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§1. Introduction.

It is well known that the peripheral spectrum of a positive opera-
tor in a finite dimensional space is cyclic (Perron-Frobenius Theorem)
[2]. As an extension of this theorem, it has been studied that the
spectrum and the point spectrum of a lattice homomorphism of a
Banach lattice is cyclic [5,10]. As for a simplex homomorphism, whose
second adjoint operator is a lattice homomorphism, it has been stu-
died by F. Jellett [3], A. W. Wickstead [9] et al. We are interested
in investigating the peripheral point spectrum P, (T) NI of a simplex
homomorphism 7. In [8], we obtained the result that it is cyclic
under some conditions and we gave an example which shows that it
is not necessarily cyclic without any conditions.

In this paper, we shall investigate the property of a peripheral
point spectrum of a simplex homomorphism. In §2, we give nota-
tions and terminologies. §3 is devoted to the study of some proper-
ties of a simplex space E and of a simplex homomorphism 7. If Tf
=af holds for some feE and |a|=1, put f(x)=|f(x)|exp ((6(x)) for
x€0,X and g,(x)=|f(x)|exp (ij6(x)) for j€N. Then we have g,€F
(~minimal sublattice of E'’ containing E) and Tg,=a’g, (T is the
induced operator by 7 in F). If g, belongs to E, then «’ belongs to
P,(T). In general, g, does not belong to E. So in §3, we examine
the condition that g; belongs to E (Theorem 1). Even if g, does not
belong to E, o’ may belong to a point spectrum of 7. Under the
condition (C 4) denoted at §5, it can be reduced to the case of a
finite dimensional space. §4 is devoted to the study of an operator
in a finite dimensional space. In §5, by using the result of §4, we
investigate the condition that «’ belongs to P,(T") and the condition
that P,(T)ONTI is cyclic (Theorem 2,3 and 4).
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§2. Notations and Terminologies.

Let E be a simplex space and X be the set {xeE';x=0, ||x]|<1)
endowed with the weak*-topology. Then X is a simplex and for any
v X, there exists a unique maximal probability measure p. on X
with resultant x [1, §28]. Then E can be expressed as a space of
functions on 4,X (the weak*-closure of the set 9,X of all extreme
points of X), namely

[recGx); fio= | fdps for all x€3,.X and f(0)=0}.

We assume the condition
(CD inf {|lx];x<0,X\ {0} } =a>0.

For any subset K of 3.X, put §(K):=[a, ©»)K N3, X X and for any rela

tively open subset U of 3,X, put 0(U):=48,X 46, X \U). Then we

can consider #-topology generated by {#(U);U<ll}, where U is the set

of all relatively open subsets of 3,X [7, Lemma 4]. v
Let T be a simplex homomorphism of E [7,8]. Then there is a

function y on 4,X and a mapping k:9,X—d,X ‘

satisfying; - - : :
(i) 0=y =T for all r€d,X and y(x)=0 if and only if T/x= O
(ii) k@.X)cd. X, k is #-continuous on {x=d, X;y(x)+#0} and k(x.)

=k(x',) if x,=c,x', for some c,€R,. o .

(iii) Tf(x) 7(x)- fok(x) for any f&E and any x<d.X.

Put y(n,x):= H r(kf(x)) for any x€4,X and any neN. Then we have

T f(x)=1(n, - fkn(x) for any feE. Put No:= (x5, Xhm“T,nx”_,

and N.:= {x€3,X;k'(x)#k(x) if j#m). We assume the conditions
(€2 sup|Ti<eo and - o

(€3 o(THNI'+T, | S
where I' is the unit circle {2€C;|i= 1}. Then we have N.CN, [8.
Lemma 3] and for any x€d 3,X\N., we can put

cr(x):=min {reN;k (x)=Fk(x) for some s&€N with 1f>s>01

s(x) =min {sENU { } kr(x)= kS(x) for some &N with ¢>s}

n(x): -r(x) s(x) and

p(x):=min {pn(x); p-n(x)=s(x), pN)
as finite numbers. Define
P: 3, X \N.—d,X\N.
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by Px=k*®(x). Put
S,: = {x€3,X \I(No);n(x)=n)
and '
P.:={xeS,;Px=x}.
By [8, Lemma 4], there exists M, >0 such that

@1 S, =3, X\I(NY).

Let M be the least common multiple of the set m(x);x€0, X\ N,} [8
Lemma 47. '

Let E, be the smallest Banach sublattice of E’’ containing E and
let F be the space {f€C(3.X);f(x.)=c. f(x'.) for all ac4}, where
{(Xy %'y €D} wes is a subset of §,Xx09,Xx(0,1] consisting of all the
triple (x., %', ¢,) such that f(x,)=c, f(x',) holds for any feE. Then
there is a lattice isomorphism ¢ of E, onto F [6, Theorem 1] and
T:=¢T""¢ is a lattice homomorphism of F [8, Lemma 1]. Further-

more fgdyx— “1g(x) holds for any g F and any xea 0.X.

