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Let X be a locally compact Hausdorff space with a countable base and G be
a continuous function-kernel on X such that each non-empty open set is non-
negligible with respect to G.

Under the assumption that G and the adjoint kernel G satisfles the conti-
nuity principle, R. Durier proved that, if G or G satisfies the domination principle,
G or G does the balayaged principle and conversely ([2]). Further, [. Higuchi
and M. Ito obtained the same conclusion without the assumption of the continuity
principle ([37]).

In this paper we shall consider the balayage onto any closed non-negligible
set with respect to a continuous function-kernel G satisfying the domination
principle. We shall show that, if each non-empty open set is non-negligible and
the convex cone of continuous potentials is adapted, then it is possible to balay-
age onto any closed non-negligible set. Further, we shall show that there exists
a “minimum” balayaged potential uniquely up to a negligible set.

§1. Preliminary.

Throughout this paper we assume that X is a locally compact Hausdorff
space with a countable base and G is a continuous function-kernel, i.e. an ex-
tended continuous mapping from XXX to R* \U{+4oo} such that it is strictly
positive on the diagonal set 4 and finite outside of 4. The adjoint kernel G of G
is defined by é(x, v)=G(y, x). Evidently G is also a continuous function-kernel.

We denote by M* (resp. M{) the set of positive Radon measures on X (resp.
the subset of M* of the measures of with compact support). The potential Gpu
of peM?* is defined by

G =G, 9)dpus)
and the energy of x is defined by SGpdp. We denote by

&:={peMi: (Guap<el,

g (resp. ¥): ={usMj: Gy (resp. é/z) is finite and continuous on X}
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and for a subset F of X
M*(F): ={peM*: SucCF}, EF): ={pes&: SuCF}.

A subset F of X is said to be negligible if p(F)=0 for all pc&(F). Given
a subset F of X, “the property holds n.e. on F” means that the property holds
on F' with a possible exception of a negligible set. Suppose that G satisfies the
continuity principle, i.e. if Gu (ueM}) is finite and continuous as a function
on Sy, Gpu is also finite and continuous in the whole space. If a subset F of
X is non-negligible, it follows from Lusin’s theorem that there exists a non-zero
measure t€ F(F). Therefore, if «(F)=0 for all =%, F is negligible.

We say that a kernel G satisfies the domination principle, if, for peé&,
veM{, Gu=Gy in X whenever Gu=Gv on Su. If G satisfies the domination
principle, G satisfies the continuity principle (c.f. [3, Theorem 27J). Therefore,
without the assumption of continuity principle, we have

THEOREM 1 ([3, Theorem 3]). Assume that each non-empty open set is non-
negligible with vespect to G. The following statements are equivalent:

(i) G satisfies the domination principle,

(ii) G satisfies the domination principle,

(ili) G satisfies the balayage principle,

iv) G satisfies the balayage principle.

PROPOSITION 1. Assume that G satisfies the domination principle and each
non-empty open set is non-negligible. Then the inequality Gp=Gy n.e. on Sy for
pee, veMi implies Gu=Gv n.e. in X.

ProOF. Let x be an arbitrary point of the complement of Sy. By Theorem
1 there exists a z& M*(Sy) such that Gr:éex n.e. on Sy and Gr=Ge, every-
where. Since Ge, is continuous on Sy, it follows that z=&. Hence

G,u(x)=Séexdp=SGvfdy=SGpdréSGudréSérdvégésxdvzGv(x).

Therefore we have conclusion.
The following proposition will be used frequently.

PROPOSITION 2. Assume that G satisfies the domination principle and that
each nom-empty open set is non-negligible. Then, for each compact set F there
exists a T<=F such that Gr=1 on F.

PrOOF. Since G is lower semicontinuous and G(x, x)>0 for all x=X, there
is, for each x< X, a relatively compact neighborhood U, of x such that

Gz, y)>%G(x, ¥)  on U,xU,.

n
Choose finite points xi, x5, *+, x» of F satisfying U U, ,DF. Since G satisfies
=1
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the domination principle, it also satisfies continuity principle. Since U,, is non-
negligible by the assumption, there exists a 7,€ F(U,,) (r;(1)=1). Then it holds
that

Geila)=|G(z, y)dr,(y);%c;(xi, x)  for all zeU,, .

n
Put =2 z;. Then G.>0 on F. Since G, is continuous everywhere, we can
=1

find a positive real number b>0 satisfying 6Gz=1 on F.

§2. Adapted spaces.

We assume that the convex cone of the potentials with compact support satisfies
the following condition (R,) to consider the balayage onto any closed non-
negligible set F.

