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§1. Introduction

I. Kluvanek has introduced an operator-valued measure M, which is
called SPt-measure in [4, 5] as follows:

Let E be a Banach space and L(E) the space of bounded linear opera-

stors on E. Let S:{(t,s): 0=s=t<oo}—>L(E) be a map such that

(i) S(t, t)=1, the identity operator, for every t=0;

(i1) S(t, »)=S(t, s)-S(s,r) for any », s and ¢ such that 0=r=s=t<oo;

(iii) S is continuous in the strong operator topology of L(E).

Such a map is called a propagator in the space E. If S(¢, s)=S(t—s,0),
for any 0=<s=<t< oo, then we write without ambiguity S(¢)=S(t,0), for
every t=0. Then we call it a semigroup.

Let A4 be a locally compact Hausdorfl space, (A4) the o-algebra of
Baire sets in A. Let P: B(A)—L(E) be a spectral measure. That is, P
is ¢-additive in the strong operator topology, P(A)=I and P(B(\vC):
P(B)P(C) for any B B(4) and Ce= B(A).

For every t=0, let I', be a set of maps v: [0, t] >4 to be called paths.
Let P, be the family of all sets

F:{’UEF,::’U(tj)EBj’ j:1,2,"',l{,‘}

corresponding to arbitrary k=1,2, .-, numbers 0=¢,<f,< «+» <, <L =T
and sets B, B(A), j=1,2,-+,k. Let M,: P,—~L(E) be a map such that
M,(I")=S(t, t,) P(B)S(ts, te-1)P(Bs-1) -+ P(B3)S(ts, t.) P(B1)S(t1, 0) for every set
I'<P,.

We consider the case that A=R", where n is a positive integer and
I',=Y, consists of all continuous paths »:[0,¢t]—R". M, is a cylindrical
operator-valued measure. I. Kluvanek has considered in [4] the case that
M, is extensible to a o¢-additive measure on ¢(P,) which is the g-algebra
generated by P,. However, it is very rare cases except the Wiener measure.
So, we investigate the special case of M, which is available to get some
kind of extension.
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§2. An operator S,

In this section we investigate a special operator which relates to M,.
We follow Nelson’s method of construction of the Wiener measure ([6])
(see also Ichinose [3]).

Let R”:R“U{OO} be the one-point compactification of B*. In section 1
we have defined Y,. We introduce the infinite path v.: [0,t]—=R" defined
by v.(s)=co, for 0<s<t. Then we understand that Y, contains the infinite
path.

Let C(R™) be the Banach space of the C-valued, where C is the com-
plex number field, continuous functions on R”, denote by X. Let X be the
Banach space of all C-valued bounded Borel measurable functions defined on
R*. Let Z=C(Iln.R";C) denote the Banach space of the C-valued con-
tinuous functions on Il ;R where I, . R” is the product of the uncoun-
tably many R"; Zsn=Can(Il..R"; C) the subspace of those @ in Z for
which there exist a finite partition 0=t,<t,< --- <t,=t of the interval
[0,¢t] and a C-valued bounded continuous function F(z®,z®, -, 2™) on

(R™)™*! such that
() D(v)=F(v(t), v(ts), ===, v(tm) .

We want to introduce a linear operator S, mapping Z;, into X using
S which is a propagator in X.

Take @ from Zg, so that there exist a finite partition 0=t,<t,< -
<tn=t of [0, t] and a C-valued bounded continuous function F(x, 2, ---, x™)
on (R*)™*! such that () holds. We may suppose F is defined everywhere
and continuous in (R*)™*! so that |?.=|F|., where |-|. means the sup
norm. Suppose that S defines a kernel function K such that

(1) (St 9@ =\Kt, 03 5,007 w)dy,  for feC@®?.

Define S,(®) by

m
———

(SO =\ | Kl 25 b 50 -

K(tZ’ x(2> ) tl: x(l))K(tl: w(l) ; t()) m(O))F('x(O)) m(D; Tty

w(m))dx(O) e dx(m—l) ,

where *™=g=R". S, is independent of the choice of F|, then S, is well-
defined. We have the following proposition.

PROPOSITION 1. If {S(t); 0=t <+ oo} is a contraction semigroup and also
defines a kernel function K satisfying (x*),then S, 1s uniquely extended to
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a continuous operator of C(Ilp o(R™) (=Z) into C(R") (=X).

We also denote the extension S..
The following theorem is well known. All notations are the same as
above.

THEOREM 1. If S; is a continuous linear operator of Z into X, then
there exists a unique set function p, defined on the Borel sets in Tl R
and having values in X”, where X” 1s the second dual of X, such that

(a) p(-)x’ is in rea (Ilo.oRY) for each x’ in X', where rca(A) is the
space of all regular countably additive measures on A;

(b) the mapping x'— p(-)x’ of X' into rea (Il R") is continuous with
the X and Z topologies in these spaces respectively ;

(© a'S, f:SH faypdwy’, for fEZ and o' <X ;
0,618
@ 1S =1pl(psR™), I¢l(A) means the total variation of p on A.

