (1

7, 24’ 3})f i;3{2262}}, (21, (4, 131}, (28, {4, 2}}, (3

(52, 6, 1)), (57, {1, 1), 48, (4, 4}, 49, (5, 3) {36, {6, 0},
(67, {7, 2}}, A 1}}, {61, (5, 4}}, {63, . 3};: (49, (7, 0}),
oL 6, 511 DY, 175, (5, 531, (76, {6, 4}, f?i’ {8, 0}},
({{9, (3, 0}}, {7 ! ’ , {7, 3}}
v . 6, {6, 411}, ({12 v
! , (2, 2}}, {73, (8, 1

! ’ 7 }})l
{7, 131},
{5, 3},
{4, 411},
{7, 2}}},
{5, 511}
{{{9, (3, 0 '
}}, (36, (6, 0}}}, {{12, {2, 2}}, {48 (4{5; 5}11}

! ! L4 }}}I

{{21,
({28,
{{36,
{{43,
({57,
({63,

({21,
{136,
({43,
{{49,
({52,
{{61,
{{64,
({73,
{{7s,
{{91,

({57, (7, 1)}, (79, {7, 31}}}

9
(}

{4, 1}}, (64, {8,
(6,
{1,
{6,
{7,
{8,

{4,
{6,
{6,
{7,
{6,

{4,
{6,
{6,
{5,
{6,
{5,
{8,
{8,
(s,
{6,

2}}, {91,
0}}, (49,
1}}, {76,
1}}, {79,
31}, {73,

1}}, {67, {7, 2}}}, ({28, {4,

0}, {25,
1)}, {19,
31}, {43,
2}}, {21,
41}, (57,

{5, 0}}}, {{37, {4, 31},
({48, {4, 4}},
{{49, (7, 0}},
{57, {7, 11},
({63, {6, 3}},

{3, 211},
(6, 1)1},
{4, 1}}),
{7, 1}}},

11},
31},
2}},
2}},
2}},
5}}}

0}}}, ({28, {4,
g}}), {{36, (6,
3}y, {{37, (4, 3}

1 I }I
4}}}, ({52, {6, 2}},
3}1), ({61, {5, 4}},
133}, {{79, {7, 3}},

03}, {3, (1, 1}}, {4, {2,

{1s,
(28,
{43,
{57,
{73,

0}}, (7,
{4, 0}},
(4, 2}},
{6, 1}},
{7, 1}},
{8, 1}},

2}},
01},

{19,
{31,
48,
{61,
(75,

3,
(s,
4,
{5,
(s,

{57,
(49,
{48,
{67,
{75,
{91,

9, {3,

2}},
11},
41},
41},
511,
41},

{21,
{36,
{49,
{63,
{786,
{97,

01},

4,
(s,
{5,
{6,
(6,
{8,

1}1,
0}},
31},
31},
4}},
31},

{7, 6}}, {129, {8,

{8,

8}}}

{9, (3, 0}},
2}}, (21, {4,

1}},
41},
4}},
5},

{36,
(49,
{63,
{76,

2}}, {61, {5, 4}}},
{63, (6, 311},
{73, {8, 111},
{9, {3, 01},
{7, (2, 1}}}),
{31, (5, 111},

01},
o ﬁ;, :1, g)}), ({67, {7, 2}}, {13, {3, 1}}
o {4;’ {; ;;;; {EZ;; {5, 51}, {79, (7’ 3)};1
’ I I 7' ; }
{{(36, (6 Oii)'{:ZSI o NS
' ' « {5, 3}}}
oL (5. 4 , ({587, {7, 1}}, (7
¥}, {75, {5, 5}}}, ({63, {6, 3)}:({3; (I; 31;;;}

(6,
(5,
{6,
{6,

11},
01},
3},
31},
41},

5}},

87
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A3,

{1993, 9, 30, 16, 48, 7}

Output for p=29.

M. OHHIRA NRS,

({1, {1, 0}}, (3, (1, 1}}, {4, (2, O}}, (7, (2, 1}}, (9, (3, 0}},

(12,

{25,

(37,

{49,

(64,

{79,

{93,

{109,
{121,
{133,
{147,
{156,
{169,
{181,
{193,
{201,
(217,
(229,
(247,
{268,
{283,
{304,
{333,
{364,
{399,
{436,
{508,

(12,
{25,
37,
(49,
{64,
{79,
{93,
{109,
{121,
{133,
{147,
{156,
{169,
{181,
{193,
{201,
(217,
{243,

(2, 2}}, (13,
(5, 0}}, (27,
{4, 3}, (39,
{7, 0}}, (52,
(8, 01}, (67,
{7, 3}}, {81,
(7, 4}}, (97,

3,
3.
(s,
{s,
{7,
{9,
s,

111,
311,
2}},
21},
2}},
0}},
31},

{16, (4, 0}}, {19, (3, 2}}, {21, {4,
(28, (4, 2}}, {31, (5, 1}}, (36, {6,
{43, (6, 1)}, (48, (4, 4}}, {49, {5,
{57, (7, 1}}, (61, {5, 4}}, {63, (6,
{73, (8, 1}}, (75, {5, S5}}, {76, {6,
{84, (8, 2}}, {91, (6, 5}}, {91, {9,
{100, {10, 0}}, {103, (9, 2}}, (108,

{7, 5}, (111, (10, 1}}, {112, {8, 4}}, {117, {9, 3}},

{11, o0}}, (124, {10, 2}}, {127, {7, 6}}, {129, {8, 5}},

(9, 4}), {133, {11, 1}}, {139, {10, 3}}, {144, (12, 0}},
{7, 7}, (147, {11, 2}}, {148, {8, 6}}, {151, {9, S5}},

{10, 4}}, (157, {12, 1}}, {163, {11, 3}}, {169, (8, 7}},
(13, 0}}, (171, {9, 6}}, {172, {12, 2}}, {175, {10, 5}},
{11, 4}}, {183, {13, 1}}, {189, {12, 3}}, {192, (8, 8}},
{3, 7}}, {196, {10, 6}}, {196, {14, 0})}, {199, (13, 2}},
{11, 5}), {208,
(13, 3}}), {218,
(12, 5}3, {237,
{11, 7}}, {247,
(14, 4}}, {271,
(13, 6}), (291,
(12, 8}}, {309,
(12, 913, (337,

