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§1. Introduction

Let X be a locally compact Hausdorff space with a countable base
and G be a lower semicontinuous function-kernel on X, i. e., a lower
semicontinuous function from XxX into RU {+o} which is finite-
valued outside the digonal set 4 of Xx X. Further, let F be a closed
subset of X and « be a lower semicontinuous function on X. If there
exist a probability measure » and a real number % such that

supp(y)CF, Gv<u-+k

and Gv=u+k on F with the exception of a negligible set, then v is
said to be a semi-balayaged measure of # onto F.

D. Durier has proved in [1] that, in case G and the adjoint kernel G
of G satisfy the continuity principle, for any non-negligible compact
set F and any probability measure p with compact support there ex-
ists a semi-balayaged measure of Gp onto F if and only G satisfies the
semicomplete maximum principle, i. e., if g, v are probability measures

with fG;zdy<+OO, h is a real number and Gp<Gv+7% on supp(p), then

Gp<Gv+h on X. Furthermore, he has also proved that each compact
set F has an equiliblium measure, i. e., there exists a semi-balayaged
measure of the constant function 1 onto F if and only if G satisfies
the maximum principle.

On the other hand, in case G is the logarithmic kernel on R2, N.
Ninomiya proved that a closed set F has an equilibrium measure if
and only if the set of logarithmic capacities of compact subsets of F'
is bounded from above.

In this note we shall ask necessary and sufficient conditions for
a given lower semicontinuous function # to have a semi-balayaged
measure of # onto F. Next, we shall consider the case where there
is a probability measure A with lim Gi(x)=—oco. In this case we shall

X—

obtain more simple conditions which are extentions .of. the above
Ninomiya’s result.

Furthermore, under the additional assumption (d) in §5, we shall
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show that if G satisfies the semi-complete maximum principle, then

for any peM} there exists a semi-balayaged measure of Gp onto
any nonnegligible closed set.

§2. Preliminaries

Let X .be a locally compact Hausdorff space with a countable base
and G be a lower semicontinuous function-kernel on X. For a posi-
tive Radon measure g the potential Gu is defined by

Gu(x) =fG(x, ydu(y)

when it is well-defined. The adjoint kernel G of G is defined by

G(x, =Gy, x).
By Fubini’s theorem it follows that

JG‘udv=féud‘u

for p, veM3i. Here Mj§ is the set of all positive Radon measures
with compact support.

Now we shall consider the following families of measures:
8(6)={;¢EM’5; fGyd‘u<—|—oo},

B(G)={psM}; Gu is locally bounded},
F(G)={psM}; Gu is finite and continuous},

M(‘,={yEM$ ; fdeI},

E(GH)=6(G)NM;,
F(G)=5(G) N M.
For a closed set F' we also define
8(G; F)= {¢p€8(G); supp(w CF},
TG F)={peTF(G); supp(p)CF}.

A lower semicontinuous function kernel G on X is said to satisfy
the continuity principle, if Gp (peM?) is finite and continuous on X
whenever it is finite and continuous on supp(y). Hereafter we shall \
assume that G and G satisfy the continuity principle.

A Borel set B is said to be G-negligible (simply negligible) if
p(B)=0 for all p=8(G). We note that a Borel set B is G-negligible
if and only if it is G-negligible. If a property holds on a subset F
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of X except on a G-negligible set, it is said to hold G-n.e. on F
(simply n.e. on F).

DerFINITION 1. Let F be a closed set and # be a Borel measurable
function from X to RU {+o}. A probability measure v is said to be
a semi-balayaged measure of u onto F if there exists 2R such that

supp()CF, Gv=u+k n.e. on F, Gv<u-+k on X.

Then k£ is said to be a semi-balayage constant of # onto F.

DEFINITION 2. Let F be a closed set. A Borel measurable func-
tion # from X to RU {+oo} is said to be (G, F)-semi-supermedian if

ve8Y(G; F), | kER, Gv<u-+k on supp(v)
>
Gv<u+k on X.

