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Introduction

Conformally flat hypersurfaces of the Euclidean space are studied by E.
Cartan, J. Schouten, Nishikawa-Maeda and others. S. Nishikawa has determined
such hypersurfaces under the assumption of analyticity. They are the examples
of conformally flat spaces which are not constant curvature.

Let M"(c) be an n-dimensional Riemannian space of constant sectional
curvature ¢. It is well known that M"(c)X M?* and M*(c) X M™(—c) are conformally
flat and clearly not of constant curvature. In this paper, we shall give other
examples of conformally flat spaces making the product metric twisted.

1. Warped product spaces.

Let M* and M'" be the Riemannian spaces with dimension # and m. We
take a positive Ce-function f on M*. Then a warped product (Riemannian) space
Mr+m=M»x M'™ is defined by the Riemannian metric d&*=do®+ f2dc’?, where
do and do’ are line elements of M* and M'” respectively. More precisely, taking
the natural projections p: M#+#»—M* and p': M#+»—>M'", the warped product
metric is given by

d5* = py(do®) + (p«f)*Pp"™*(do"?)
where p, and p,’ are the pull back operators induced by # and 2’

In the following we make the consensus that the indices ¢, j, &, --- run over
the range 1,---, %, a, B, v,--- the range n+1,---, n+m and 4, B, C,--- the
range 1,---, n+4m.

We take the orthonormal vector fields e;, e, and the dual basis w;, w, on M*
and M'». The Riemannian connection forms w;; and w,s satisfy

dw; = 3, w;,W; , wii+wj; =0,
dwa =3 Wag\Wg , ,wap+wﬂa =0.

The orthonormal vector fields on M*+* are given by

i=e,  f=(puf) e
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where e; and e, are identified with the vector fields on M#*+» by the natural
injections. Then the dual basis @, of 1-forms on M#+® are given by
T; = pyw;, @y = (Paf) ' su -
Notations: We write down only quantities on M#*+#, Curvature form
and cruvature tensor: 4p=(1/2) 3 Rapcp @, @P, coefficients of Riemannian -

connection: @Wyp= Y 4pc ¢, Ricci tensor; Ryp= 3 Roape= 3 QCA(GB, &c), scalar
curvature; R=3R,,. Then we have

AWy =3 Wyp,Bp,
Q4p=dWap— 3 Wyc, Wcs -
LeMMA 1. The connection forms @Wyp sabisfy
;= p*w;;, Wiy = 4;W, ,
) Wyp = P’*waﬁ s
where we put pyd(log f)=234,0; .

Proor. Making use of the structure equations.on M?%, M'" and M#+m. we
have

yijk = p*'yijk: ‘)-'zx,By = P,*y,aﬂy
5}1']‘(! = _71'011' = _-5;a1']. = O 5 7«55 = O ’
'y’iaﬂ =d; Saﬂ = _?aiﬂ ’

from which the lemma follows easily.

- LEMMA 2. The curvature forms Q4p satisfy
Q5= paij Qi = 2 D5V [il B
Qap = P32 wpg+ D5 (S Fi2f?) T Tg
where Af =3 fywy, and g4 f; 15 the covariant derivative of f; by the connection w;;.
Proor. We only show the second equation.
Gy = AW — 3 T4, W aa
= A8;\0, + 4;(3 Toj \Tj+ 3 Wap\Wp)
— 2 (Pxwir) \(@T,) — 32 (2;005) \ (P 4 Wpa)
= (22;+3; 20 2;00; — 3 (Pawir) B) \Bs -

If we put d(log f)= 3 a;w;, then pya;=a; holds good. Since p, and d commute
each other, we have :

i = Palda; + 3 4wp) \Ta + (P4 (log f) a;) B,
=33 P+(Vr (ilf) + (Slf)Filf)) Dep@a
= 5 bV ilf B\ |
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LemMA 3. The Ricci tensors Rup satisfy

Rij = puRij — mpy (7, 1ilf),

Ria =0 ’
Rug = (047 8"xR'ap + Du (A SIf — (m—1) T fi2f?) 8up
where N f=—3 7./ 1S the Laplacian of f on M*. '

Proor. By the definition of Ricci tensor and making use of Lemma 2, we
have

Rij=3 3 (2, 8) + X 2ui(3j, 2.)
= palj — 3 Pu(VSilf ) 85 2 Wa(2,)
= puRij — mps( i filf) »
Ris =3 0424i(8a, 8) + X0 924(2., 85) = O,
Riy=3 2025, 2) + X 8,.(65.8,)
= 2 Dx(Vrfi) (—8isdap) + (PaS?) 7' P 4R g + Px (Z S2lf?)
X 20 (8,8ay—38,784p)
= (PxS?) P xR g + P (ASIf) — (m—1) T fi2f?) 8ap -

LEMMA 4. The scalar curvature of the warped product metric structure is

R=puR + (px ™20 sR' + pu@mf-1 A f—m (m—1) 2L f?) .