{12, 10}}, {367, {13, 9}}, {372, {14, 8}}, {397, {12, 11}},

(12,
{10,
{13,
(14,
(10,
{14,
{13,
{13,

{13, 10}}, {403, {14,
(14, 10}}, {469, {13,
(14, 12}}, (547, (14,
({1, {1, 0}}, (3, (1, 1}}, {4, (2, 0}}, {7, {2, 1}}, {9, {3, 0}},

(2, 2}}, {13,
{5, 0}}, (27,
{4, 31}, {39,
{7, 01}, (52,
(8, 0}}, (67,
{7, 3}}, {81,
{7, 43}, (97,

3,
3,
s,
{6,
{7,
{9,
{8,

1)},
3},
2}},
2}},
2}},
011,
31},

4}}, {211, (14, 1}}, {217, {8, 8}},
7}}, {223, (11, 6}}, (228, {14, 2}},
4}}, (243, {9, 91}, {244, {10, 8}},
3}, {252, {12, 6}}, {259, {13, 5}},
9}}, 273, (11, 8}}, (277, (12, 7}},
53}, {300, {10, 10}}, {301, {11, 9}},
7}}, {316, {14, 6}}, (331, {11, 10}},
8}}, (343, (14, 7}}, {363, {11, 11}},

0.U., Vol. 44

113,
01},
31},
31,
411,
11},
(6, 611,

S}}. (432, {12, 12}}, {433, {13, 11}},
12}}, (471, {14, 11}}, {507, {13, 13}},

13}}, (588, {14, 14}}}

(16, {4, 0}}, {19, (3, 2}}, {21, {4,
(28, (4, 2}}, {31, (5, 1}}, {36, {6,
{43, {6, 1}}, {48, (4, 4}}, {49, {5,
{57, (7, 1}}, {61, (5, 4}}, (63, {6,
{73, (8, 1}}, {75, (5, 5}}, (76, {6,
(84, {8, 2}}, (91, (6, 5}}, {91, (9,
{100, {10, 0}}, {103, {9, 2}}, (108,

{7, 5}}, {111, {10, 1}}, {112, {8, 4}}, {117, {9, 3}},
(11, o0}}, {124, {10, 23}, {127, (7, 6}}, {129, {8, 5}},
(9, 41}, (133, {11, 1}}, (139, {10, 3}}, {144, {12, 0}},
(7, 7}}, (147, {11, 2}}, {148, {8, 6€}}, {151, {9, 5}},
{10, 4}}, (157, {12, 1}}, (163, (11, 3}}, {169, (8, 7}},
{13, 0}}, {171, (9, 6}}, (172, (12, 2}}, {175, {10, 5)}},
{11, 4}}, {183, {13, 1}}, (189, (12, 3}}, (192, (8, 8}},
(9, 7}}, {196, {10, 6€}}, {196, {14, 0}}, {199, (13, 2}},
{11, 5}), (208, {12, 4}}, {211, (14, 1}}, (217, {9, 8}},

(13, 3}}, (219, {10, 7}}, {223, {11, 6}}, (229, {12, 5}},
(9, 91}, (244, (10, 8}}, {247, {11, 7}}, {271, {10, $}}}

{145, 232, 319, 406, 493, 203, 290, 377, 464, 261, 348, 435, 522}

11},
0}},
31,
3}},
4}),
1}},
{6, 6}},
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({1, (1, 0}}, (3, (1, 1)}, (4, (2,

(12,
(28,
{43,
{57,
(73,
(84,
{100,
{111,
{124,
{133,
{147,
{157,
{171,
{183,
{196,
{208,
{219,
{244,

,
4,
s,
{7,
s,
{8,

{10,
{10,
{10,
{11,
{11,
(12,

2}},
2}},
1}3,
1}},
1}},
2}),

1}},
2}},
113,
2}},

(13,
31,
{48,
{61,
{75,
(91,

3,
(s,
¢,
{5,
{5,
{6,

{127,
{139,
{148,
1}}, {163, {11, 3}}, {169, (8, 7}}, {169, (13, 0}}

1)},
1)},
41},
411,
511,
51},

{186,
(36,
{49,
(63,
{76,
{91,

0}}, {7,

{4,
{6,
{s,
{6,
{6,
{9,

0}}, {103, {9, 2}}, {108,
{112,

(8, 41}, (117,
(7, 61}, {129,

0}},
0}},
311,
31},
41},
111,

{2, 1}},

{19,
(37,
{49,
{64,
(79,
(93,

(3, 2}},
(4, 3}1,
{7, 01},
{8, 0}},
(7, 3}},
{7, 4}},

(6, 6}}, {109, {7,

::. 3}}, (121, (11, 0}},
+ 5}}, {133, (9, 4

t:o: 3}}, {144, {12, 0}}, {147, (7,};;}
, 6}}, {151, {9, 5}}, {156, {10, 4}),'

(3, {3, 0}},

(21, (4,
39, {5,
{52, {s,
(67, {7,
(81, {9,
97, {8,
511,

{9, 6}}, (172, {12, 2
' }}, {175, {10
0 ' ' « S}}, {181,
{13, 1}}, (189, (12, 3}}, {192, {8, 8}}, {193, :;1'7:;)'
{14, 0}}, {199, {13, 2}}, {201, (;1, 5;}.