A (G, X)-semi-supermedian function is simply said to be G-semi-

supermedian.
Now we denote by S(G;F) the set of all lower semicontinuous

(G, F)-semi-supermedian functions # with fud,2<+oo for each i1e

7(@, F). Using S(G,F), we shall obtain, for a compact set K, a
necessary and sufficient condition for a lower semicontinuous func-
tion # to have a semi-balayaged measure onto K.

ProproSITION 1. Let K be a nonnegligible compact set and u be a

lower semicontinuous function with fud2<+oo for each 15(GK).

Then the following assertions (i), (i1) and (iii) are equivalent:

(i) ueS(G;K, o
(ii) oM}, -€6'(G;K), kER, Gr<Go+k on supp(r)
>
[ude<|uds+,

(iii) There exists a semi-balayaged measure of u onto K.

Proor. We can prove this proposition by the same method as in
the proof of Proposition III. 2 in [1].
§3. Semi-balayaged constants

Hereafter G is a continuous function kernel on X, i. e., a contin-
uous function from Xx X into RU {4+ oo} in the extended sense and is
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finite-valued outside the diagonal set.

DerFINITION 3. A kernel G is said to satisfy the semi-complete
maximum principle if Gy is G-semi-supermedian for every ve M.
Hereafter we shall assume that G satisfies the following condi-

tions (cy), (), (cy), () or (cy), (), (¢y), (¢

(c;) G and G satisfy the continuity principle,

(c,) No nonempty open set is G-negligible,

(c;) G satisfies the semi-compete maximum principle,

(c,) G is lower bounded on Xx X,

(c,)) For every compact set K there is a compact set F such that

G(x. <0 (xeK, ye X .

Then, we recall that G also satisfies the semi-complete maximum
principle (cf. [1; Theorem III. 3.2]). Furthermore, we have the fol-
lowing proposition of a type of Fubini’s theorem.

PROPOSITION 2. Let p be a bounded measure and © be a measure
n ﬁ(é). If the potential Gr (resp. Gp) is integrable with respect to
¢ (resp. ©), then Gp (resp. ér) is t-integrable (resp. p-integrable) and
it follows that

@G.D jérdpz‘prdT.

Proor. If G satisfies (c,), we can easily show the proposition by
Fubini’s thorem. Next, assume that G satisfies (c,/). Set

G*(x,y)=max {G(x.¥),0} and G (x,y)=max {—~G(x,),0}.
Then G(x,y)=G+(x,y)—G(x,v). Since (x,y)—~G~(x,y) is finite and
continuous on XxX and the function nyG(x, ydw(x) is locally

bounded, the function y— f G+(x,y)dr(x) is also locally bounded. By
the assumption (c,’) there exists a compact set K such that G(x, y)<0

for every x<supp(z) and every yeX\XK. Hence fGJr(x,y)dr(x):O

for all ye X\ XK. Since the function yHJGJr(x, y)de(x) is upper bound-

ed on K, we have

B2 [[eraydedun=] dux)[CHx)de@<+oo.

If Ge (resp. Gp) 1s p-integrable (resp. c-integrable), then, by (3.2)
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[J6-Ce, e du(s)<+oo
and hence
[[16¢, e du(<+eo.

By Fubini’s theorem we have the conclusion.
In the following three examples both G and G satisfy the semi-
complete maximum principle. Furthermore the constant functions

are G-semi-supermedian.

ExampLE 1. X:= {natural numbers} (with the discrete topoloy).

b if x<y
b+1 if x>y.

Here b is a real number. Then G and G have the property (c,).

G(x,9):={

ExampPLE 2. X:=R, G(x,y):=—|x—y|. G has the property (c,).

—log |x—y| if x+y

ExampPLE 3. X:=R? G(ac,y):={+oO if 5=y

G has the property (c,”).
Since under our assumptions G also satisfies the semi-complete

maximum principle, each Go (M) is é-semi-supermebian. More
generally Ge¢ has also the following property:

PropOSITION 3.  Suppose that
éz‘ﬁéa—i—k n.e. on supp(r) (eeMl}, -€8(G), kER).

Then
Gr<Go+k outside supp (7).

