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Introduction. ILet M" be an n-dimensional Riemannian space with
the Riemannian metric tensor g=(g;;). K. Nomizu [3] has shown that the
Riemannian curvature tensor R=(R,;,) is decomposed to three orthogonal
components which belong to Kerc (see §2). The first component is the
Weyl conformal curvature tensor and the third one is the type gAg.
Generalizing the Riemannian curvature tensor, S. Kulkarni [4] and the
author [6] defined the notion of the curvature type tensors, and obtained
the same orthogonal decomposition theorem as K. Nomizu.

Let B, be the space of the curvature type tensors of degree p on M™.
Then the differential operators © and ¢ are defined on B,. The operator
O0=®D5+0D is called the Laplace operator, and Ker[] is the space of
harmonic curvature type tensors. The element of Ker® satisfies the
analogous equation as the second Bianchi identity of the Riemannian
curvature tensor. In compact case we have Ker J=Ker ®\Kerds. As for
the space with the harmonic Riemannian curvature tensor some results
are obtained by several authors (E. Omachi [7], M. Umehara [8]).

In general, Jw does not belong to B, for we B,, and J.P. Bourguignon
[4] showed that DweB, if and only if » commutes with the curvature

type tensor R——é—p/\g where p=(R;;) is the Ricci tensor. K. Nomizu

proved that the orthogonal decomposition of curvature type tensor @ of
degree 2 are preserved by the operators ©® and & under the condition of
the first Bianchi equation &w=0. From these facts it seems to me that
the definition of the Laplacian [0 is not complete as the operator on B,.
In this paper we give a new definition of the Laplacian @ on B, such
that Qwe B, for any weB,, and show that the orthogonal decomposition
of curvature type tensor w of any degree can be preserved under [J
without the assumption Sw=0.
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1. Notations. Let 4, be the space of differential forms of degree
p on M", and define D,,=A4,Q4,, Then D=\UD,, is a graded algebra
with the exterior product A. Moreover it admits the inner product <, >
and hence the *-operator *:D,,—D,_ , ..,. The operators g:D,,— D, i1 441
and ¢:D,,—D,_,,, are defined by go=gAw, co=(—1)"?"Pxgxw for
weD,, Using g and ¢ we defined conf:D,,—~D,, which corresponds to
the Weyl curvature tensor.

A tensor w=(w;,,s,)€ D, , is called a curvature type tensor of degree
p if it satisfies w;, ,,=w,,,r,, Where we put I,=the index set 4, -+ .

It is shown that any curvature type tensor w=D,, can be decomposed
orthogonally as

o= a9 confc'w, c(confc w)=0

where a, is a constant. This is a generalization of the results of K.

Nomizu which we call the orthogonal decomposition with respect to c.
Corresponding to the first Bianchi identity of the Riemannian curvature

tensor, we define the mapping &:D, ,—Dys1 -1 and &:D, =Dy 1 441 bY

(@w)1p+1,Jq_1: P (_1)k~1w1p+1(£),ik</q_1 ’

Bo=(—1)"?*" 214 Sx*w.

Defining £:B,—B, by T=88 we determined all the eigenvalues of the
self-adjoint operator .

2. Differential operators ® and 6 on D,,. S. Kulkarni [4] defined
D:D,,—Dpiy,, by

(SD(‘))I:D,Jq: 2 (“1)k_1vikw1p+1(l?>,Jq

where V means the covariant derivative of the Riemannian connection.
Next we define 6:D,,,—D,.1,, by

(00)1 0=V 41,0,
In the similar way, we define ®:D,,,—D, 4.1 and §:D,,— D, .1 by
(@w)zp,Jq+1=Z (—=1)* 7V 301 g giyhr s
(Sw)Jp, Jg-1— —kaJP,qu_l .
LEMMA 2.1. For weD,, and ne D, we have

Dw A9)=Dw A+ (=10 ADy.

LEMMA 2.2. For we B, we have
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do=(—1+"Dxw),
Dw=(—1)P '+ P*w.

Supposing M™ to be compact and oriented, we take the global inner
product on D, , as

(w,7)= SM<w, EBE

Then the next lemma can be proved as usual making use of the Theorem
of Stokes.

LEMMA 2.3. The equations
Do, n)=(0,d7) and (Do, &) =(v,sE)

hold for we D, 4 PE Dy, and E€D, 41y

We calculate some local formulae of these operators.

LEMMA 2.4.
Dg+9gD=0, Dg+9D=0,
oc+cd=0, oc+es=0.
LEMMA 2.5.
DS+BD=0, DP&+6D=0,
06+B6=0, §84+5=0.
LEMMA 2.6.
De+cD=—5, Dec+cD=-—4,
0g+9d=—DD, dg+gi=—9D.
LEMMA 2.7.