Proor. It is only direct calculation from Lemma 3.

2. Conformally flat spaces.

We study the conditions under which a warped product space M"+# be
conformally flat (n+m=4). For this purpose, we put

1

Pa= =g

(@4, (X Res®c) — @p, (= Reawe)) |

R
+ (n+m—1)(n+m—2)

Wy, 0p .

Then M#*+m is conformally flat if and only if

(2.1) Cap="V4p.
We assume that M” and M'” are conformally flat. Then we have
—1
(2.2) 2;j = g (Win (X Ryjen) — wj, (3 Ryse))
R
-+ w; w;

(n—1) (n—2)
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(2'3) ‘Q,aﬁ = (wa/\ (Z R’yﬂwy) — Wg, (E R’wwy))

+ R w, W
(m—1) (m—2) " k-

Since Q45 on M7+ is given by Lemma 2, (2.1) means that the three equations

Pl =¥,j,
(2.4) 2 Px (Vi fill) @y = Ve,
D5’ 2 ap + Du (T i2f?) Tap@s = W;;;

are valid. In the following, we will omit the pull back operators p, and p, to
simplify the expressions. Then the first equation becomes

;5= %——I—_;%l——z (Wip (2 Ryjoop) — wj, (3 Ryiwy))
+ 1
(n+m—1)(n+m—2)

(R+ f7R'+2mf~ A f—m(m—1) [ 3 [3?) wi,w;

n—2 1

- — 9,
nrm—g 9T (n+m—1)(n+m—2)

m 2R/ -1
(— T R AR A m(2f A f

— (m— l)f“zszz)) wW;,w; + % (Wi (2 Vrfiws) — wj (X Vi fir))

from which we obtain

S SN T SO U

+ [ win X Vi Sfiwr— w2 Tafiwy) -

Hence we have _
Rij =3 Lules ¢))

_ 1
n4-m—1

+ (m—n+1) [ Af) 8ij—(0—2) [ i fi

(R~ 222K + n— -1 2 5 f2

and contracting 7 and j, we get

m—1

25 LR+ LR = 1) (25t 4 2 AT,

Using (2.5), we get
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n—1)
— Wjp 2 Vi fiw)

(2.6) R = (— o R + —%—f—l Af) Wi W+ fHw;\ 320 Vi fjwr

and
R n—2
@7)  Ry=(5- - £)8ii + =D f1 s
o From the second equation of (2.4), we have
1 ’
3 Vrfi O = — im—2 (f_zwi/\ 3 R @y—@, , 30 Ry

+ (B SIF) = =) SHUF) 0iy@s + i f T fiTarr)

R
T m—T)nrm—2)

w,-,\wa

- (%+m—1)1(n+m—2) (_ n,; SR —.ﬂ;}lfRH%—l)(m—l)

XL Af+FASSE) 4 Vafionon

hence we get the equation (2.5) again. Lastly, the third equation of (2.4) leads to
the form ‘

1
n+m—

— @, X RL,.w.) — 2(f1 A f— (m—1) T fi2[f?) @)

R

&2 +f2fk2wa/\wﬂ = 2 (f2(@ 22 Ry,

@, W
v (m+m—1)(n+m—2) "~ F
m—2 1 n
e — = Q-’ 2R—- - R’—2 —1 A
n+m—2 « T (n+m—1)(n+m—2) (f m—1 (=1 fLf

+ (m—1)(2n+m—2) Zf,ﬁ) Wo Wy

and hence we have

"

noy= - (pR—

— = R—2(0—1) f A f —nn—1) T ) o -

This shows that M’'” is of constant sectional curvature. Moreover the Ricci
tensor of M'™ is calculated as -

nnrm—1) Ry = — (m-l)(fzze— —

FR = (=)@ Af —n DY )b
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and therefore we have
n(nrm—1) R’ = —m(m—1) f2R-+mnR’ +nm{n—1)(m—1) (—S—fA f—3 f,ﬁ),

from which the equation (2.4) is obtained. Substituting (2.4) into the equation of
curvature form, we have
—R’

(2.8) .Qlaﬁ = m

W pWp

which is a trivial result. Conversely it is easy to see that (2.5), (2.6) and (2.8) are
sufficient for the equation (2.1) to be valid. Thus concluding these results we
have proved

THeOREM 1. Let M* and M'™ be conformally flat spaces. Then the warped
product space M* X (M'™ for a certain positive function f is also conformally flat if
and only if the following three conditions hold good: (1) the curvature form of M*
satisfies (2.6), (2) M'™ is of constant sectional curvature, (3) the scalar curvatures of
M* and M'* satisfy (2.5).