Proor. Let x be an arbitrary point outside supp(z). Since G
satisfies the semi-complete maxlmum principle, by [1, Theorem III.
3.2] there exists veM} and 2= R such that

supp (v) Csupp (), Gv=Ge,+h n.e. on supp(z),
Gv<Ge,+h on X.
Then veB8(G) and

Ge(n)=[Ge,de=[(Gv—yde=[Gedv—n< [(Go+ Y dv—1n

= f (Gyv—I)do+E< f Ge,do+k=Co(x)+E.
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DEerINITION 4. We say that G satisfies the maximum principle if
the constant functions are G-semi-supermedian.

ProPOSITION 4. Let F be a nonnegligible closed set and u be a
Sunction in S(G; F) locally bounded on F. Suppose that G satisfies the
maximum principle. Then for kR the following assertions (i) and
(i1) are equivalent :

(1) If z€B(G), supp(x)CF, bER, Gr<b on supp(z), then
[+ By de<,

(i1) For each compact subset K of I' a semi-balayage constant of
u onto K is not smaller that k.

Proor. (i)—(i): Let K be a compact subset of F. Since ue
S(G;F) and u is bounded on K, by Proposition 1 there exists a
measure ye8'(G) and t€ R such that

(3.3) supp() K, Gv=u+t n.e. on K, Gv<u+t on X.

Furthermore, since 1eS(é;X>, there exist r€8'(G) and bR such
that '

supp(=)CK, Gc=b n. e. on K, Gr<b on X.
Then we obtain
f(u+t)dr=vadr=férdv=b.
On the other hand from Gz<b on supp(z) and (i) it follows that

f<u+k>dfgb.

Consequently we obtain 2<¢.

(i1)—(i): Suppose that reﬁ(é), supp(z)CF, bR and Gr<b on
éup’p (z). Then for the compact set K=supp(z)CF there exist veM}
and t= R satisfying (3.3). Since >k by the assumption, we obtain

o f(u-l—k)dz':‘f(Gv—t—I—k)d'tSféfdu:b.

This completes the proof.

§4. The main theorem

Hereafter we shall fix an exhaustion {(V,} of X, i. e., a sequence

of relatively compaet open sets such that V,cV,.,, CJ V,=X.
n=1



July 19836 Existence of Semi-balayaged Measures 41

DeriniTION 5. We say that G satisfies the unicity principle if for
wveE(G) Gp=Gy n.e. on X implies p=v.
Now we shall prove our main theorem.

THEOREM 1. Suppose that G satisfies the maximum principle and
the unicity principle. Let F be a nonnegligible closed set and uc
S(G;F) such that u(x) is locally bounded on F. Then there exists a
semi-balayaged measure v of u onto F if and only if there exists ke R
satisfying the following assertions (a) and (b):

(a) €B(G;F), beR, Gr<b on supp(r) >
[+ mar<a,

(b) For each >0 there exist sequences {o,}, (t,} CBB), (k) CR
and a compact subset of K of F such that

supp(r,)CK, fdrpzfdrp,

éap—Grp+kpééap+1—érp+1+kp+l n.e. on F,

4.1) })im(éap—éz'p+kp)2l n.e. on CKNF,

lim{[(u+ k) do,— [Cu+ k) de,+ R)<e.

D

Proor. First, suppose that there exists a semi-balayaged measure
v of # onto F. Let B be a semi-balayage constant of » onto . To
show (a), suppose that

Gr<b on supp(z) (reﬁ(é;F), bER).

Then, since G satisfies the maximum principle, Ge<b on X and
f(%+k)dt=ijdr=férdv£b.

Next, to show (b), let v, be the restriction of v to the set {x&F;u(x)
<u} NV, Then »,8(G) and hence v(B)=0 for every negligible set
B. Since G satisfies the semi-complete maximum principle and the
unicity principle, by [1, Remark of Theorem III. 6] there exist, for
each n and p>#n+2, sequences {o,,}, {r.,} ©€8(G) and ({k,,} CR such
that

supp (o, ) FnN CV,..nV,, supp(r,,)CFNV,, fdanp:fdz-np,

éanp~érnp+knp=1 n.e. on FNCV,;,NV,,
0<Go,p—Grop+kap<1 on X.
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Since supp(o,,) Nsupp(z,,)=¢, we note that ¢,,=8(G) and z-npeﬁ(é).
Erom Proposition 3 it follows that
éanp—érnp-l-knpééo‘n,pﬂ—érn,p+1+kn,p+l n, n.e. on X.