~Let F, be the space {feF;f(x)=0 for all xENO} Define Fe
L(Fy) by

 Palp= {7 DD RSN

for geF,. Then PgeF, [8, Lemma 6] and PTg T Pg holds for any
geF,.

For p, ch the notation (p, ¢) means the greatest common divisor
of p and q.

§3. Some properties of a simplex space and of a 51mplex homo
morphism,.

Since T is a lattice ‘homomorphism, we have the following .

PRrOPOSITION 1. Let E be a simplex space and T be a simplex

homomor phism. Put a:exp<g—2m’) for some p,q=N with (p,q)=1.

P
Suppose Tf =a f for some fEE. Put
) -  f(x)! . '
g={Tf@pr Y J@#0
L0 i =0

for x€3,X and 1<j<p.



592 F. TakEO NSR. 0.U., Vol. 37
Then g,cF and Tg;=a’g,.

PrOOF. g, is continuous on {x€d.X;f(x)#0}. If f(x)=0, then
lim|g,(y)—0/=1im |f()|=0 holds. So g, is continuous on 3,X. If x,
Y y—%x

=c,x',, then g;(x.)=c.-g;(x',) holds by definition. So g,=F.
Next, we have

T, =102,k =11 Ll = SLHO) g (. )

In general, g, does not belong to E as shown in a counter-example
in [8].

Hereafter we shall investigate under what condition g; belongs to
E, or whether there is any eigenvector in E pertaining to «’ when
g; does not belong to E.

The next theorem shows the condition that g; belongs to E.

THEORM 1. Let E be a simplex space satisfying the condition
(C1) and let T be a simplex homomorphism of E satisfying the con-

ditions (C2) and (C3). Put a=exp(—%2ni) for some p,q=N with (p,

qg)=1. Let Tf=af for some fcE. For j=N, put s,:i(].pp). If

{8, X\403,X)} n UZSs,tng, then g, defined at Proposition 1 belongs to
t=1

E and o' P,(T).

Before proving the above theorem, we shall investigate some
properties of a simplex space.

From now on let E be a simplex space satisfying the condition
(C1) and let T be a simplex homomorphism of E satisfying the con-
ditions (C2) and (C3).

Now we have

LemMA 1. U S,, is 6-open for any pEN.
121

Proor. If p=1, then LEJlSpFa:—X\(ﬁ(Wo) is #-open. For x€S,,
=

(p=2), we have k(x)#ki'(x) for 0=j<j/=Zr(x)—1 (=s(x)+pt—1). It
may happen that %/(x) belongs to 4(N,) for some jEN. Put K,=(x
€9, X;7(x)#0}. Then K, is 6-open and %/(x) €K, holds for any nEN.
So there are 6-open subsets (U,}osjsro— of K,, satisfying

U,co. XNy, B(xel, and U,nU,=¢ (j+ 7).

Since xv€S,,c3, X \I(N,), there exists N such that ﬁllT’mxID%.
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By [8, Corollary to Lemma 3], there exists m,=N such that
sup {#(9); yEBn,m} <0, where Bn,mo={yeae—X; sgp[lT’"Ly]l>%}. Put c,=

So pt—1 .
—%}H. Put Vyi= () () k#5550 Uyeo)

NU, Then V, is a non-empty #-open set, since k is f-continuous on

K, For yeV,NBum we have kPstits®(y)ceUjrsaw for 0Sj=<pt—1,

sEN such that pts+j+s(x)=c, which implies y= gSptsctLZJ S,. and
s=1 =1

sup {#(¥);y=Bnm} and so=[

Ve Bum C tg S,:.. Since B, . is an open set containing x, glsm is
=1 =

open. Since x=cx' and xS, implies ¥'€S,,, ,S S,. is 6-open. //
=1
LeEmMA 2. P, is a Borel subset of 3,X for any n<N.

Proor. It holds that
P,={ker (T’n—I)\gker (T =D} @X\IN).
So P, is a Borel set. //
LEMMA 3. nLg)an is a relatively closed subset of 8, X \G(N,).

Proor. It holds that | P,= (‘ﬁlkermn—z)n(a_eX\a"cNo‘)).
n=] n=
So y P, is a relatively closed subset of 3,X\d(N,). //
n=]1

LEMMA 4. Let K be a closed subset of {x=d,X;7(x)#0}.
Then 0(R(K)) is 6-closed.