If S, is weakly compact, we have the following one instead of
Theorem 1.

THEOREM 2. If S, is a weakly compact operator of Z into X, then
there ewists a vector-valued measure p defined on the Borel sets in Tl oR"
and having values in X such that |

(a) a'p is in rea (Mqp.nR"), for o' <X’ ;

0 Sif=\  fwpdu), for f=2;

© ISd=1gl(ITpaR") ;
(d) Sw'=x"p, for 2’X’, where S| is the dual operator of S,.

§3; Relations between S, and M,

Let {S(t); 0=t< + oo} be a contraction semigroup in X and also having
a kernel function K satisfying (xx), and P be defined as follows:

P(B)f=1z-f where feX and BeB(R").

P is a spectral measure. Then we have an SPt-measure M, defined by S
and P.

Here we consider the relation between M, and the operator S, defined
by S.

First we suppose that S; is weakly compact. In this case we have the
X-valued measure p. If feX and I'={weY,;v(t)=B;, j=1,2,---,m},

where B,= B(R") for every j, then M,(I")f= SFFd;,l, where F' isin Zg, and
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F(v)=f(v(t)). Therefore M,(I")=L(X) and M, is countably additive on o(F;)
in the strong topology.

Second we consider the general case. In this case we have the X’-
valued measure g such that

:c’ScF:SF(u)y(du)x' for FeZ and 2'X'.
If feX and I'={weY,;v(t)=EB,5=1,2,-,m}, then o« (M(I)f)=

S F(uw)pu(duw)x’, where F' is in Zg, and F(v)=f(v(¢y)). Therefore M, is coun-
r
tably additive on ¢(P,) in the weak topology.

§4. Examples

In this section we treat some examples.

EXAMPLE 1. Let K(t,x:s,y) = {4xD(t—s)} *exp(—|x—y|*/4D(t—s)),
where D is a constant and |-| means the norm of R". It is clear that S

is a contraction semigroup. The following results are known.

m+1
N

Let (St(l))(:rc)zg ot S o Kty 275 g, @) e Kby, 005 b, 0P) F (@, -
R R
2™ dxPdx® -+ de™, then S, defines the Wiener measure 7 on 1l R".
m+1
Also let (§L(p)(x);—g Y S -nK(tm; x(m; tm—l} m(m—l)) K(tl, 90(1); to; 96(0))]7(90(0),
R R

™) dx® < dx™ Pdp(x™), where pc&rea(R®), then S, defines the measure
7. on Ilp,R™ Consider the dual operator S then we have Sip=ry, for
every pcrca(R"). Therefore S; is weakly compact ([2]). Then S, is also .
weakly compact, so that we have C(R")-valued measure defined on Il R".

EXAMPLE 2. ([3])
Consider the homogeneous hyperbolic system of the first order

(i) atgb(t,x):[élPlalJriQ(t,90):|¢(t,90), 0<t<T, e R",

where 0<< T< oo, We assume, for the Nx N-matrices P; and Q(¢, x), (P)
and one of (@);, (@,); and (Q.),;, 1=0,1.

(P) The P, 1=1=<n, are mutually commuting, constant matrices having
only real eigenvalues {A,};-;.n, so that they are simultaneously diagonal-
izable. (Q); Q: [0, T)=t—Q(t, -)e E‘(R"; C¥) is continuous; (@Q,); Q: [0, T)
=St-Q(t, -) = BY(R™ ; C¥®) is continuous; (Q.); Q: [0, T) 2t—Q(t, -)=CH(R™; CY*)
is continuous: E° is the Fréchet space of the C¥’-valued C° (i-times con-
tinuously differentiable) function in R*, B’ the Banach space of those func-
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tions in E® which together with their derivatives up to the ith order are
bounded and C¢ is the Banach space of those functions in B* which together
with their derivatives up to the ith order have the finite limits as |x|— co.

By (S(t, s)g)(x) we denote the solution ¢(¢,x2) of the Cauchy problem
for (x*x) with datum ¢(s, x)=g(x) at time s:

(St @)=\ K(t, 25 5,19y

with the fundamental solution K(t, x; s,y) for (x*x*).

This case S is not necessarily a contraction semigroup, however S, is
a continuous linear operator. Then we have (C(R"))”-valued measure on
H[O,t]Rn'

EXAMPLE 3. ([1])

Assume that K(¢, x; s, y) satisfies the following conditions:

(i) The real-valued function K(t,x; s,¥) is continuous with respect to
(x,y) for s<t.

(ii) SRnK(t, v; s, NWK(r,z; t,0)de=K(r,z; s,y) (r<t<s).

(ili) For each x and v, |K(t,«; s,v)|* is integrable with respect to the
Lebesgue measure.

(iv) SRnK(t,m; s, dy=1 for s<t, x= R".

1 |
(v) s {{ K05 8 pldy—1] < oo

Consider S, as the same as in Example 1, then we have the signed
measure which is of bounded variation on IIq.R™ ([1]). Using the same
method of Example 1, we have C(R")-valued measure on Il R".
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