{10, 6}1,

{196,

{12, 4}}, {211,

{10,
{10,

73},
81},

(223,
{247,

{14, 13}, {217, (9, 8}}
‘ . {217, {13
(11, 6}}, {229, {12, 5}}, {243, (9: :;i,

{11, 7}}, {271, {10, 9}}}

{{{1, (1, 0
o, ;;; (::;9 {12, 033}, ({3, {1, 1}}, {229, {12, 5}})
(@ 00, s, (13, 1), (7, (2,10, (196, (10, 6 )
' . {14, 0}, ({9, (3, O}, {223, {11, 6;;;

({12,
({13,
{{1s,
{(21,
({28,
({31,
{{36,
({37,
({43,
({48,
({49,
({52,
({57,
({61,
{{63,
({64,
(67,
(73,
({75,
{{7s6,
{{79,
({81,
({91,
({91,
({93,

{2,
{3,
{3,
{4,
4,
s,
(s,
{4,
{6,
{4,
{5,
{6,
7,
{s,
{6,
{8,
7.
{8,
(5,
{6,
{7,
{9,
{s,
9,
{7,

2}},
1}},
2}},
1}},
2}},
11},
01},
3},
113,
41},
31},
2}},
11},
41},
3},
01},
2}},
11},
5},
411,
3}},
03},
511,
11},
4}},

{133,
{219,
{271,
{211,
{175,
{201,
{196,
{108,
{189,

{10,
{10,
{14,
{10,
(11,
(10,

7}}},
911},
131},
5}1},
511},
& 611},
. 633}, ({39, {5, 2}}, (193
(12, 3})}, ({43, (6, 1}}, (24;,{311?};;;},

{{16,
{{21,
({28,
{431,
{{36,
{{3s6,

4,
{4,
4,
{5,
{6,
{6,

0}},
11},
21},
111,
0}},
0}},

{9, 413)), ({12, {2, 2}}, {133, {11, 1}}},
{129, (8,

5}}},

(124, {10, 2}}},
(117, {9, 3}}},
(172, (12, 2}}},

{109, (7,

511},

{97, (8, 3}}}, ({48, (4, 4})}, {27

. ’ ’ ’ 1, {10, 9 ,
s, o, i, g, o, o, s o
{175, (10, 53}, {{;1, 25 4;} AR
{171, {9, 6}}}, ({61, (5 '4}) ' §84l AR
{169, {8, 7}}}, ({63, (G: 3}}: (129, o
{81, {9, 0}}}, ({64, {8, 0}}, {i3:?’{{;?’32;;},
{8, 1}}, (217, {9, 3)};:
{5, 5}}, (157, (12, 1}}}
{6, 4}), (127, (7, 6})}.'
{6, 4}), (243, {9, 9}}),
{7, 3}}, (211, (14, 1}}},

{223,
{217,
(244,
(156,
{124,
{151,
{112,
{112,
{139,

(11,
{13,
{10,
{10,
{10,

611},
3}}},
811},
411},
2}}},
E:, :;;;. :E::, {8, 2}}, {148, (8, 6}}}

' ' « {6, 5}}, (199, {13, 2 )
(8, 4}}), ({91, {9, 1}} ’ o

‘ ' ' . {199, (13, 2

(10, 3})}, (97, {8, 3}}, {193, (9, 7;;;:

{73,
{{75,
({76,
({76,
{79,

1}},
2}},
2}},
2}},
0}},
311,

’ ’ 1 { ’ )))l {(100
(( , , ’ ( ’ })l

89



90

({108,
({111,
({117,
({121,
({127,
{{133,
({133,
{{139,
({147,
{{147,
{{148,
{{15s,
({163,
({169,
({181,
({189,
{{192,
{(217,

M. OHHIRA NRS, 0.U., Vol. 44

:58 si;; (iiii (tii 1;:;; ({109, {7, 51}, (181, {11, 4}}}
. 13}, (121, (11, 0}}}, ({111, (10, 1)}, {208 :
{9, 311, (184, (12, 0}}}, ({12 i
. {12, 01)}, ({121, {11, 0}}, {169, (8
{11, 0)}}, (169, (13, 0}}} ' o G T
, (169, (13, 0}}}, ({127, (7. 6}}, {163
{7, 61}, (192, {8, 8}}}, ({12 e oot
' ' ‘ 9, (8, 5}}, (219, (10
{9, )}, {157, {12, 1}}}, ({13 s e A
P ’ P 3, {9, 4}}, (244 1
(o, 4l (157, (2, 1, . (244, (10, 81},
P P P . ({133, (11, 1}), (244
{10, 3}}, {151, 19, 511}, { ‘s, o s
’ ’ . ({144, (12, 0}}, (175
7, 1, (172, (12, 211}, ({14 ‘oo A
. {12, 2)}}, ({167, {7, 7}}, {201, {11
{11, 2)}, {172, (12, 2}}}, ({147 P A4
F) ’ P , {11, 23}, {201 1
{8, 6}}, (171, {9, 61)}, ({148 e
’ ? [ ’ (8' 6})’ {229 {12
{10, 4}}, {163, {11, 3}}} ] ALl
, (163, (11, 3)}}, ({156, (10, 4}}, {192
{11, 3}), {243, (9, 9}, { 208 1 e
1 ’ ' , ({169, {8, 7}}, {208 1
{13, 0}}, (208, {12, 4}}} ) 2 4
’ P P . ({181, (11, 4}}, (196
(s, ol o, (12, O3} , 41}, (196, (10, 6}}),
' ’ P , ({183, (13, 1}}, {223
{12, 3}}, (217, (9, 8}}}, ({189 ‘o s
’ ’ P . {12, 3}}, (217, (13
{8, 8}}, {243, (8, 9}}}, ({193 e
. (9, 911}, , 19, 71}, (271, {10, 9
{9, 83}, {247, {11, 71}, ({217, {13, 3}}, {247, (11.};;§}}

((Et;l(t; 0;;; {:;6{2;40};}. ({3, 1, 1}}, (12, (2, 2}})}
' ’ « {4, 0}}}, ({7, (2, 1}}, {28, {4, 2 :
{{s, (3, 0}}, (36, {6, 0}}}, ({12, {2, 2}}, {48, {;, i;;;,