Proor. By the property of &, E(K)=Fk(G(K)) holds. Since 4(K)
=[a,©)KN3,X is #-compact and % is ¢-continuos on {x€3,X;7(x)#0},
B(G(K)) is 6-compact. It is enough to show that for any pe¢d(k(d
(K))), there exists a #-open set V(p) such that V() NIk(G(K)))=4¢.
For any ¢q=0(k(6(K))), there exist 6-open sets U, and V, such that
6(pcU, 6(p)cV,and U,NV,=¢, since §(p)NI(g)=¢. Since k(6(K))
is @-compact, there exist finite 6-open sets U, ---+,U,, such that

_Gqu,.Dk(é(K)). Since U,, is #-open, we have G(k(6(K)))C CJqu,.
j= j=

Put V(p)zﬁVq,. Then V(p) is a 6-open set containing 6(p) and
=

V(O NIREEID=5. /)
By [7, Proposition], d,X equipped with #-topology is 7, space.
So we have the following ’



54 F. TAKEO NSR. 0.U., Vol. 37

PRrOPOSITION 2. Let K be a closed subset of 9,X and x,=9,X \I(K).
Then there exists f&F such that 0=f(x)=1 for any x€9,X, f(x)=1
and f]6(K)=0, where f|G(K) is the restriction of f to §(K).

Proor. Since 4(x,) and §(K) are disjoint and 6-topology is T,
there exists g=C(9,X) satisfying 0=<g=1, g|d(x,)=1 and g|&6(K)=0.
Since {0,x,} is a closed subset of 4.X, there exists h=FE satisfying
h(x)=1 and 0=<h(x)Z1 for x€d.X by [1, 28.6 (viii)]. Put f(x)=
h(x)-g(x) for any x<o,X. Then f&F is a desired one. //

COROLLARY 1. Let K be a closed subset of 0. X. For any y,,+*++, 9,
€9, XN0(K) and any ¢, ++++,C,ER, there exists f €F satisfying

f(yD=c; A<j=<n) and f|0(K)=0.

Proor. Put K,=KU {y;,++++,9.)\{y,]. Then by Proposition 2,
we have f,eF satisfying f,(y,)=c¢; and f,|0(K,)=0. Put f= §njf,-.
i=1
Then f is a desired one. //

COROLLARY 2. Let K, and K, be disjoint 0-closed subsets of 3,X.
Then for any g€ F, there evists f€F such that f|K,=g|K,, f|K,=0
and || flI=ligll.

As for the relation between p. and gwi, we have

PROPOSITION 3. Let B be a 6-Borel subset of 3,X\N, Then we
have
r(J, x)jgd#kf(x): f Tigdy,
B riB

for any g€ F, any x<d, X and any jEN.

Proor. At first we consider the case of j=1. Since k is #-con-
tinuous, k!B is a #-Borel set. Since p, and g« are regular measures
on 9,X, there exist weak*-closed subsets K,, K, and open subsets
U, U, of 3,X satisfying ,

&,_X\Z_V;D Ul - B DK, #k<x><U1\K1)<€a
3. X\N,oU,ok*B2K, and (U NK ) <le.

Then U,20(J)D>B>§(K,)DK, and 0(U,) Dk 'BDI(K,).

Therefore . (@(UINI(K ))<e and g, (U )\I(K,))<e.

Put K=0(K)UORG(K,))) and U=0U) N 0.X\RG.X\OUIN).
Then K is #-closed by Lemma 4, U is -open, §(K,)cK cBcUce¢(U,)
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and §(K,)cktKck'*BckUcd(U,). Therefore we have p.,,(UNK)
<e and p,(B*UNEk*K)<e. By Corollary 2 to Proposition 2, we have
fEF satisfying f|K=g|K, f|@.X\U)=0and | f]|<llgll. So we have
Tk K=Tg|k"K, Tf1@.X\kU)=0 and |Tf|<|T|llgl. By using
the relation .

f Trf d#ﬁﬁf dp,=T" ¢ f(x)=¢ f(T'%)

kU

=7(x) g7 k() =1(0) | Fdpin,

we have

| [ Tedn—1o[gdpmlz| [ TFdp—rO[ fdpeal+| [ Tfdg

kB B kU U kEIUNE™'B

H [ TU-@dul )| [ fdpmol 1| [ (F-&dpuen
ETB\EIK UN\B B\K

<6ITl I glle,

where f implies J
%X
Since ¢>0 1s arbitrary, we have
7(x)fg dpte = j Tgdp..
B kB

For j=2, we get the desired relation by iterating the result of
the case j=1. //

~ For feF, it is a problem under what condition f belongs to E.
The following proposition shows one condition.

PROPOSION 4. Let feF satisfy
fIN=0 and [fdu.=fCx) for xe PGXN\(NoUG@.X))).

