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1. Let M be a Riemannian space of class C~ and R=(R,;,) be
the Riemannian curvature tensor on M. If M is locally symmetric,
then it satisfies

™*) R(X, Y).R=0

for any tangent vectors X and Y. Conversely, it has been studied
by several authors under what additional conditions (*) implies local
symmetricity. There was given by H. Takagi an example of a
complete irreducible, 3-dimensional Riemannian space which satisfies
(*) and is not locally symmetric.

In this note we show the following

THEOREM A. If a compact Kdhlerian space of constant scalar
curvature satisfies the condition (*), them the space is locally sym-
metric.

2. Let M be a Kahlerian space with complex structure tensor
p=(p!). We denote by R,=(R;;) and R’ the Ricci tensor and the
scalar curvature. It is well known that the following formulas are
satisfied: :

( 1 ) ¢2Rrbcd=¢€Rracd ’
( 2 ) @gR'rbz —é—¢r8R7‘sab ’

It is also known that the 2-form S=(1/2)S;,dx’Adx’ defined by
S;;=@iR,; is closed. Denoting the covariant derivative and the
codifferential operator by V, and 4, we have

(0S).= — V(9L R,.)
=¢;VTRN=%¢;VSR’ ,
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and hence the 2-form S is coclosed if and only if the scalar curva-
ture R’ is constant.

A. Lichnerowicz has obtained the following integral formula
which is valid in a compact orientable Riemannian space M:

(3) ZSM[(V”RM —VeR")(VRys—VRy,)— K7
=| (VB Roar
. ;

where 7 means the volume element of M and

— bed
K=R""H},ra ,
Habcd,i.’i:ViVjRabcd—VjViRabcd .

The condition (*) is equivalent to H,,.,.;=0.
3. Proof of Theorem A. Assume that the Kahlerian space

M is compact and the scalar curvature R’ is constant. Then we
have AS=0, where A=dd+dd is the Laplacian operator. Hence

0=(AS)u=—@i(V’'V,R,,—R:R,,— RiR,,)+ R,,” p.R,,
is valid, from which we have
stsRab == ZRstb —_— @Z’Rubrsqﬁ-Rts .

Using the Bianchi’s identity and (1), (2) the second term of the
right hand side becomes

— PR, PLR = PiR, @ R+ P R yeiv P B
= RtasbRts + QD:‘Ruabr( - @st :)
=2-Ra,'rbtefaf$ .

Hence we have
(4) ViV Ry =2(RiR,,+ R, R7) .
Let us assume that the condition
**) R(X, Y).R,=0
holds good for tangent vectors X and Y. Since (**) implies that
Roy/'R,;+ R, "R, =0,
we have

Rarbers: —Rarrsts: '—'RasRSI; .
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Therefore v'v,R,;=0 is obtained from (4), and we get

VaRchu,Rbc = Va(RchaRbc) - VaVaRbaRbc
=V (R, V°R") .

Integrating this equation on M, we have
| (VR R =0,
M
from which V, R, ,=0 follows. Thus we proved the following

THEOREM B. If a compact Kahlerian space of constant scalar
curvature satisfies the condition (**), them the Ricet temsor 1s
parallel.

If the condition (*) is satisfied, then it is clear that (**) is valid
and K in the previous section vanishes, since H,;;,;=0. Making
use of the integral formula of A. Lichnerowicz, it is shown that
the curvature tensor is parallel. This proves Theorem A.
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