({13,
({19,
{{28,
({36,
{{39,
{{48,
{149,
({57,
{{63,
({67,
{175,
({79,
{(84,
{91,
({97,
{{103,
{{109,
{(112,
{(121,
({127,
{{133,
{{139,
({147,
{{14s8,
{{15s,
{{163,
{{169,
({172,

E:l ;;;, E:z, ig, 211}, ({16, {4, 0}}, (64, (8, 0}}}
. 21}, (76, {6, 4}}}, ({21, {4, 1}}, (84 '
{4, 2}, {112, (8, 413}, { 20y e e 2
’ ’ 1 , ({31, {5, 1}}, {124 10
{6, 0}}, (144, (12, 0}}) ) (200 23
. {12, 0}}), ({37, (4, 3}}, (148, (8
{5, 21}, {156, {10, 4}}} sy Chi
, {156, {10, 4}}}, ({43, {6, 1)}, {172, {1
(. 21, ase, o, O} , (172, (12, 213},
, {8, 81}), ({49, {5, 31}, {196, {1
{7, 0}}, (196, (14, 0}}} ) 0, e
, {14, 0}}}, ({52, {6, 2}}, {208, (1
(7, 13}, {199, {13, 2}}} ‘e e
’ ’ , {{61, {5, 4}}, (244
(6, 31}, {223, {11, 6}}) ' At
L ’ I ({641 {81 0}} {169 1
{7, 2}}, (181, {11, 4}}} ' o {130
. {11, &)}, ({73, {8, 1}}, (147
(5, 51}, {271, {10, 931} a6 o
. {271, {10, 9}}), ({76, (6, 4}}, {217
(7, 31}, {171, {9, 6}}}, { ‘an ar oy,
. (9, 6)}}, ({81, {3, 01}, {121, (1
(8, 2}}, {133, (9, 4}}) * e el
, (133, (9, 4}}}, {091, {6, 5}}, {219, (1
{9, 11}, (103, (9, 2}}}, { ' o 200 T
. (9, 2)}), {193, {7, 4}}, {169, (8, 7
{?; 3;}, (127, (7, 6}}}, {{100, {10, 0}}, {81, {3, ;;;;
. 5;;, :i:é {1;04)}), ({108, (6, 613, (229, {12, 5}}}
. 51}, {175, {10, 5}}}, ({111, {10, 1}}, (67 )
3. . (75w, SN, . 13}, (67, {1, 211},
[} ) ’ ¢+ {9, 3}}, (91, (6
{11, 0}), (49, (7, 0}}}, {{12 A
, (49, (7, 031}, ({124, {10, 2}}, (61, (5, 4
:;, z;;, :;39,{;12;):;}), {1129, (8, 5)}, (139, {10,’;;3)
. &)}, {97, {8, 3}}}, ({133, (11, 1}}, (39 '
(5. 4l (57, 48 3NN (13 (11 1), 0, (5, 211},
, (63, (6, 311}, , {12, 0}}, {25, {5, 0
{7, 7)), {211, (14, 1}}}, { . : 0N
. (16, 1)1}, ({147, (11, 2}}, (37
(8, 6}}, {157, {12, 1}}} ‘a1 o
, (12, 1)1}, ({151, {9, 5}}, (111
(8 €. a1, (2, 1, , (111, {10, 1}1},
. {73, (8, 1}}), ({157, {12, 1}}, {19, (3, 2
:i;' 3;;. :;3,{;6, 131}, ({169, {8, 7}}, {183, (13 ;;;3
. 031, (9, (3, 031}, ({171, {9, 6}}, (133, (11, 1)1},
ra I’ ’ I )} 1
{12, 2}}, {21, {4, 1}}}, ({175, (10, 5}}, {91, (9, 1));,
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{(181,
({189,
{(193,
{{196,
{(201,
{(a11,
({217,
({223,
({243,
{(247,

An Observation on the Hexagonal Lattice

(11, 4}}, (57, (7, 1}}}, ({183, {13, 1}}, {7, (2, 1}}},
{12, 3}}, {31, (5, 1}}}, ({192, (8, 8}}, (2317, {13, 3}}},
(9, 71}, (163, (11, 3}}}, ({196, (10, 6}}, {117, (9, 3}}},
(14, 0}), {1, (1, 0}}}, ({199, (13, 2}}, {13, (3, 1}}},
(11, 5}}, (79, {7, 3}}}, ({208, {12, 4}}, {49, {5, 3}}},
(14, 1}), {3, (1, 1}}}, ({217, {9, 8}}, {201, {11, 5}}},
{13, 31}, (27, (3, 3}}}, ({219, {10, 7}}, {151, {9, 5}}},
{11, 6}}, (109, (7, 5}}}, {((229, {12, 5}}, (75, {5, 5}}},
{3, 9}}, {247, {11, 7}}}., ({244, {10, 8}}, {193, {9, 7}}},
(11, 7)), (147, {7, 7}}}, ({271, {10, 9})}, {243, {9, 9}}}}

{{{28, (4, 2}}, (117, {9, 3}}}, {{31, (5, 1}}, {201, {11, S5}}},

{(36,

{{43,

{{49,

{{64,

{{76,

{{84,

({97,

({112,
{{121,
{{124,
{(133,
{{144,
{{144,
{{148,
{{157,
{(163,
{{169,
{171,
({172,
({181,
{{189,
({192,
({196,
{{199,
{{208,
{{211,
({217,
({217,
{{219,
{(223,
({229,
({244,
({244,
({271,

{6, 0}}, (109, {7, 5}}}, ({39, {5, 2}}, {193, {9, 7}}},

{6, 1}}, {247, (11, 7}}}, {{48, {4, 4}}, {97, {8, 3}}},

{7, 0}}, {183, (13, 1}}}, ({52, {6, 2}}, {151, (9, S}}},

(8, 0}}, {139, (10, 3}}}, {{73, {8, 1}}, {217, (13, 3}}},
(6, 4}}, {243, {9, 9}}}, ({81, {9, 0}}, {151, {8, 5}}},