Then there exists Um T™f (norm convergence) as an element of E,

]‘—)00

where M is the number defined at § 2.

Proor. In the same way as the proof of [8, Lemma 6], we can
show that {Ti¥f) 5.1 1s a norm convergent sequence and
So():=lmT " f(x)=7(p(x), x)- f(Px) exists.

jroeo

It is clear that feF. So all that remains is to show that

fo()= f fodps holds for all x£3,X\9(3,X).
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For €4, X\ (N,Ud(38,X)), there exists j,=N such that j,M=p(x).
We have for j=j,,

[T fdp=yGM, 0| fdpanco =10, 2 [ Fdpes
by Proposition 3 and [8, Lemma 5]. By assumption, we have

Fo® =10, 2+ FCPRY=1(p(x), )| fdpe.

Since f, is the uniform limit of Ti®f, we have fo(x)szodyx.
For xN,, we have f,(x)=0. For any ¢>0, there exists », such

that | T'l[<e for n2n,. I B0, 7m0 LEl<E.

So by using Proposition 3, we have

[T fapl = M, [ fdpronce

gf;llf\l for M =n,.

Since f, is the uniform limit of T/*f, we have ffod;zxzo.
Therefore fo(x)= f fodps holds for any x€3,X 80, X). //

For p,q=N such that (p,q)=1, put a=exp(%2m’>. Then we have

LeEMMA 5. Suppose Tf=af holds for some feE. Then -

(i) if w(x), p)<p holds for x<d, X, then f(x)=0.
(ii) For x=N,, we have f(x)=0. ’

Proor. (i) Since (n(x),p)<p implies that a"* is not real, we
have f(Px)=0 by the relation: '

@ f(Px) =T f(Px)=y(n(x), Px) f(Px).
Furthermore we have f(x)=T??9f(x)=y(p-p(x), x)f(Px)=0.
(ii) For any ne N, we have |fx)|=|TfCOIEN ST ),
which implies f(x)=0 for x&€N,. //

Put I,=(f€E;f(x)=0 for xe(ae_X\_LZ)lSM)}. Then I, is a 7-
invariant subspace (but I, is not necessarily an ideal). So we can

consider the restriction 7°|I, of 7 to I,. Then as for the point
spectra of 7 and 7'|I,, Lemma 5 implies the following

PROPOSITION 5. The following are equivalent.
(1) aeP,(D).
(ii) asP,(T]|I)).
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In order to check whether feF belongs to E, the following is
useful.

LEMMA 6. Let fEF satisfy fINo=0 and Tf=af. If n(x), p)<p,
then we have f fdpps=0.

Proor. Put n=n(x). By using Proposition 3, we have

b—=1n—1

np| Fdpe="S, S, [a o Toss f

s=0 j=0

Il

b—1n—1 ) .
Z Z(:)a-(sn+])r<sn’ Px)fT]fdﬂk”(Px)
j=

A
I
- O

I

n—1 ~
a~m >, a‘jijfd;sz.
§=0 i=0

Hence f fdpsx=0 holds, since jg—:a"m:(). //

Now we can prove Theorem 1.

Proor or THEOREM 1. For jN, put q’=—<;]j> and f=a’. Then

! ~ —_ o
,Bzexp(—g—Zn:i), (¢',s)=1 and Tg,=pg, For x5, X (N,Ud(3,X)),
J
(n(x),s;)<1 holds by assumption. By Lemma 5, we have g,(x)=0
and g,| N,=0. By lemma 6, we have Jg,- dpur:=0. Therefore g,;(Px)

(%) B
:%}ngCx):O:fgjdﬁpx- Since M is a multiple of s;,, T"g;=g,.

By Proposition 4, we have g;€E, which implies g=a’cP,(T). //

Next we shall investigate whether there is an eigenvector of 7T
pertaining to a’ when g, does not belong to E. In that case, the
property of an operator in a finite dimensional space is essential. At
next section we shall examine about it.

§4. The spectrum of an operator in a finite-dimensional space.

Let W=(w;,) be an mxn-matrix with w;=20 (1=<j<m,1=<t<n) and
N(¥V) be the set {v=wA), +++-,v(m))eCm;vW=0}. Let p be a divisor
of m and = be a permutation of the set {1,..-.-,m}, satisfying that
for any j (01<j<m), n(j) is a multiple of p, where n(j) is the least
number such that z"?(j)=j.