3. The special case of M(c) X ;M=(c’).

In this section we want to determine the positive function f on M* by which
the warped product space M"+#=M*X ;M'" is conformally flat. By virtue of
Theorem 1 M’'™ is necessarily constant curvature ¢/. Now we suppose that M*
is of constant sectional curvature ¢, too. Then the condition (2.6) becomes

. ‘
- DS Wi+ 0y 3 074 fi— 0 X 0pvafi =0

When #n=1, this trivially holds, and for =2, it is also true since we have
Af=—v1/i—Vafs- When n=3, taking any fixed i/, we have
2
(7 Af +V1‘fi+ijj>wj+ 3 o ifi=0,
k#i,j

hence

2 _

S Af+vifitvifi=0, 17,

Vifi=0 k1,3

hold. Since there exists another index %4i, j, we easily see that

@) v;ﬂ=v;-ff(=—71;Af)

vifi=0 for i

are true,



Dec 1978 On Conformally Flat Spaces with Warped Product Riemannian Metric 123

As (2.5) is satisfied when n=1, we have

TuEOREM 2. For m>2 and awy veal number c', the warped product space
MY (M™(c") is conformally flat for any positive function f on M.

We consider the special case in which the conformally flat warped product
space Mm+1=M1x Mm(c') is constant curvature. Since the conformally flat
space is constant curvature if and only if it is the Einstein space, the condition is
given by

(3.2) Ryp = mks 45
where % is constant, and hence (3.2) is equivalent to
Vih=—k,
(3.3)
¢'— it = kf?

by virtue of Lemma 3. Taking the local cordinate function x of M?, (8.8) is written
as

fr=—H,
(/) + A2 —c" =0.
The first equation implies ((f')2-+Af2)'=0, which means that the second one is an
initial condition for f. Solving this differential equation in each case of 2>0,
k=0 and k<0, we have
(1) £>0: f=Asin VEkx + Bsin VEkx,
A+ B2=/(|k.

Hence ¢’ is necessarily positive, and f>0 in an open domain in M2

2) k=0: f=+Vcx+B,

the same remark as above is true in this case.

(8 k<O: f=Asinh V—Ekx+ Bcosh V—Fkx,
B2 - A2 =('|k.
Here B>A>0, ¢'<0 and f is positive on M1
We consider the case =2 and m>2. Then M?()XM™(c) is conformally

flat if and only if the equation (2.5) holds. Since R=2c¢ and R'=m(m—-1)c’, (2.5)
can be written as

(3-4) cH+fRE—SNY) —fTAf=0.
We put F=log f on M?c). Then (3.4) is equivalent to the differential equation
(3.5) AF =c¢ + ¢'e?F

TreoREM 3. Let M2(c)=S?(c) be a space form with ¢>0. Shen S*(c) X ;M=(c')
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can not be conformally flat for ¢’ =0, m=2.

Proor. If S%*c)x M™(c') is conformally flat, the function F satisfies
AF>0
by virtue of (8.5). This is impossible on S?(c).
REMARK. We denote by R* (resp. H*(¢')) the space form M= (c') with ¢'=0
(resp. ¢’<0). Then the special solutions of (3.5) are obtained: If c¢+4c¢'=0, then
F=0, and if ¢=¢'=0, then F is a harmonic polynomial on K2 Hence the

Riemannian product spaces S*(c) X H™(—c), H*(—c)xXS*(c) and R*X ;R" are con-
formally flat.

Next we consider the case =3, m=2. Owing to the equations (3.1), we can
put for any indices 7, j

(3.6) Vifi=9dij,

where ¢ is a scalar function on M*(c).