(8, 2}}, {61, {5, 4}}}, ({93, {7, 4}}, {139, {10, 3}}},

{8, 33}, {193, (9, 7}}}, {{103, {9, 2}}, {129, (8, 5}}},
{8, 4}}, (91, {6, 5}}}, {{112, {8, 4}}, {91, {9, 1}}},
{11, o0}}, {111, {10, 1}}}, {{124, {10, 2}}, {21, {4, 1}}},
{10, 2}}, (79, {7, 3}}}, {{127, (7, 6}}, (163, {11, 3)}},
(9, 4}}, {157, (12, 1}}}, ({139, {10, 3}}, {151, {9, 5}}},
(12, 0}}, {1, (1, 0}}}, ({144, (12, 0}}, {117, {9, 3}}},
{12, 0}}, (175, {10, 5}}}, ({147, (11, 2}}, {201, (11, 5}}},
{8, 6}}, {229, {12, 5}}), {{156, {10, 4}}, {163, {11, 3}}},
{12, 1}}, {75, {5, 5}}}, ({157, {12, 1}}, (133, {11, 1}}},
{11, 3}}, (243, (8, 9}1}, ({169, (8, 7}}, {63, {6, 3}}},
(13, 0}), {63, {6, 3}}}, ({169, {13, 0}}, {121, {11, 0}}},
{s. 6}), {61, {5, 4}}}, ({172, {12, 2}}, {31, (5, 1}}},
{12, 2}), {147, (7, 7}}}, {{175, {10, 5}}, {57, {7, 1}}},
{11, 43}, {109, (7, 5}}}, ({183, {13, 1}}, {49, {5, 3}}},
{12, 3}}, (43, (6, 1))}, ({189, {12, 3}}, {217, {13, 3}}},
(8, 8}}, {127, {7, €}}}, {{192, (8, 8}}, {243, {9, 9}}},
(10, 63}, {7, {2, 1}}}, {{196, (14, 0}}, {7, {2, 1}}},

(13, 23}, {91, {9, 1}}}, ({201, {11, 5}}, {147, {7, 7}}},
{12, 4}), {111, {10, 1}}}, ({208, {12, 4}}, {169, {8, 7}}},
(14, 1}}, (21, {4, 1}}}, ({211, {14, 1}}, {79, (7, 3}}},
{9, 8}}, {73, {8, 1}}}, {{(217, (9, 8}}, {189, {12, 3}}},
{9, 8}}, {247, {11, 7}}}, ({217, {13, 3}}, {247, {11, 7}}},
{10, 7}}, {13, {3, 1}}}, ({219, (10, 7}}, {129, {8, 5}}},
{11, 6}}, {9, {3, 0}}}, ({223, {11, 6}}, {183, {13, 1}}},
{12, 5}), {3, {1, 1}}}, ({229, (12, 5}}, (61, {5, 4}}},
{10, 8}}, {75, (5, 5}}}, ({244, {10, 8}}, {133, {9, 4}}},
(10, 8}), {133, (11, 1}}), ({271, {10, 9}}, {19, (3, 2}}},
(10, 9}}, {193, (9, 7}1}}

({7, {2, 1}}, (196, (10, 611}, {{9, {3, O}}, {223, (11, 6}}},

{{19,
({21,
({43,

(3, 2}}, (271, {10, 9}}}, ({21, {4, 1}}, {124, {10, 2}}},
(4, 1}}, {211, {14, 1}}}, ({31, (5, 1}}, {172, (12, 2}}},
(6, 1}}, (247, (11, 7}}}, ({49, (5, 3}}, {183, (13, 1}}},

91
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({57, {7, 1}}, {175, (10, 5}}}, ({61, {5, 4}}, {84, (8, 2}}},
({61, {5, 4}}, (171, (9, 6€}}}, ({75, (5, 5}}, {244, (10, 8}}},
({79, (7, 3)}, (211, (14, 1}}}, ({91, {9, 1}}, {199, {13, 2}}},
({93, {7, 4}}, (139, (10, 3}}}, ({109, (7, 5}}, {36, {6, 0}}},
({112, (8, 4}), (91, {6, 5}}}, ({117, {9, 3}}, (28, (4, 2}}},
{(121, (11, 0}}, {111, {10, 1}}}, ({124, {10, 2}}, {79, (7, 3}}},
({127, (7, 6}}, {163, {11, 3}}}, ({129, {8, 5}}, {103, {9, 2}}},
({129, {8, 5}}, {219, {10, 7}}}., {{133, {9, 4}}, (244, (10, 8}}},
({133, {11, 1}}, {244, (10, 8}}}, ({144, {12, 0}}, {175, {10, 5}}},
({151, {9, 5}}, {52, {6, 2}}}, ({151, {9, 5}}, {139, {10, 3}}},
({156, {10, 4}}, (163, {11, 3}}}, {{(157, (12, 1}}, {75, {5, 5}}},
({169, {8, 7}}, (63, {6, 3}}}, {{169, {13, 0}}, {63, {6, 3}}},
(172, {12, 2}}, (147, {7, 7}}}, ({183, {13, 1}}, (223, {11, 6}}},
({189, {12, 3}}, {43, {6, 1}}}, ({192, (8, 8}}, {127, (7, 6}}},
(193, {9, 7)), {39, {5, 2}}}, ({193, (9, 7}}, {97, (8, 3}}},
({193, (9, 7)), (271, {10, 9}}}, {{(196, {14, 0}}, (7, {2, 1}}},
({201, (11, 5}}, {31, (5, 1}}}, {{201, {11, 5}}, {147, {7, 71}},
({201, {11, 5}), (147, {11, 2}}}, ({208, {12, 4}}, {111, {10, 1}}},
({217, {9, 8}}, (247, (11, 7}}}, ({217, (13, 3}}, {189, {12, 3}}},
({217, {13, 3}}, (247, {11, 7}}}, ({243, {9, 9}}, {76, {6, 4}}},
({243, {9, 9}}, {163, {11, 3}}}}