()
Let B(j) (1=j=<m) be a positive number satisfying tﬁ Bz (jH))=1
=1
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(1=j<m). We shall say that j and j' are t-disjoint integers if <(j)
#4' for any ¢ (0=t=<m). Let o(z) be a number of mutually z-disjoint
integers of the set (1,2, ««++,m}.
Let TEB(N(W)) be deﬁned by .
(To)(H=B(H)v(&(H)) for 1<j<m and v€N<W>

Let ¢ be a number such that (p,g)=1. Put a—exp<52m>, Bt )=

n(Jy) os

H ‘BCT (])) and Cl_,,;(a) Z [9(3, )

Let A=(a;(a)) be a m xn-matrix..
As for the spectrum o(T) of ’f‘, we have

wey: for 1<j<m, 1<t<n.

PROPOSITION 6. The followz’ﬁg are equivalent.
(i) rank A<o(z).
(i1) ase(D).

Proor. Let {s,}1s,200 be a set of z-disjoint integers.
Put b,,=as.:(a) and let B=(bd,,) be a o(r) xn-matrix.
Since #(s,) is a multiple of p, we have

rank A=rank B. (%) 4
- ({D)>3D  Put » | /j
ér(j)';:‘ _‘[ths_r)_ j=r7'(s,) for some ¢t (1=t=nu(s,))
' 0 otherwise

for 1=7=<0(r) and 1§j§m.

Then v,eC™ and b,,= Zv (Hw;,. Since rank B is less than o(z),

there exists e=(cy, - c,,(,))eC"") such that c#0 and ¢B=0. Put v0
o(z)

rZI‘c,z}TeCm.‘ Since v,(léif_S_o(r)) are linearly 1ndependent,\ v,>0 and
we also have uv,W=cB=0, which implies v,eN(W). We have
(Tvo)(z- (s,)) =av,(z!(s,)) for 1=7r=0(zr) and 1<t<n(sr) Therefore we
have Tv,=av,. ‘ o

(ii)=>({) Suppose rank A>o(z-) (**) |
and- Tv=av for some veN(W) Then by using the relatlon ‘

o Do) &
v(I(s,))= 5055 ﬁ(],”v(sr)

we have
0@ ni i

}jas (av(s)= 2 X

o/ (s )= > 0(j) =0 ook
r=1 j=1 ‘B<]’S> Wi )ﬂ)(s) Elv(])w] ( )
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for 1=¢{=<n. The relation (%), (Gex) and Gesk) imply 2(s,)=0 for 17

<o(z). Therefore v=90, which implies a¢P,,(T).' //

§5. Peripheral point spectrum.

Now we assume the condition

(C4o 38,X\F(3,X) is an intersection of 3,X with finite rays.
When E is a separable simplex space with order unit, it is known
[4, §3, Theorem] that f-fdgx:ffdpx holds for anjf feE.

0eX 0eX
When E is not separable, under the condition (C4) we have the

following

LEMMA. 7. ffdpxI f fdp. holds for any f&F.

88 XD

Proor. Let g, be the restriction of g, to 6(9,X) and put

”":Mo”—(zlaxﬁf‘l- Then we see v.>p, [1, §26.6).
1 e

Since p, is maximal, we have v,=p,. //

For p= N, put
Bp;=tg P,.N3.X and C,:={x€(3,X\F(3,X))NPEN)IO\No); n(x)
=1

=jp for some jEN}. By the condition (C4), there exists {x,***-,,}
such that C,={%,,++++,%,}). We will show that g, has no support in
tU S, \d(B,) for x€P(G,X\N,), if B, is closed. ‘ ~

=1

LemMA 8. For peN, let S= tLZJSpt and suppose B, is closed. Then
=1 ) B .

[fap= | rap.
S

0(B»)

holds for any f<F and any x<P(6,X \No).

Proor. It is clear that SD4(B,), Suppose there exist feF and
xe P(3,X\N,) such that

v deﬂx— f fdp,

5(311)
Since SNG(B,) is #-open by Lemma 1 and assumption, there exists
a 6-closed set K satisfying :

= c>Q.

p((SN\IBYINK) < g and KCSNI(B,).
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By Corollary 2 to Proposition 2, there exists g F satisfying
g1@.XONSN\I(BO))N=0, g|K=f|K and |g|=|/fll. Since we have

[gdp=¢eP= [ Pggdp.
(0

by Lemma 7 and P¢'g(y)=¢"'g(Py)=0 holds for y=d(3,X), it fol-
lows that fgd,ux:(). On the other hand,

Ugdﬁx e=$

2c
S

ZUgdﬂx —' f gdps

K (SNI(BN\K
which is a contradiction. //

a) In this section, we consider the case that the potency B, of
B, is finite, that is, B,={y;,****, yu}.
Let azexp(—Z—Zni) for p,qeN with (p,q)=1. By condition (C4),

there exists {z;,++-+,2,} such that

U8z = U S5n @XNI@.X0).