In general, let P be a convex cone in C(X)
and

P,: ={Sun: uneP, X u.cCX)}.
(R,) For each ueP, for each real number ¢>0 and for each compact sub-
set F' of X, there exist a ve P, and a compact subset K of X satisfying
v=e on F and v=u on CK.

When {K,} is an exhaustion of compact subsets of X, it is easy to see that
(R,) is equivalent to the following condition (Rg):

(R}) For each u€P and for each x€X inf{v(x):v=u on CK,, veP,}

converges to zero uniformly on any compact set as n—oo.
We denote by u<o(v) for ueC(X), veCH(X) if for each ¢>0 the set
{xeX: |u(x)|>ev(x)} is compact.

PROPOSITION 3. If a convex cone P in C*(X) satisfies (R,), then, for each
ueP, for each ¢>0 and for a compact set K in X, there exists a ve P, satisfy-
ing uso) and v=e on K.

Proor. Let {K,} be an exhaustion of compact subsets of X. We can as-
sume that KCK,. Let u be a function in P. By (R,) there exist a v, P, and
a m,N such that m,<m,.q,

1
vnéﬁe on K,, and va=zu on CKy, .

Put v: = ivn. Then u is continuous everywhere and véP,,. For each n and
n=1 ‘
each xeCKy,, it holds that

u(n)zu(x)  @=1,2, -, n).
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Hence v(x)= é}lvi(x)gnu(x) and the set {x : u(x)>~1n—v(x)} is compact. There-

fore we have u<o(v).

PrROPOSITION 4. Let P be a convex cone in CH(X) satisfving (R,). Then for
each ue P, there exists a veP, with uso(v).

ProOOF. Let {K,} be an exhaustion of compact subsets of X and u a func-
tion in P. Since u= > u, (u,=P) converges uniformly on K,, we can write
n=1

:ioun, u,eP, un§$ on K, (n=1,2, ).

By Proposition 3 there exists a v, P with u,=0(v). For each n=1 there exists
a wpeP, 2"u,colw, and w,<1/4* on K,. Putv,:=u,+w, (n=1,2, --).
Then 2"u,s0(v,), v,=2"u, and

1.1 1

1
< n < i -
vn_4n+zs€uK13L2 un(x)_4n+4n—2n on K.

Put v: = Eovn. Then > v, converges uniformly on each K, and veP,. Lete
n= n=0

be a positive real number. Choose » with 1/2"<e. Since 2"u,<0(v,), there
exists a m,=N such that

2"un=<ev, on CKn, (n=0,1, -, 7).
Put m: =max {mly Mg, ***, WL,-}. Then

2"u,=Zevy on CK, (n=0, 1, ---, 7).

Hence
U= D tp= X tnt > un
n=0 n=0 n=r+1
éig— nt S] —2—"§ievn=ev on CKn

Therefore u<o(v).

Let P be a convex cone in C*(X) satisfying (R,). We denote by C(X, P,)
the set of all continuous real-valued functions f on X such that there exists a
geP with |f|=g. If C(X, P,)DH(X)P, C(X, P,) is an adapted space in C(X);
it is a linear subspace H of C(X) satisfying the following conditions (a,), (as)
and (a,):

(a,) each veH is written v=v,—v, with v,, v,=0 and v;€H (i=1, 2),

(a,) for each x=X there is a veH with v=0 and v(x)>0,

(as) for each ueH with u=0 there exists a veH with v=0 and ueo(v).

1) We denote by K(X) the set of all continuous real-valued functions on X with
compact support.
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It is well-known that each positive linear functional ¢ on an adapted space
H in C(X) is represented by a positive measure g on X, i.e.

go(v)=§vdy for all veH  ([1, 34.6 Theoreml).

Let G be a continuous function-kernel on X and put
P: ={Gr: ce9)}.

Then P is a convex cone in C*(X). If P satisfies (R,), we obtained by Proposi-
tions 3 and 4 that any function in 15,, is contained in o(v) with some vef’w
Further, if each non-empty open set is non-negligible, there exists, for each
compact subset of K of X, a f =P such that f=1 on K. Therefore, it is easy
to see that the space C(X, P,) is an adapted space in C(X).

PROPOSITION 5. Assume that G satisfies the domination principle, P satisfies
(R,) and that each non-empty open set is non-negligible. If Gr<=GA-+u on S, for
re&, A&€M{ and usP,, then the same inequality holds everywhere.