LemMMA 5. There exists a constant k on M*(c) such that ¢ is written as

P = k— Cf .
Proof. From (3.6) and the equation

af; + X frwr; =2 0371 fj
we have

af; + X frwpj = pw; .
Differentiating it, we get

S Afpawij + 2 [r(—Cwpa 0 + X Wi aWhj) = BppWj + @ 2 WipaWy
and hence

d(cf + @) p0j =0
is obtained. Since #=8, we conclude that
alef + ) =0
which proves the lemma.
We now assume ¢>0. According to Lemma 5, we can define a function

f=f—He=—glc.
Then f satisfies f;=f; and
(3.7) Vifj=—cf8;.
Moreover the equation (2.5) is written as
(3.8) S ft= —cf2 + K, K=Fk 4oc.

Hence K is a non-negative constant on M?*(c). _
Let M*(c) be the space form S*(c). Then S*(c) is isometrically imbedded in
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R+ with coordinate functions (xq,-- -, %,, %) 2% 2+x,2=1/c. (3.7) shows that
the function f is the first eigen-function of the Laplacian on S*(c), which is given
by restricting the harmonic polynomial of degree one on R"+! to the sphere S*(c).
Thus we have '

f =3 a;%; + ApXy , x4 x,2=1fc.

LeEMMA 6. The constant functions a;, a, on S*(c) satisfy
2 d,'g + aAz =K/C .

Proor. Since f attains to a critical point on S*(c), we take one of such points

peS*(c). Then df(p)=0, and hence
f(#) == VK|
by virtue of (3.8). On the other hand v ,f(p)=0 leads to
xj(P)[a; = xs(P)as = b

for some b, hence we have

b2 (X af? +{as?) = 1/c.
Therefore

f(8) = Z a(p) + anxa(?)
—b(Za?+a?) ==+ VKJc,
from which
02 (X a;® + a,%)?% = K/c?
is obtained. Comparing these equations, it is easy to see that
> a?+ a=Kjc
holds good.

Conversely, we have

LEMMA 7. Let f=3Y ax;+asx, be a Sfunction on S*(c) in R**+! whose coeffi-
cients satisfy Ya2+a =K]|c for some non-negative constant K. Then f is the
solution of the differential equations

vivif = —cf g;
with

ldf|2 = —cf? + KJe
where g;; 15 the canonical metric tensor on S*(c).

Proor. Since the first equation is well known, we show the second one. As
we have "

ij =a; + ap (—x;)[%4 ,
Idf |12 = X &/ :fV;f becomes
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N7 12 = 32 (8:5 — ;) (as — anifa)(a; — anif%s)

— S ap — 2(auln) Sap; + (@) (3 — %)
— ¢ (S @y + 20lasns)  ayr; (+ — 2:2)

2
— c(@a?[x4%) (% —_ xﬁ) .
Making use of the condition 2a,-2+aA2=K/c, we see that
Iaf |2 = —cf? + Kfe
after some calculations.

THEOREM 4. Let n=3, m=2. If ¢'=0, then there exists a positive function f
on S*(c) such that the warped product space M*+%=S"(c)X M™(c") 1s conformally
Slat.  The function f is given by (3.9).

Proor. According to Lemma 7, for some non-negative constant K the func-
tion f satisfies (3.7) and (3.8). We define f on S*(c) by

(3-9) f=F+ke
where k= /K ;. From (3.8), we see that
—cf2 + Kfc = —cf? + 2kf + ¢’ = |df |2 =0,

and hence f>0 on S*(c). Since f satisfies (3.1) and (2.5), M»+» is conformally
flat.

REMARK. It is easy to see that K=O0 if and only if f=0 and hence
f=v=c]e is.a unique constant function such that M#+* is conformally flat.

Next we assume ¢=0. Then taking orthogonal coordinate functions (x,---,
x*) on R*, the equation (3.6) becomes

0;0; f = kdij
by virtue of Lemma 5. Thus f is of the form
(3.10) f=(k2) S22 + Sam;+ b
for some constants a;, b. From (2.5) we have
(8.11) Sat=c +2kb.

If £>0 and ¢'<0 then f is positive all over R*. But if 2<0 or £>0 and ¢'=0,
then f is possibly positive on some open domain D* of R*. Consequently we have

THEOREM 5. Let n=3 and m=2. If ¢'<0, the warped product space
R (M™(c") is conformally flat, where f is given by (3.10) with the condition (3.77).
If =0, then D*X M™(c') is conformally flat, where D" is an open domain in
R=,
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REMARK. The former space R”X ;M™(c") is not of flat curvature. However

the second one D*X M™(c’) is flat if and only if 2=0.
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