({9, {3, 0}}, {223, {11, 6€}}}, {{19, {3, 2}}, {271, {10, 9}}},
({21, {4, 1)}, (211, (14, 1}}}, ({28, {4, 2}}, {117, {9, 3}}},
({31, {5, 1)}, {172, {12, 2}}}, {{36, {6, O}}, (109, {7, 5}}},
({39, {5, 2}}, (193, {9, 7}}}, ({61, (5, 4}}, (171, {9, 6}}},
({76, {6, 4}}, {243, (9, 91}}, {79, {7, 3}}, {124, (10, 2}}},
({79, {7, 31}, (211, {14, 1}}}, ({84, (8, 2}}, {61, {5, 4}}},
({91, {6, 5)}, (112, {8, 4}}}, ({97, (8, 3}}, {193, {9, 7}}},
({111, {10, 1}}, {208, {12, 4}}}, ({124, (10, 2}}, {21, {4, 1}}},
({129, {8, 5}}, {218, {10, 7}}}, ({139, {10, 3}}, {93, {7, 4}}},
{{139, {10, 3}), {151, {9, 5}}}, {(163, {11, 3}}, {127, {7, 6}}},
({163, (11, 3}}, {156, {10, 4}}}, ({163, {11, 3}}, (243, (9, 9}}},
({169, {8, 7}}, {63, {6, 3}}}, ({172, {12, 2}}, {147, {7, 7}}},
({175, (10, 5}}, {144, {12, 0}}}, ({183, {13, 1}}, {223, {11, 6}}},
({189, {12, 3}}, {43, {6, 1}}}, ({196, {10, 6}}, (7, {2, 1}}},
({199, (13, 2}}, {91, {9, 1}}}, ({201, {11, 5}}, (147, {7, 7}}},
({217, (13, 3}}, {189, (12, 3}}}, {(244, (10, 8}}, {133, (9, 4}}},
({244, (10, 8}}, {133, {11, 1}}}, {(247, {11, 7}), {43, (6, 1}}},
({247, (11, 7}}, {217, {9, 8}}}, ({271, (10, 9}}, {193, {9, T}H}}}

{{{21, {4, 1}}, (211, {14, 1}}}, ({31, (5, 1}}, {172, {12, 2}}},
{(36, (6, 0}}, (109, {7, 5}}}, {{43, {6, 1}}, {189, {12, 3}}},
({43, (6, 1}}, (247, (11, 7}}}, {{61, (5, 4}}, (84, (8, 2}}},
({63, {6, 3}}, {169, {8, 7}}}, {{76, (6, 4}}, (243, {3, 9}}},
({79, (7, 3}}, {211, {14, 1}}}, ({112, {8, 4}}, {91, (6, 5}}},
({117, {9, 3}), {28, (4, 2}}}, {{(124, {10, 2}}, {21, (4, 1}}},
({127, {7, 6}}, {163, {11, 3}}}, ({133, (9, 4}}, {244, {10, 8}}},
({139, (10, 3}}, {151, {9, S}}}, {(144, {12, 0}}, {175, {10, 5}}},
({147, {7, 73}, (172, {12, 2}}}, ({147, (7, 7}}, {201, (11, 5}}},
({156, {10, 4}}, {163, (11, 3}}}, ({171, (9, 6}}, {61, {5, 4}}},
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({183, (13, 1}}, (223, (11, 6}}}, {{193, (9, T}}, (39, (5, 2}}},
{(193, {9, 7}}, (97, {8, 3}}}, ({217, {9, 8}}, {247, (11, 7}}},
{(219, {10, 7}}, {129, {8, 5}}}, {(243, {9, 9}}, {163, {11, 3}}},
({244, {10, 8}}, {133, (11, 1}}}}

{({61, {5, 4}}, {84, {8, 2}}}, ({91, {6, 5}}, {112, {8, 4}}},

(197, (8, 3}}, {193, (9, T}}}, ({124, (10, 2}}, {21, (4, 1}}},
({129, (8, S5)}}, {219, (10, 7}}}, ({133, {11, 1}}, (244, {10, 8}}},
({144, {12, 0}}, {175, {10, 5}}}, ({151, {9, 5}}, {139, {10, 3}}},
({163, {11, 3}}, {127, (7, 6}}}, ({163, {11, 3}}, (156, {10, 4}}},
({172, (12, 2}}, (31, (5, 1}}}, ({172, (12, 2}}, (147, {7, 7} 1},
({201, (11, 5}}, {147, {7, 7}}}, {{211, (14, 1}}, {21, {4, 1}}},
({211, (14, 1}}, {79, (7, 3}}}, {{217, {9, 8}}, {247, {11, 7}}},
({223, (11, 6}}, {183, {13, 1}}}, ({244, {10, 8}}, (133, (3, 4}}},
({247, {11, 7}}, (43, (6, 1}}}}

({{21, (4, 1}}, {124, {10, 2}}}, ({21, {4, 1}}, {211, {14, 1}}},
({31, (5., 1)}, (172, {12, 2}}}, ({39, {5, 2}}, {193, {9, T}}},
({43, {6, 1)}, {189, {12, 3}}}, ({61, {5, 4}}, (84, (8, 2}}},
((79, (7, 3}}, {211, {14, 1}}}, ({127, {7, 6}}, {163, {11, 3}}},
({139, {10, 3)}}, {151, {9, 5}}}, {{147, {7, 7}}, {172, {12, 2}}},
({163, {11, 3}}, {156, {10, 4}}}, ({193, {9, 7}}, {97, {8, 3}}},
({201, {11, 5)), (147, {7, 711}, ({219, {10, 7}}, {129, (8, 5}}},
({244, {10, 8)}, {133, (9, 4}}}}