Proor. Let uepg. Since the convergence of u= ZIGV/JH (un€F) is uni-
n=

formly on Sz, for each ¢>0 there exists a meN satisfying

éyn+e>u on St.

Mz

it

n=1

Choose 7,=% with Gr.=1 on Sz. Since Gr<GaA+ ijléyn-l—érl on Sz and G

satisfies the domination principle, the same inequality holds everywhere. Hence
Gr<Git+u+eGr, on X. As e tends to zero, it follows that Gt<GA+u on X.

§3. The balayage onto closed sets.

Assume that each non-empty open set is non-negligible. Under the assump-
tion that the convex cone P={Gr: r€ %} satisfies (R,), we shall consider the
balayage of a positive measure g onto any closed non-negligible set F.

THEOREM 2. Assume that G satisfies the domination principle and P satisfies
(R;). Let F be a non-negligible compact set and p be a positive measure such
that for all ue[r’,, is p-integrable. Then there exists a positive measure v with
SvC F satisfying the following conditions.

(i) Gv=Gp on X,

(ii) Gyv=Gp n.e. on F,

(iil) each uef’,, s yv-integrable.

Proor. Put

C(F, P,): ={feC(F): ucP,, u=0, —u<f<uon F}.
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Then C(F, P,) is an adapted space in C(F). Remark that C(F, P,)DX(F). For
each feC(F, P,), put

QUf): =inf {w(GO)— p(Go)+pw) : A& M, teF(F),
ueﬁ‘,, féél—ér-i—u on F}.

Take veP, such that —v=f=v on F. Then Q(f)=u(v)<co. Further, assume
that GA—Gr+u=f on F with 1eMj, re%(F) and ucP, Since —v=f=
Gi—Gr+u on F, it holds that Gt<GA-+u-+v on F. By Proposition 5, the same
inequality holds everywhere. Hence —p()=p(GA)—p(Gr)+p(u). Therefore
—oo< —p(W)=Q(f). Since the mapping f—Q(f) is a sublinear functional on
C(F, fv’,), there exists, by Hahn-Banach theorem, a linear functional v on C(F, P,)
such that v(F)<Q(f) for all feC(F, P,). If f<0, it holds that v(f)<Q(f)=0.
Hence v is positive. Since v is a positive linear functional on the adapted space
C(F, 15,,), v is a positive measure on F such that each feC(F, }V’a) is y-integrable.
Let 2eM#. Since G1is a positive lower semi-continuous function, it holds that

V(GA)=sup{v(g): 0=g=<GA on F, geX(F)}
<sup{Q(g): 0=g=GAl on F, geAX(F)} =pu(GA).
Especially, put A=e¢,. We have
Gy(x)=Gux) for all xeX.

Let € 4(F). Since P satisfies (R,), there exists, by Proposition 3, a weﬁa
such that éreo(w). For each ¢>0 there exists a compact set KCF such that
Gr<ew on CK. Take g€ X(F) such that 0<g<Gr and g:éz‘ on K. Then
ér§5w+ g on F. Consequently

v(—ér)év(—g)éQ(—g)és;z(w)~p_(ér) .
Hence ——v(é'c)ésp(w)——/,c(ér). As ¢ tends to zero, we have
—v(éz')é —y(ét) .

Therefore p(ér)zp(ér) for all re%(F). Hence Gv=Gp n.e. on F.
A positive measure v on F satisfying (i), (ii) and (iii) is called a balayaged
measure of g onto F with respect to G.

§4. The minimum balayaged potentials.

In this section we assume that each non-empty open set is non-negligible.
In §3 we have considered the balayage onto any non-négligible closed set. But
a balayaged measure is not necessarily unique. We prepare the following domi-
nated convergence theorem to see that the minimume balayaged potential is
determined uniquely.

THEOREM 3. Assume that G satisfies the domination principle and p satisfies
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(R,). Suppose that the sequence {Gpn} of potentials of positive measures is domi-
nated by a potential Gy of a positive measure v such that each ueb, is y-integra-
ble. Then there exist a p=M* and a subsequence {;,enj} of {us} satisfying the
following conditions :

(i) ITi%G,ansz,u n.e. on X,

(ii) ljlff.} SG,LGjd‘::SG;edz- for each €9,

(iil) each uel\ﬁa is p-integrable.

Proor. If ze4, it holds that

22(GT)=1(G pa) t(Gv)=1(Gr) < 0 .