Then as for the relation between elements of E and F, we have the
following

PROPOSITION 7. Let U be a 6-open subset of thjSpt\ﬁ(Bp) contain-
=1

ing @1 0zp. If FEF satisfies [fdu=0 for xC,, fIGXNUS,)

=0 and Tf(x)=af(x) for x€B,, then there exists heE such that
k1 @.XN\DD=f| @.X\DD.

Proor. For j (1=j=<s), there exists a #-open set V, satisfying
2,€V,cUand V,NV,=¢ if j#j. Putc,=|fdp,—f(z,) for 1=j<s and
= { 1 %f ¢;=0
7 le; /eyl if ¢, #0.

By Proposition 2, there exists g,€F satisfying

g.(zp=lc,, 0=g;(x)=Z|c,| for x€V,; and g,(x)=0 for x<3, X\ V,.
Put g,=f+ Fzsllngj. Then we have g, F, g0<Zj):ffdﬂz, (1£j<s) and
81 XN\ =71 @.X\U), which implies g|@.X\)S,)=0, &[N,
=0 and g,|0(B,)=110(B),).

We shall show that go(x)=fg0 dyp,; holds for
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xeP(0,X\(N,Ub(B,X))). By using Lemma 8, we have

f Lodp,= f Lodps= f fdux—ffdﬂx
[3:5) 3(B»
In case of (n(x),p)=p and x=d(N,), that is, xC,, we have g,(x)
=0 and ffodpx:O by assumption. So go(x)zfgod,ux.
In case of (n(x),p)=p and x=3,X\d(N,), there is some j such
that x=z; and fgodyz,=ffdyz,:go(zj).
In case of (n(x), p)<p, there is a finite set B such that 2Z’BNk’"B=¢
if 1=j#j7<p and gk"B——-Bp, since B, is a finite set. Then we have,

by using Proposition 3, Lemma 8 and [8, Lemma 5],
1 n(x)—1p—1

du,= dy,= dy,
fgop Z far=Zry 2 & Sy
(k'B) R+ 21 B)
1 n(x)—1 p—1 1 ~ '
— S T i fdu,
nx) & %r(%(x)f,xtf sy
0(k*B)
1 n(x)—1 -1 . .
e & &Y f Jdp
0(k*B)

Since (n(x), p)<p implies x& USW and pila”("” =0, we have

fgod/zx 0=g,(x). By using Proposition 4, we have Z:=lim T'%g,eF

g,
and 2 is a desired one. //

Put w;,:=p.(yfor 1<j<m and 1=t<n, where y, and x, are
elements of B,and C,, respectively. Let W=(w,;,) be a m xn-matrix
and put N,(W):= {veC;vW=0!. Define *: {1, -+, m}—B, by *(j)
=y, Put «(j)=c*1ke*(j), p(H)=r(*(5)) and n(j)=n(y;,). Then y,
€3, X\I(N,) implies 7(z*(j))>0 for 1=<j<m and y,c glP’” implies

,B(n(j),j):=n(:fi[;1[3(r‘(j)):r(n(y,-),yj)=1. So we can consider an oper-
ator T, on N,(W) by (T,0)(7)=p()v(x()) (1=<j<m) for ve N,(W).
We call ’f‘,, an operator induced by 7T on N,(W). Now we have

PRrOPOSITION 8. The following arve equivalent.
(i) aeP,(T|I,)
(i) aeP/(T,).

Proor. (1)=(ii) Suppose a=P,(T|I,). Then there exists non-
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zero feI, such that Tf=af. Put v(j):=f(y,) for 1<j<m and v=
(v(1),++-+,v(m)). Then we have

@MB= Z0(Dw,= 55 (3= Fdp=Fx)=0 for 1in
By

by using Lemma 8. So veN,(W) and (Tpv)(j):av(j) is easily ob-
tained for 1=<j<m, which implies aePg(T‘p).

(i)=>(1) Suppose aePa(fIA‘p). Then there exists ve N, (W) satis-
fying T,v=av. Since ]'LZ_Jl S,, is 6-open by Lemma 1, 5,7{\}2)18” is a

closed set not containing B,. By Corollary 1 to Proposition 2, there
exists feF satisfying f(y)=v(j) (1=<j<m) and ft@?{\gspazo.
=
For y,eB, (A=j=m). Tf(y)=p)v(z(G))=af(yy).
For x,€C, (1=t<#n), we have by using Lemma 8,
[ Fape= [ Fdp.= 3 oCw,=0,

. Bp
since ve N(W). Since LQJSM\ﬁ(Bp) is a #-open set containing

i=1 ,
f]é(zj), there exists a 6-open subset U of LEJSM\ﬁ(Bp), containing
7=1 . j=21

_Zlﬁ(zj). By Proposition 7, there exists A€ E satisfying %] (0. X \U)