(({79, {7, 3}}, (211, {14, 1}}}, ({84, (8, 2}}, {61, {5, 4}}},
({124, {10, 2}}, {21, (4, 1}}}, {{151, {9, 5}}, {139, {10, 3}}},
({156, {10, 4}}, {163, {11, 3}}}, ({163, {11, 3}}, {127, {7, 6}}},
({172, {12, 2}}, {31, {5, 1}}}, ({189, (12, 3}}, {43, {6, 1}}},
({193, {9, 7}}, (97, (8, 3}})}, ({211, {14, 1}}, {21, {4, 1}}},
({244, {10, 8}), (133, {9, 4}}}}

{{{21, (4, 1)}, {124, {10, 2}}}, {{(31, {5, 1}}, {172, {12, 2}}},
({43, {6, 1}}, (189, {12, 3}}}, ({61, {5, 4}}, {84, (8, 2}}),
({133, {9, 4}}, {244, (10, 8}}}, ({163, {11, 3}}, {127, {7, 6}}},
{{193, (9, 7}}, {97, (8, 3}}}}

({(43, {6, 1}}, {189, {12, 31}}}, ({84, {8, 2}}, {61, {5, 41}},

{(97, {8, 3}}, {193, {9, T}}}, ({124, {10, 2}}, {21, {4, 1}}},
({163, {11, 3)}}, {127, {7, 6}}}, {{172, {12, 2}}, {31, {5, 1}}},
({244, {10, 8}}, {133, {9, 4}}}}

({{21, (4, 1)}, {124, {10, 2}}}, ({43, {6, 1}}, {189, {12, 3}}},
({133, {9, 4)}}, (244, (10, 8}}}, ({172, {12, 2}}, (31, {5, 111},
({193, {9, 7)), (97, {8, 3}1}11}}

(({21, (4, 1}}, (124, (10, 2}}}, {{84, (8, 2}}, {61, (5, 4}}},

{(97, (8, 3}}, {193, (9, 7}}}, ({163, {11, 3}}, {127, {7, 6}}},
({172, (12, 2}}, (31, {5, 1))}, ({189, {12, 3}}, {43, (6, 1}}},
({244, (10, 8}}, {133, (9, 4}}}}

({121, {4, 1)}, {124, {10, 2}}}, ({31, (5, 1}}, {172, {12, 2}}},
({43, (6, 1}), {189, {12, 3}}}, ({84, (8, 2}}, {61, {5, 4)1),
({127, {7, 6)}}, (163, {11, 3}}}, {{133, {9, 4}}, {244, (10, 8}}},
(€193, {9, 7))}, (97, {8, 3}}}}
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({(84, (8, 2}}, (61, (5, 4}}}, ({97, {8, 3}}, {193, (9, 7}}},
({124, (10, 2}}, (21, {4, 1}}}, ({133, (9, 4}}, (244, (10, 8}}},
({163, (11, 3}}, (127, (7, 6}}}, ({172, (12, 2}}, {31, {5, 1}}},
({189, {12, 3}}, {43, {6, 1}}}}

({(21, {4, 1}}, (124, {10, 2}}}, ({31, (5, 1}}, (172, (12, 2}}},
({43, {6, 1)}, {189, {12, 3}}}, ({61, {5, 4}}, (84, (8, 2}}},
({97, (8, 3}}, (193, (9, 7}}}, ({127, (7, 6}}, {163, (11, 3}}},
({133, {9, 4}}, {244, (10, 8}}}}

({{21, (4, 1}}, {124, {10, 2}}}, ({31, (5, 1}}, {172, (12, 2}}},
({43, {6, 1}}, {189, {12, 3}}}, ({61, (5, 4}}, (84, (8, 2}}},
({497, {8, 3}}, (193, {9, 7}}}, {{127, {7, 6}}, {163, {11, 3}}},

{133, {9, 41}, {244, (10, 8)}}}}

{1993, 9, 30, 17, 31, 40}
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A.4. Program 2 (for p=29).

pate[]>>\ohhira\clvé;
<<\ohhira\clv3;
<<\ohhira\clv5;
p=41;
mlv7?=(};
clvsdim = Dimensions{clv5]([[1]1];
Do(Block[(},
If [Dimensions[clv5]([[1]]==0, Break(]];
vectO=clv5([[1]];
vectl=vect(;
clve=(};
Do[Block([{},

vectll=vectl[[1]];

vectl2=vectl[[2]];

AppendTo{clvé,vectl];

clv5=Delete[clv5,Position[clv5,vectl] [[1]1]1];

postbl=Position[clv3,vectll];

If[postbl[[1,2]]==1
,vect2l=clv3[[postbl([[{1,1]],2]]
,vect2l=clv3[[postbl{([2,1]],2]]

1;

postbl=Posgition[clv3,vectl2];

If [postbl({([1,2]]==1
,vect22=clv3[[postbl[[1,1]],2]]
,vect22=clv3[[postbl[{2,1]],2]]

1;

vect2={vect2l,vect22};

If[(vectO==vect2) || (vect0 == {vect22,vect2l})
,Break[]

1: .
If [MemberQ[clv5,vect2]
,vectl=vect2
,vectls{vect22,vect2l}
1;
1,43, (p-1)/2}];
c¢lv6>>>\ohhira\clvs;
mlvé=2*Min{Table[
elve{[i,1,1]1+clv6[[i,2,1]]
,{i,Dimensions[clv6] [{111}1]/(3*p);
mnlvé>>>\ohhira\clvé;
mlv7=Union{mlv?7, {mlvé}];
1,{i,clv5dim}];
mlv7=8ort [mlv7];
mlv7>>>\chhira\clvé;
pate{]>>>\ohhira\clvé;
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A.5. Output from Program 2 for p=41.

