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§0. Introduction.

In her previous paper [3], the author treated an operator L which is a gene-
ralization of the elliptic differential operators of the form A—}-ﬁ} a;(x)0/0x; and,
i=1

by means of an axiomatic treatment, proved that a Green operator associated
with L exists if a nonconstant positive L-harmonic function exists.

The purpose of the present paper is to prove, under the axiomatic treatment
as in [3], that there exists a Green operator associated with L if and only if a
nonconstant positive L-superharmonic function exists. This fact is well known
in the case of usual Riemann surfaces [1], [5].

§1. Preliminaries.

Let X be a locally compact, o-compact and connected Hausdorff space, C(X)
be the set of all real-valued continuous functions on X and Cy(X) be the set of
all functions in C(X) with compact support. -

Let L be a (generally unbounded) linear operator of a linear subspace D(L)
of C(X) into C(X) satisfying the following conditions: D(L)N\CH(D) is dense in
CH(D) with respect to the supremum norm for any subdomain D of X, any con-
stant ¢ belongs to ©(L) and Lc¢=0, and L is a local operator ; we further assume
that L satisfies the axioms (), (8), () and (6) mentioned in [3]; these axioms
respectively correspond to maximum principle, Harnack property, the solvability
of the “equation” (A—L)u=7f in D(L)YNCo(D) and the property known as Weyl’s
lemma in the case of usual Laplacian. As for the precise meaning of those pro-
perties, one may refer to § 1 of the author’s previous paper [3]. For example,
the axiom («) is mentioned as follows:

MAXIMUM PRINCIPLE. If Lu=0 and u is nonconstant in a domain D, then
u dose not take its maximum in the interior of D.

DEFINITION 1. A subdomain D of X is called a regular domain if the closure
D is compact and, for any ¢&C(D), there exists a solution u € D(L)NCD) of
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the boundary value problem: Lu=0 in D and u=¢ on aD.

DEFINITION 2. A function u on a domain DC X is said to be L-harmonic
if ue®(L) and Lu=0 in D, and is said to be L-superharmonic if it satisfies the
following three conditions: '

i) —oo<u=oco and uzEoco in D,

ii) u is lower semicontinuous in D, »

iii) if V is a regular domain with its closure VCD and if w is continuous
on V, L-harmonic in ¥V and satisfies w=<u on aV, then w=<u in V.

DEFINITION 3. A linear operator G of Co{(X) into C(X) is called a Green
operator associated with L if, for any feD(L)NC(X), u=Gf belongs to D(L)
and satisfies Lu=—f on X.

§2. Some properties of [-superharmonic functions.

PROPOSITION 1. u 7s L-harmonic in D if and only if both u and —u are
L-superharmonic in D.

PrROOF. We first assume that u is L-harmonic in D. Then u and —u ob-
viously satisfy the conditions i) and ii) in the definition of L-superharmonicity.
Let V be a regular domain with its closure VD, and assume that w is con-
tinuous on V, L-harmonic in V and satisfies w=<wu on dV. Since L(w—u)=0 in
V, w—u=<0in V by the maximum principle. Hence u is L-superharmonic.
Similarly we may prove that —u is L-superharmonic.

Next, we assume that both » and —u are L-superharmonic. Clearly, u is
continuous. For any regular domain V such that VD, there exists a function
w continuous on V, L-harmonic in V and satisfying w=wu on V. As u is L-
superharmonic, we have

2.1 u=zw in V.

On the other hand, —w is continuous on V and L-harmonic in V, and —w=—u
on 0V. As —u is L-superharmonic, we have

(2.2) u=w in V.
(2.1) and (2.2) imply that u=w in V; accordingly u is L-harmonic in V. Since

V is taken arbitrarily in D, u is L-harmonic in D.

PROPOSITION 2. Let u be L-superharmonic in D. If u takes its minimum
at some point in D, then u is constant in D.

