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Lagrange’s theorem on the expansion of inverse functions is
generalized for functions of two variables.

§1. The case of one variable

The classical theorem of Lagrange" states that if x is only one
zero of the equation

u%a+sf(u)

for given ¢ and s in a certain domain, a function F(z) can be ex-
panded by the formula

F@)=F@+ 32 (L) [F @) (1)

The theorem has been proved with the aid of the theory of funec-
tions of a complex variable. We shall prove the theorem with the
aid of the Dirac delta function and generalize it for functions of
two or more variables. Using the unit function e(x)

and its derivative, that is, the delta function
o(x)=¢"(x)

we have for any differentiable function G(x)
SlG(u)B(u —a—sfw)du= S‘j G(w)d(u—x)du/(L—s.f'(u))
=G@)/(L—sf"(x))

under the assumption that w—a—sf(u) has only one zero and
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1—sf'(2)>0 for —oc<u<co,
Expanding é(u—a—sf(u)) in powers of s

ou—a—sfu)= i;o (——-s—)g'mé""’(u—a)
where 6(u—a)=(d/du)"6(u—a), we have

G@)/L—sf"(z))

Il

s, (—8) SlG(u)f”(u)B(”’(u—a)du

n!

35 (L) 6@ ).

n!

Setting G(z)/(1—sf'(x))=F(x) and rearranging the expression, we
have o :

F= 3 = (L) [F (@)@ (3)

n=0 n! \ da

which reduces to (1) if the term n=0 is separated.

§2. The case of two variables

We assume that two equations

w=a-+sf(u, v)
v=b+tg(u, v)

admits only one solution =« and v=y, and the Jacobian o(u—sf,
v—1g)/0(u, v) never vanishes for —ceco<u<<oco and —eo<vV<oo, 8, ¢t
being sufficiently small. If two functions @(u, v) and +(u, v) vanish
simultaneously only at u=2, v=y, and the Jacobian (g, ¥)/o(u, v)
does not vanish there, we see that

5(@)0(w) LPr ) — 54— 5w — 1)

o(u, v)
and
Flz, y)= Sg"_" Flu, v)8(u—1)8(v—y)dudv
=SS°° Fu, 0)5(0)5() 22 %) qudy
—oo o(u, v)
Setting

p(u, v)=u—a—sf(w, v)
"#‘(u; 'v):-'v-—b—tg(u, ’U)
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and expanding (), d(¢+) in powers of s, respectively

3(p)= go—(—_ﬂ—;)—mc?“’”(u—a)f ™(u, v)

o) = 3, =05 0—b)g*(w, v)

we have

Fa,y)= 3 5 (o200 OO

m= n!
S Flu, 0)Jw, 0)F ™, v)g" (1w, ©)0™ (w—a)d™ (v —b)dudv

0
oa

C ey

=5 S

fm,l n!

>m< 8(‘2 >”[F(a, b)J(a, b)f™a, b)g"(a, b)] . (4)

This is a generalized theorem of Lagrange. The Jacobian, however,
involves s and ¢

1-sf, —sf,

J(u, ’U)—a(?’ "l’) N ,
—Ug., —Ug,

o(u, v)

S0 a rearrangement is needed. We have finally

Fo,9)= 5,5 5 () (2T 2 g

m=0 n=091,1 oa 0b o0aob
oF 8fm 3F w0g" ] ' 5
T oa 0b f oa (5)

An alternative form may be

S st 0\ 0\ m n
Fla, I, v)= 3, 5 2 2) () 1F @ b "(a, (@, ]
()

In this form, extension to the case of three or more variables is
straightforward. It may be noted that a Jacobian d(z, y)/d(a, b) is
inverse to the Jacobian J(a, b) since we have

1=0(@ b) _da+or,y), b+y(,y)_0d(p, ¥) 0z, y)
d(a, b) o(a, b) (@, y) d(a, b)

§3. Examples
Setting F(x, y)=2 and then y, we have



32

G. IwaTa NSR. 0.U., Vol. 28
= 35 87 1" (_19__ ”"1<_5__ " [a_fﬁ }
T B T 8a> ab> b Y
- ) o sn t'n, —(2— m—1 _@_ n—l[ m@_g_n_]
y—mgé“o%z‘om! n!(&a,) <ab> 7 0 )
If we put
’ r=q+sy’ f=v
y=b+tay , g=xy
we have

r—a S % 2m+n—1)! <sb2 >m(m)n

i ml(m—m+ 1)1 (2m—1)!

y=b i i (2m+mn)! (st >m(ta)” )

a0 nz0 ml(n—m)!Cm+1! \ o

If we put more generally

x=a-+sxty” f=aty*

Yy=>b-+tx’y* g=2y"

— = - lﬂ(l?\,+m0)!(l#+’mt—1)! 2.-1by ! t obr—l m
=y go'%l!m!(lk+ma—l+l)!(l,a—i—mz'—m)!(sa Vb

—p3 T mo(In+mo—1) (Lp+mz)! .
Y= S B Tt mo— DGt me—m D1 0 ¥

For n=p=0=7t=1, »,y may be expressed by Appell’s hypergeo-
metric functions of two variables?®

— +m)!(l+m—1)! Lt \™ — . .
r=a >, >, G-Dliimi(mt 1)!(sb) (ta)"=aF (0, 1; 0, 2; sb, ta)

_ C+m—DIC+m)! oviipgym— .9 0
y=b> >, NG Iml (m—1)! (sb)!(ta)"=bF(0, 1; 2, O; sb, ta) .

Incidentally we have

b= T2 arlee) () e

= 33 EEMIEEM (gyigym= 1, 1; 1, 1; sb, ta) .
Lilmlm!



July 1977 A Generalization of Lagrange’s Theorem on the Expansion 33

References
[1] E. T. Whittaker and G. N. Watson, Modern Analysis, p. 182, Cambridge Univ.
Press. 1935.
[2] W. N. Bailey, Generalized Hypergeometric Series, p. 73, Stechert-Hafner, New
York, 1964.

[31 A. Erdélyi, Higher Transcendental Functions, Vol. 1, p. 224, McGraw-Hill, New
York, 1953. .