=

=f1],X\U). Then for xean\LZJSM, h(x)=0. For x=S,,, we
0 =

j=1

have Th(x):r(p(x),x)-Tf(Px)zr(p(x),x)~af(Px)=ah(x), by using the
relations PxeB, and h(x)=y(p(x),x)+ f(Px). So Th=ah. //

b) In this section, we consider the case that B, contains infinite

points, i. e. B,=co. The following proposition is useful when we
investigate eigenfunctions of 7 pertaining to «, where a=exp

(%2”i> for p,q= N such that (p,q)=1. By the condition (C4), there

_gXists a set {z,,+++,2,) of k-disjoint points (i. e. k/(z,) %z, if
1=<t##'<s and jeN) such that ,U=1 gkf(‘zt)z(ﬂ—\ﬁ(ae)())ﬂngijpm,
where M is the number defined at §2. Then we have

PROPOSITION 9, Let ¥.€B,N08,X and let U be a 0-open subset of
3.X\I(N,) such that y,eU, tL:leteU and k(3 €U for 1=j<n(y0 -1,
B(zaeU for 1=57=n(z,)—1 and 1=t<s. Then there exists nonzero
he F satisfying

Th=ah,  [hdp.=h(x) for xPU
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and RIGXNURIOD=0.
=

Proor. By Proposition 2, there exists geF satisfying 0Zg<1,
g(yo=1 and g|@.X \U)=0. Put Eizllgla-fffﬁé.f For neN, there

v =0 e
exists a f-open set V, satisfying {z,,+--,2,} cV,cU\ {y,} and
M=l 1 - : B . .
jél()ﬂkj(m)(vn>1<m fOI' 1<t<s, where C—SlnllpHT Il. Let g.F
satisfy g1<zl>=ﬁ<]‘—z4€—> [2dp, for 1st<s and g, G.X\VD=g| GX\VY.
Put §1=MZ_,'1a“fT"13g1. For n>2, inductivély define f,eF and g,F

’satlsfymg fn<zz) —ﬁéa fgn_l dpz— 8n1(2,) for 1=t<s, fn| 0.X\V,)=0,

,anll<max (fu(2Dlst=1, 00v 8], 2= =gt foEF and g 2= Za*fT Pg..

Put B=U P, Then in a 51m1lar way to the proof of Lemma 8, we

n=1

Ahave ffd/lzt ffdpz, for feF by usmg the relatlon zt—Pzt For
(B) i

YEB, T Pf(y) T7f(y) holds for feF and jeN. So we have _
vlfn(zt)|< (g Jl+1) for neN and £=1,++--,s, by using the relation

,fn( L)“" n<zt> f (gn— gn— )dﬂzl

0(B)

:n_;zfl % a1, zt)Vj Frma paicao.

Then Hgn_gn~1H:ilfnl'§%<llglll+1)—‘)O as n—oo, So there is g,&F

M—1 ~ o~
such that g,—g, as w—~o. Put h= Z aT'Pg, Then we can easily

éw>¢0 heF and Tf——af For xePUN (6. X\
0

6(9,X)) with (n(x),p)=p, there is ¢t (1=¢{=<s) such that r=z, and so
h(x)thdpx. For xEPUﬂ(aTX\ﬁ(an)) with (n(x), p)<p, we have

check that Z(y,)=

h(x) O fhdpx by Lemrna 6. So h is a desired one. //

As for the po1nt spectrum of T, we have

PROPOSITION 10. For p,q=N such that (p,q)=1, put
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a=exp(%27ri). Suppose ?;zm. Then we have ac=P,(T).

Proor. Let {z,,++++,2,] be k-disjoint points such that
S M ) - ~
U Uk (z)=@X\I@X)N | Py
=1 j= me=

Put C,=[x,,++++,%,}. By assumption, there are n+1 k-disjoint points
Yi,+o+, ¥ of B, Since (8, X)\I(N,) and (G(3.X)\G(N,))UEG(z,)
are #-open by (C4), there are 6-open sets V, (1=<j=n+1) and W,
(1=t<s) satisfying

yjercﬁ(an)\ﬁ(Wo)
2, €W, c(@@.X)NG(N))Ud(z,)
kr(ype&V,, for 1<j+#j'<n+1, meN, and k~(y)eW, for 1=t<s, 1=<j

<n+1, meN. By Proposition 9, there exists nonzero f,cF satisfy-

ing Tf,=af, £,|(aX\UE(V,u UW.)=0 and [f,dp=1(z) for

1=t<s. Put a,-tszjd,uz, for 1=j<n+1, 1={=n. Then there exists
+1

c=(Cy, v, Crp) ER satisfying ”Z,cjaﬂzo for 1=<f<s and c¢#0. Put
i=1

fozni]Ic,-fj. Then f,=F and f,#0, since f,;(y;,)=0 if j#j' and f;(»,)
= .