ProoOr. We put azrileigu(x) and A={x|u(x)=a}. It is clear that A is

closed in D by the lower semicontinuity of u. We assume ASD, and consider
a point x,€0A and a regular domain V satisfying x,€VcCVcD. Since A is
closed, u(x;)>a for a suitable x;=0V\A. We take b such as u(x,)>b>a and



July 1983 Green Operator and Positive Superharmonic Functions 17

put U={x|u(x)>b}. Then there exists a continuous function v on 9V satisfy-
ing that v=a on oV\U, v(x,)=b and a<v=<b on dV. For V is a regular domain,
there exists w which is continuous on V¥, harmonic in ¥V and satisfies w=v on
0V. Since w is not constant, w does not take its minimum in the interior of V
by the maximum principle. Hence

(2.3) w>a in the interior of V.

On the other hand, it holds that w=<wu on 0V by the construction of w. From
this fact and the L-superharmonicity of u,

(2.4) w=u on V.

Since VNA+@, (2.3) and (2.4) contradict each other. Hence A=D and accord-
ingly u is constant in D.

§3. Main results.

THEOREM 1. Under the condition that ue@(L,;), u 18 L-superhormonic in D
if and only if Lu=<0 in D.

PrROOF. Let u be L-superharmonic in D, and suppose that there exists x, €D
for which Lu(x;)>0. We may take an open set U such that U>x, and Lu>0
in U, and consider a regular domain V such that x,€VcCVcCU. Then there
exists a function w which is continuous on V, L-harmonic in V and satisfies
w=u on 0V. From the L-superharmonicity of u, it follows that u=w in V.
Hence u—w attains its maximum in the interior of V. On the other hand
L(u—w)=Lu>0 in V. Hence, by the maximum principle, x—w is constant and
accordingly Lu=0 in V; this contradicts the assumption Lu(x,)>0.

Next assume that Lu=<0 in D and we consider an arbitrary regular domain
V such that VcD. We consider a function w continuous on V, L-harmonic in
V and satisfying w=<u on 0V. Then L(w—u)=0 in V and hence, by the maxi-
mum principle, it holds that w—u=<0 in V. Hence u is L-superharmonic in D.

Let {D,}n-0,12.. be an exhaustion of X (§4 in [3]) and, for each =, w, be
the function L-harmonic in D,\D,, continuous on D,\D, and satisfying that w,
=0 on 0D, and =1 on 0D,. Then, as is shown in [3], w=limw, exists and
the function o satisfies either @=0 on X\D, or >0 everywhere on X\D,. We
prepare the following :

LEMMA. Let u be a positive L-superharmonic function on X and let V be an
open set such that VADy=@. If 0=0 in X\D,, then

inf u<infu.
ov 14
ProOr. We set Mlziar&f u, Mzzigf u, and suppose that M,>M, Then

(My—M)w,+M,=M,<u on oVAND,
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and
My,—M)w,+M,=M,<u on VnoD,.

Since u— {(M;—M,)w,~+ M.} is L-superharmonic, we have
(My—M)w,+M;=u on D,N\V

by Proposition 2. Passing to the limit as n—o0, we get M;<u on V ; this con-
tradicts the assumption: M1>M2=i{,1f u.

THEOREM 2. In order that a Green operator associated with L exists, it is
necessary and sufficient that the space X admits a positive nonconstant L-superhar-
monic function.

PrOOF. We first prove that the condition is necessary. Suppose that there
exists a Green operator G. For any f€Cy(X)N\D(L) which is nonnegative and
is not equal to O identically, we obtain by Theorem 1 in [3] that Gf®D(L) and
L(Gf)=—f=0. It holds that Gf=0 as G is a positive operator, and Gf is
nonconstant since fz=0. Thus Gf is a nonconstant positive L-superharmonic
function by Theorem 1.

Next we prove that the condition is sufficient. Let u# be a nonconstant
positive L-superharmonic function on X. Then there exists M such that u(x,)
<M< u(x,) for some x;, x,=X. Let U be a non-empty open set such that U is
compact and is contained in {x|u(x)>M}, and put V=X\U. We take an ex-
haustion {D,}n¢ 1. such that D,CU and define the functions w, and w as
mentioned above. Then, since x;€V and u(x,)<M=inf u, we have

U
igf u<igf u.
Since UDoV, we get
il"llf u <i611}'f u.

Hence we obtain w>0 by the previous lemma. Therefore, by using the same
argument as mentioned in [3], we may prove that there exists a Green operator
associated with L.
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