Moreover
1im(Goy,p—Geop+koy)=1 n. €. on FNCV,,,

P

1im(Ga,,—Grop+k,) =0 n.e. on FNV,.

Do
Consequently

lim lim (Go,, —Gz,, +k,,)=0 1. e. on F.

N> o0 pH—rco

Using fdu"—-l, Lebesgue’s theorem and Proposition 2, we obtain

0= [ 1im 1im (Go,,— Gr,p + np) d

n—roo p—rco

=lim lim( [ Gvdo,,— [ Gudr,, +.,)

n—o0 p— oo

=lim lim {[ Gu+ &) oy, — [ Cut B, + By .

#N— o0 P—r oo
Thus, for each ¢>0, we can find a natural number m such that
lim ([t B> oy — [t B ity o} <.
If we set
K:anm, O‘p:gmp, Tp:z-mp) kp:kmp’

then {s,}, (c,} and {&,} satisfy (4.1).

Conversely, suppose that the assertions (a) and (b) are satisfied.
Set F,={xeF;u(x)<n} NV, Since u=S(G;F), there exist p,cM)
and h,eR such that |

supp(g)cF,, Gu,=u+h, n.e. on F,, Gu,<u+h, on X.
We note that p,e8(G). Since p,=Mi, we can assume that {g,}
converges vaguely to a positive measure v, by replacing a subse-

quence of {g,}, if necessary. Then fdugl and supp(»)CF. For each

>0, by (b) there exist {¢,}, {z,} cﬁ(é), {k,} cR and a natural num-
ber m satisfying (4.1) with KcV,nF. Then, for n>m,

ICVm”an#ng}HEI(GGP —Gr,+ky)dp,

=1im( | Gpodo,— [Gpade, + ;)

bands
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<liminf { f (u+hy)do,— f () dey+ k| <.

b

Furthermore, choose a continuous function f on X with compact
support such that

f=1on V.. 0<f<1 on X.
Then

1=[dp=[ fap+ [A=pdpm=[fapm+ [ dp<|fdpre.

CVaunuNF

As 0, we have fduzl. Thus it follows that fdvzl.

Moreover, let = be a measure in 7(5;F ) and choose b= R satisfying
Gc<b on supp(z). We shall show that Gr is v-integrable. Since G
satisfies the maximum principle, Gr<b on X. Consequently, using
that #2,>%k and #=S(G; F), we obtain

osf(b — ér) du<11m1nff(b Gz-) du, —hmlnff( Gup)dc+b

n— 0

—liminf [(—u— hn)dr+b<f( u—k)de+b< +co.

n—r oo

Thus we see that Gr is ulntegrable Further, let seM} and <
3“(G F) and choose ceR satisfying Go—Gr>c on supp(r)cF. Since
G satisfies the semi- -complete maximum principle, Go—Gr>c on X
Consequently

[(Go—Ge—eydv <limin [(Go—Gr—c)dp,

n—

<liminf { f (u+h,) do—f<u+hn> de—c

=Juda——fudr+c.
Hence
4.2) [(Go—Goyav< [uds—[ud.
Especially, if ¢ is also a measure in 7(G; F),
(4.3) [(Go—Goyav=[uds— [ud.

Since F is nonnegligible and G satisfies the continuity principle, we
can choose and fix 2€7(G;F). Set

h=|Gadv—[uda
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Then, from (4.2) and (4.3) it follows that

féadpgﬁuw)da (o M),

férdu=f(u+h)dr (ceI(G;FY)

and hence
Gv(x)<ulx)+h (xeX),
Gv=u+h n.e. on F.

Therefore v is a semi-balayaged measure of # onto F.

REMARK 1. The assumption that G satisfies the unicity principle
is used only for constructing {¢,}, {r,} and {k,} satisfying (4.1).