=1. The relation T f,=af, is easily obtained. All that remains is to
show that f,=E. Since f,| N,=0 holds, we will show that

f fodps=fo(x) holds for any xe P(3,X (N,Ud(3,X))).

If (n(x),p)=p, then x=C, or x=k"(2,) for some ¢t (1=t=<s) and
some r&N. If x=x,C,, it holds that

n+1

’ n+1
ffo dps= 2, ijfjd#xz: 2 ¢;a;=0,
ji=1 i=1
which implies fo(xt)=ffo dpz. If x=k(z,) (1=t<s,7r&N), it holds that

Trfo<zt> — a” n
r(r,z,)  r(r,2,) =

Folkr(z)) = jcjfj<zt>

__ 1 a5, _ .
| D IT f‘)d”z‘“ff"df‘k““)’
by using Proposition 3.
If (n(x),p)<p, then we have f fodpp,=0=f,(Px) by using Lemma

6. By the definition of f,, fo=T™f, holds for any jeN. So by
Proposition 4, we have f,€E. //
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From Propositions 5, 8 and 10, we have

THEOREM 2. Let E be a simplex space such that inf {|xll;x=8,X\
0)} >0 aud 3,X\0(3,X) is the intersection of finite rays with 3,X.
Let T be a simplex homomorphism of E satisfying supl|T|<co and

o(TYNT#I. Let a:eXp<%

Then the following are equivalent.
(1) asP,(D).
(i1) Either of the following is satisfied.
a) B,=o, where B,= mLlePpmﬂ(an\ﬁ(No)).

b) If B,<co, then acs(T,),
where TZ, is an operator induced by T in a finite dimensional
space N,(W) as defined before Proposition 8.

27ri) for some p,qeN with (p,q)=1.

DEFINITION. o(T") is said to have the property (QC) if
a=exp(§ 25i)eo(T), (p,9)=1 and (p,$)=1 imply a'co(T).
Then we have
THEOREM 3. Let E and T satisfy the assumption of Theorem 2.

Then the following are equivalent.
(1) P,T) has the property (QC).

(i1) For any peN such that ?;<oo and exp(—g—2ni>60(f‘p) with
(p,q)=1, o(’f‘p) has the property (QC).

PrOOF. ()=>(ii): Suppose a=exp(%2ﬁ>60(f"p), D, )=1, (p,s)
=1 and B,<c. By Propositions 5 and 8, we have acP,(T). Since

P,(T) has the property (QC), we have aszexp<%s—27ri)EP,,(T), which

implies aSéa(Tp).

%zni)erT), (p,=1 and (p,)=1.

Then (p,qs)=1. If ﬁzoo, we have as:exp<%2m’)eP,,(T) by Prppo-

sition 10. If ﬁ<oo we have an(f‘p) by Proposmons 5 and 8.
Since o(T ) has the property (QC), we have aSEGCT ), which implies
ae P(T) by Propos1t10ns 5and 8. //

(ii):}(i) : Suppose a= exp(

THEOREM 4. Let E and T satisfy the assumption of Theorem 2.
Then the following are equivalent.
(i) P(T)HNTI is cyclic.
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(i1) If p satisfies 79—;<oo and exp(%Zm’)ea(Tp) with some q&N

such that (p,q)=1, then for any divisor s of p with B,< oo,
exp(L2ri) belongs to o(T.) and o(F.) has the property (QC.

PROOF. ()=>@i): Suppose B,< and a: =exp<%2m’)60(’f“,,) with

(p,q)=1. Then by Propositions 5 and 8, we have a=P,(T). For
any divisor s of p, ﬁ:zexp(%&ri) belongs to P,(T), since P,(THONI

is cyclic. If ?S<OO, we have ﬁEG(Ts) by Propositions 5 and 8.
Since P,(T) has the property (QC), o(T,) has the property (QC) by
Theorem 3.

(ii)=>@{): Suppose acP,(TH)NI. Then there are peN and gN

such that a=exp<%2m’) and (p,q)=1 since o(TH)NI#I" holds. If B_;

=oo0, then a* belongs to P,(T") by Proposition 10, since J_§?>§_; holds

. __ b = __ b .
with S——W). If B, <co, put s, XD} for any e N. Then

(q,s.)=<(q,p) implies (g,s,)=1. When Bs,=c0, we have

anzexp<~gi27ri)eP,,(T) by Proposition 10. When B:.<co, a» belongs

to P,(T) by Propositions 5 and 8, since exp(sLZn:i)Ea(T‘s,,) and o(T)
has the property (QC). //
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