DE+ED=D, DVS+6D=9D,
G +&5=34, 6&6+&6=0.

Using these lemmas we prove the following

PROPOSITION 2.8. (K. Nomizu, S. Kulkarni, J.P. Bourguignon) For a
curvature type temsor w of degree p, let w=2> w, be the orthogonal
decomposition with respect to c. If Sw=0, then the following (1), (2) and
(8) are equivalent :

(1) Dw=0 and dw=0,

(2) Dw=0 and s0=0,

(8) each w, satisfies Dw,=0, dw,=0 and Sw,=0.
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PROOF. Since Ker &=Ker & on B,, we have @w=0. From Lemma 2.7
it is easily obtained that (1) and (2) are equivalent. We show that (1)
and (2) imply (8). Each o, is written as w,=> a,g"confc’w for some
constant a, and hence we have ©w,=0 because & commutes with ¢, ¢ and
conf. Next from Lemmas 2.4 and 2.6 we see that go satisfies Dgw=0
and dgw=0 and also cw satisfies Decw=0 and dcw=0. By the similar way
we have S(g"w) =D(g"w)=06(g"w)=0 and S(c"w)=D(c"w)=0(c"w)=0 for any
. Since the operator conf is expressed by the operators g¢g°* and ¢* for
s=0, we conclude that D(g confc’w)=6(g"conf ¢"w)=0. This means that
Dw,=0w,=0 for any » and we see that (3) is true. The converse state-
ment (3)—(1) is trivial.

3. Laplace operator on B,. S.Kulkarni or J.P. Bourguignon defined
the Laplacian 3:D,,—D,, by Do=(Di+idD)w for weD,, If M" is
compact and oriented, Lemma 2.3 implies that

(Dw, 0)=(Dw, Dw)+ (dw, dw)

holds for weD,, Then Ker[J coincides with the space Ker ®Kerd.
They call a curvature type tensor @ to be harmonic if w satisfies OQw=0.
Proposition 2.8 asserts that if we B, satisfles @w=0 then each component
of the orthogonal decomposition =3 w, is harmonic if and only if w is
harmonic. However, it is clear that for weB,, Ow is not always a
curvature type tensor. We have OweB, if and only if the tensor

X=(X; z,,J]O) is a curvature type tensor, where the tensor X is defined by

Xr,r,= 2 Rifor,d,0,+ 2 Riakiﬁhwrpcg,‘ﬁ’)..fp .
Now we define a new operator :D, ,—~D,,, by
O=0-+0
where 0 =6D+Dj. The local expression of u for w=(w,, ,,) is given by

(Da))lp,Jp: _Zvavawlp,Jp+ pX Riaszp(%),.f,,
a e B
+ 2 Rjakwlp, Jph T2 RfakiﬂhG)[p(\/{,\fi),Jp
B8 « B8
+ 2 Rjakjlghwzp, Jp(%,\ﬁ)+2 2 Riakjﬁhwlp(\};), T pCk) -
It is evident that o is a curvature type tensor for any we< B,.
By virtue of Proposition 2.8, we see that Ker 1 =Ker O on the space

Ker&. Moreover if M™ is compact then the definition of [J leads to
Ker 0=Ker J=Ker .



Dec. 1968 On the Differential Operator of Curvature Type Tensors 105

THEOREM 3.1. The operator O0: B,— B, satisfies the following equations
on B,: ‘

(1) Og—g0O=0,

(2) Oc—cO=0,

(3) OS—eO=0 (O&—eO=0).

PrROOF. Making use of Lemmas 2.4 and 2.6, we have
Og—g=Dog+Dg—gDé—goD
=D(—D—gD)+5(—gD)+Dgo—(—D—39)D
=D—DF,
O9—90=3(—D—g5)—5gD—(—Dgs) — (—D—69)D
=D —-DD.

Adding side by side, we get
Og—g0O=0.
(2) and (3) can be obtained by the same way.

THEOREM 3.2. Let w=2> w, be the orthogonal decomposition with
respect to ¢ for we B,. Then the decomposititon

Oew=2 Oo,

1s too the orthogonal ones, and hence if dw=0, then Ow,=0 holds for
each r.

PROOF. (1) and (2) of Theorem 3.1 imply that Og"=¢"[0 and Oc"=c¢"1
hold for any integer ». Then we get [Oconf=conf[] and hence
O(a,g"conf ¢"w)=a,g9"conf ¢'dw is valid. Thinking of the fact that Qwe B,
for we B, and that a, is determined by the constant », p and the dimen-
sion n of the manifold, we see that the theorem is true.
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