§5. Kernels of logarithmic type

In this section we shall consider the semi-balayability in case
there exists a potential GA such that lim Gi(x)=—o and G satisfies

X—> 0

the following condition (d):
(d> su}g {Gu(x) —Gv(x)} =0 for every p,veMi.

We shall prepare the following propositions.

PrROPOSITION 5. Suppose that G satiSfies the condition (d). Then,
Jor every pe M§ and every nonnegligible compact set K, a semi-balayage
constant of Gp onto K is nonnegative and G satisfies the maximum
principle. ‘

Proor. Since Gy is G-supermedian and K is a nonnegligible com-
pact set, by Proposition 1 there exist ve M} and k=R such that

(5.1)  supp()cK, Gv=Gp+k ne. on K, Gv<Gp+k on X.

Then, from the assumption (d), it follows that 2>0. Next, to see
that G satisfies the maximum principle, suppose that Ge<b on supp(z)
for re8(G) and b=R. Let x¥ be an arbitrary point outside supp(z)
and choose veM; and k=R satisfying (5.1) especially for p=ex and
K=supp(z), we obtain

Ge(x)= f Gerdr= f éfdv—kfdrgjéz'dvéb.
Hence Gr<b on X.

REMARK 2. All kernels of Examples 1, 2 and 3 satisfy (d).
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PROPOSITION 6. Let F be a nonnegligible closed set and usS(G;F)
such that u(x)<+oo for each xF. Furthermore, suppose that theve
exists kER satisfying (a) in Theorem 1 and that therve is ze?(é;F)
with 1lim él(x)z—OO. Then there exist, for each >0, €F(G;F),

x— o0

heR and a compact set K such that

h—Gr>1 on CKNF, OSh—f(u+k)dz'<e.

Proor. Choose t=R satisfying
(5.2) t—Ga>0 on supp(R).

Then from Proposition 4 it follows that t—f(u+k) di>0. Moreover by

lim Gi(x) = — oo, there exists, for each ¢>0, a compact set K such that

X— 0

t—Gi>1/e on CK.
Set h=e¢t and z=eA. Then, by (5.2) and (a)

o<h—[Cut k) de=e{t— [ Cu+ k) da).

Thus we have the conclusion.

THEOREM 2. Let F be a nonnegligible closed set. Suppose that G
sajisfies (d) and there exists 2€F(G;F) with lim GA(x)=—oco. If p is

X— 0

a measure in My such that Gp is locally bounded on F, then Gu has a
semi-balayaged measure onto F.

Proor. Since G satisfies the semi-complete maximum principle,
Gp 1s G-semi-super median and locally bounded on F. Further, by
Propositions 4 and 5, for every nonnegligible closed set F, k=0
and #=Gp have the property (a) in Theorem 1. On the other hand
Proposition 6 implies that 2=0 has the property (b) in Theorem 1.
Therefore by Theorem 1 Gy has a semi-balayaged measure onto F.

REMARK 3. Examples 2 and 3 satisfy the assumptions of Theorem

By Proposition 6 and Theorem 1 we obtain

THEOREM 3. Let F be a nonnegligible closed set and u=S(G;X)
such that u(x)<+oo for each x&F. Further, suppose that G satisfies
the maximum principle and that there is 1€F(G; F) with lim Gi(x)=

X— o0

—oo, Then the following assertions (1) and (ii) arve equivalent :
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(i) There exists a semi-balayaged measure ve M* of u onto F,

(i1) There exists ke R satisfying (a) in Theorvem 1.

Let F be a closed set and if there exists a semi-balayaged mea-
sure v of 1 onto F, v is said to be an equilibrium measure of F.
Immediately by Theorem 3 and Proposition 4 we obtain the follow-
ing corollary which is an extension of [2; Theorem 5].

COROLLARY. Let F be a nonnegligible closed set and suppose that
both G and G satisfy the maximum principle and that there is a meas-
ure 2€F(G;F) with lim Ga(x)=—oo. Then the following three asser-

X 00

tions are equivalent :
(1) F has an equilibrvium measure,
(i1) There exists ke R such that

e B(G;F), beR, Gc<b on supp(c) imply fkder,

(iii) The set of all semi-balayaged constants of 1 onto compact
subsets of F is lower bounded.
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