{1993, 10, 2, 17, 29, 57)

({7, {2, 1)}, (403, (14, 9}}}, {{(28, {4, 2}}, (259, (13, 5}}},
({112, {8, 4}}, {175, (10, 5}}}, ({331, {11, 10}}, {448, {16, 8}}},
({193, (9, 7)), (381, (19, 1}}}}

14/3

{{{9, (3, 01}, (196, {10, 6}}}, ({36, (6, 0}}, {333, (12, 911},
({144, (12, 0}}, {307, (17, 1}}}, {(39, {5, 2}}, {289, (17, 0}}},
({49, {7, 0}}, {156, {10, 4}}}, {{196, {14, 0}}, {337, {13, 8}1},
{1169, (13, 0}}, (241, (15, 1}}}, {{103, (9, 2}}, {225, (15, 0}}},
{{121, {11, 0}}, {412, (18, 4}}}, ({49, {5, 3}}, {361, (19, 0111}

10/3

{{{s, 3, 03}, (196, (14, 0}}}, {{36, (6, 0}}, (169, {13, 0}}},
({144, (12, 0}}, {225, (15, 0}}}, ({121, {11, 0}}, {289, {17, 0)13,
({49, (7, 0}}, (361, {19, 0}}}}

10/3

({13, {3, 1}}, {397, (12, 11}}}, {{52, {6, 2}}, {399, {17, 5}}},
{79, (7, 3}}, (208, {12, 4}}}, ({217, {9, 8}}, {316, (14, 611},
({157, {12, 1}}, {417, (16, 7}}}, ({151, {9, 5}}, {259, (15, 2}}},
({93, {7, 4}}, {399, {13, 10}}}, {{325, (15, 5}}, (372, {14, 8}}},
{{111, (10, 13}, {217, {13, 3}}}, {{171, (9, 6)), (403, {19, 2}}}}

14/3

{{{19, (3, 2}}, (268, (14, 4}}}, ({76, {6, 4}}, {129, {8, 5}}},
({304, {12, 8)}, (475, {15, 10}}}, {{273, {16, 1}}, {301, {11, 911},
({67, {7, 2}}, (343, {18, 1})}}}

10/3

{{{19, (3, 2}}, {432, (12, 12}}}, ({76, (6, 4}}, {457, (17, 7}}},
({147, (7, 7}}, {304, {12, 8}}}, ({273, {16, 1}}, (547, {14, 13}}},
({67, (7, 2}}, {507, (13, 13}}}, {{268, {14, 41}, (511, (15, 11}}},
{{129, {8, 5}}, {363, (11, 11}}}, {{427, (19, 3}}, {475, (15, 10}}},
{127, (3, 3}}, {301, (11, 9}}}, {{108, {6, 6}}, {343, {18, 1}}}}

16/3

({27, (3, 3}}, (301, (15, 4}}}, ({97, (8, 3}}, {108, {6, 6}}},
({388, {16, 6}}, {432, (12, 12}}}, {{117, (9, 3}}, {457, {17, 7}}},
({147, (7, 7}}, {427, {17, 6}}}, ({109, (7, 5}}, {547, {14, 13}}13,
{{436, {14, 10}}, {507, {13, 13}}}, {{309, {13, 7}}, {511, (15, 1111},
({211, (14, 1}}, {363, {11, 11}}}, ({147, {11, 2}}, {427, {19, 3111}

10/3

{{{27, (3, 3}}, {547, {14, 13}}}, ({108, {6, 6}}, {507, {13, 1311},
{{432, {12, 12}), (511, {15, 11}}}, {{363, {11, 11}}, (457, (17, 7113,
({147, (7, 71}, (427, {19, 31))

28/3

({37, {4, 31}, (291, (14, 5}}}, ({139, {10, 3}}, (148, (8, 6}}),
({351, (15, 6}}, {469, {13, 12}}}, {{133, (11, 1}}, (441, {15, 9}}},
({247, (11, 71}, {327, {17, 211

14/3

{1039, (5, 2}}, (412, (18, 4}}}, ({49, (5, 3}}, {156, {10, 4}}},
({196, {10, 6}}, {337, (13, 8}}}, {(241, {15, 1}}, {333, {12, 9}}},
{103, {9, 2}}, (307, {17, 1})}}

10/3
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L2]
[3]
[4]
(5]
[6]
L7]
(8]

{{{43, (6, 1}}, (367, (13, 9)}}}, ({172, {12, 2}}, {2379, {15, 3}}},
({91, {6, 5})}, (237, (13, 4}}}), ({169, (8, 7}}, {364, {12, 10}}},
({349, (17, 3}}, (471, {14, 11}}}}

16/3

{({63, {6, 3)}, (388, {16, 6}}}, ({117, {9, 3}}, {252, {12, 6}}},
({229, {12, 5}}, {427, {17, 6}}}, {(109, (7, 5}}, (219, (10, 7}}},
{(343: {14, 7}}, {4361 {14, 10})}1 ({1831 {1311))1 {309, (13, 7}})1
({199, {13, 2}}, {211, {14, 1}}}, {{147, (11, 2}}, {181, {11, 4}}},
({273, {11, 8}}, {301, {15, 4}}}, ({97, {8, 3}}, (313, (16, 3}}}}

16/3

({79, {7, 3}}, (372, {14, 8}}}, {{217, {13, 3}}, (316, (14, 6}}},
({157, {12, 1)}, {171, {9, 6}}}, ({259, {15, 2}}, {397, {12, 11}}},
({93, {7, 41}, {399, {17, 5}}}}

16/3

({97, (8, 3}}, (436, {14, 10}}}, ({309, {13, 7}}, {388, {16, 6}}},
({117, (9, 3)}, {211, {14, 1}}}, ({147, {11, 2}}, (427, {17, €}})},
({109, {7, 5}}, {301, {15, 4}}}}

16/3

{{{127, {7, 6}}, {283, (13, 6}}}, ({189, {12, 3}}, {508, {14, 12}}},
({223, (11, 6}}, {433, (13, 11}}}, ({277, {12, 7}}, (379, {15, 7}}},
{{163, {11, 3}}, {247, {14, 3}}}}

20/3

{10/3, 14/3, 16/3, 20/3, 28/3}

{1993, 10, 2, 17, 35, 30}
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