Since each uef’,, is written as Zlér,- where 7;€%, it holds that p.(u)<v(u).
=

Since for each feC(X, P,) there is a function uef’,, satisfying |f| =<u, we have
pa(F)1 Sv(u)<oo. Since the set {us, g2, -} is bounded under the topology
o(C(X, 15(,)*, C(X, }V’a)). Hence {yi, p, -} is relatively compact under the topo-
logy o(C(X, P*, C(X, P,)) c.f. [1, 23.11 Theorem]). Put

An: :{#n: Hn+1s }

and take pe F\l A,. Then u is a positive continuous linear functional on C(X, 15,,)
n=

and hence a positive measure on X such that each feC(X, ﬁ,,) is p-integrable.
Since X has a countable base, the adapted space C(X, fv’g) is separable (c. f. [4,
Proposition 6]). We can choose a subsequence {u, j} of {¢n} such that

lim pa (f)=p(f)  for all feC(X, P,).

Especially
lim pn (w)=p(u)  for all ueP,
Jooo

and
lim g, (GT)=p(Gr)  for all c€ ¥ .
J—oo

Further, since lim ¢, (g)=pu(g) for all geH(X), im Gpa;=2Gp. For each reF
Jmeo J—oo
it holds that by Fatou’s lemma
7(Gp)=t(im G, )=lim 7(G ptr )
Jooo Jjoe
=lim 1, (Gr)=p(GD)=(Gp).

Consequently
7(Gu)=t(lim G pn )=lim t(Gptn ) .
J—)OO J—>D°

Hence Gp=lim Gpu,; n.e. on X.
Let {K,} be an exhaustion of compact subsets of X.
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THEOREM 4. Assume that G satisfies the domination principle and P satisfies
(Ry). Let F be a non-negligible closed subset of X and p be a positive measure
on X such that each ucP, is p-integrable. Then there exists a balayaged meas-
ure v of p onto F satisfying

4.1) {Gvae=tim [Grap  ror cach ze4.

Here 2, is a balayaged measure of © onto FNK, with respect to G.

PROOF. Since for each r€% Gpu is r-integrable, the set Q: = {x X : Gu(x)
=oo} is negligible. Put

Frn: =FnK,Nn{xeX: Gux)<n}

and let v, be a balayaged measure of g onto F, with respect to G. Then Gy,
=Gy, Gvp,=Gp, n.e. on F,. Remark that the energy of v, is finite. By Theo-
rem 3 there exists a subsequence {v, .} of {vn,} such that {v,} converges to

vaguely a positive measure v and lim Gyvn, =Gy n.e. on X, lim SGvn dr= SGvdT

Joee J—oo

for all 7€ and Gv=Gp. Simply we use {v;} instead of {un} Further, let
{Zm} be a balayaged measure of z onto FN\K, with respect to G. Then GZ
=Gz n.e. on FNnK, and GZmZGr everywhere. Consequently the energy of An
is finite. Since G2,=Gr n.e. on Sy; for all m<i and v, ¥, it holds that, for
each re &

SGvdT lim SGu de=1im SGrdvl—hm lim Scx dvi

7 —00 100 Mmoo

—lim lim SGvidlm

From Proposition 1, it follows that the inequality Gv;=Gup=Gv;+; n.e. on Sy;
implies Gv;=Gv;;; n.e. on X. Consequently
[eridinz|Grindan  for all men.

Similarly,

Sélmdviégélmﬂdvi for all ieN.

Therefore lim lim S Gy;dAn also exists and is equal to lim lim S Gv;d2An. Since

m—oo —00 {—00 Mmoo

S Gvidlmgg Gudim, S Gv;dA, converges to zero as i —oo.,
CF; CF;

{Gp>i}
Hence we have
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lim lim SGv,dl =lim lim SGdelm

io00 Moo M- {00

=lim lim

m—oo F—0o0

S ledlm-l-g G»idzm}

me=o0 g0 JFy

=lim lim

m-—roe i—oo

{
=lim lim | G,
|

, Grdin=lim SGﬂdZ
Therefore we have the conclusion.
From (4.1) it follows that

COROLLARY 1. The potential Gy of a balayaged measure v satisfying (4.1)
s uniquely determined up to a negligible set.

COROLLARY 2. If GA=Gpy n.e. on F, then GA=Gy n.e. on X.

Proor. From (4.1) it follows that, for each €%

{Gvar=tim [Gandp=1im SGydlmSthGldl

m—00

—lim Sézmd@Séwz:SGm .

m—reo

Hence Gv=GA n.e. on X.
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Added in proof

It is easy to see that, if a convex cone P in C(X) satisfies (R,), P, also
does (R,). Using this, we can proof more easily Proposition 4 by the same
method used in the proof of Proposition 3.



