Natural Science Report, Ochanomizu University, Vol. 26, No. 1, 1975 1
BROKLTFRY ARBHFRE 5264 £15

Some Remarks on Theorems of Korovkin type
for Adapted Spaces

Hisako Watanabe

Department of Mathematics, Faculty of Science
Ochanomizu University, Tokyo

(Received April 15, 1975)

§1. Introduction.

Korovkin’s theorem [3], arisen from the study of the role of Bern-
stein polynomials in the proof of Weierstrass’ approximation theorem,
has been generalised in the case where X is a compact Hausdorff space
and F a separating subset of C(X) containing constant 1.

Bauer has shown, making use of the theory of adapted spaces, that
theorems of Korovkin type hold also for locally compact Hausdorff
spaces.

In this paper we shall show that a theorem of Korovkin type in
case of a lattice, instead of an algebra, will be obtained for locally
compact Hausdorff spaces. Further, when P is an adapted cone, we
shall give a sufficient condition for a sublattice of the vector lattice
Hp of all P-bounded continuous functions to be dense in Hp.

§ 2. Linearly separating families in R*.

Throught this paper, let X be a locally compact Hausdorff space.
Let & be a family of real-valued functions defined on X. The family
% is said to be linearly separating if for any two different elements
z,y of X and any 2=0, there is feF such that f(x)+1f(y). Put

JF={nf; neN, feFIH—nf; neN, f=F}.
For f, g%, the function:
o — max {f(z), g(x)}  (resp. x— min {f(x), g(»)}
is denoted as usual by fVg (resp. fAg). Put
TVEHE={fVyg; feB, 9=
for two families & and §, of real-valued functions. Then holds the

following proposition.

PROPOSITION 1. Let § be a linearly separating family of real-
valued functions. Then for any two different pownts x and y, there is
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a function veF={JFVIF+JIF such that
v(x)=0, v(y)>0 and v=0 on X. (1)

PROOF. By the assumption there are ue® and we P satisfying

w(y)#=0 and w(ac)ijig—;w(y). Assume that u(x)=0 and put

11=uVO0 and ve=(—u)VO0.
Then both v, and v, belong to % and one of them has the property (1).

Next, consider the case where u(x)#0. Then, since w(z) #F— w(y) there

“wl(z) T u(y)’
is a rational number —% between w(@) and —7“3(?4-)—. Let v=mw—nu.
m u() w(y)
Then holds
v(x)w(y)<0.

Thus, one of two functions v,=vVv 0 and v,=(—v)Vv0 has the property

).

§ 3. Adapted spaces and the Choquet boundaries.

Let P be a cone of C*(X). A real-valued function f defined on X
is said to be P-bounded if there are functions h, and h, in P such that
—h=f=<h,., The set Hr of all P-bounded continuous functions of X is
a linear subspace of C(X). A cone P of C*(X) is said to be adapted if
P has the following two properties;

(a)) for each x= X there is f= P such that f(x)>0,
(a,) Pco(P) . ®

A linear subspace B of C(X) is said to be adapted if B*=BNC*(X)
is an adapted cone satisfying B=B"—B".

Let P be an adapted cone and C be a min-stable cone with PCCC Hp.
A positive Radon measure p on X is said to be P-integrable if each
function in P is p-integrable. The set of all P-integrable positive
measures is denoted by Ms.

Let « be a point in X. Then a measure p=M} is said to be C-
representing measure for x if p(h)=h(x) holds for all heC. The set
of all C-representing measures for x is denoted by M,=M_(C). The set
dc(X) of all points x satisfying M,={e,} is said to be the Choquet bound-
ary of x with respect to C.

Let B be an adapted space. Put

CBY={fiN == Nfa; fi€B, neN}.

*) A real-valued function f on X is said to be dominated by a real-valued function
£=0 on X, in notation f=o(g), if for any ¢>0 there is a compact set KC X such that
[ f(x)|<eg(x) holds on X\ K. The notation o(P) also is used for the set hU o(h).

€p

s
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Then C(B) is a min-stable cone with BCC(B)C Hz+. The Choquet bound-
ary with respect to C(B) is denoted by ds(X). Remark that g} is
a C(B)-representing measure if and only if holds

w(f)=f(x)  for all feB.

PROPOSITION 2. Assume that a subset § of C(X) has the following
properiies;

(f) TTo(F),
(S Sfor each x<€ X there is fEF* such that f(x)>0,
(f2) ¥ 1s linearly separating .

Then the linear space B generated by JEZFVJIE is an adapted space
and 0x(X)=X.

PROOF. First it is proved for B to be adapted. By the assumption
(f1), for every f=$ there is a function g= %™ such that |f(x)]<g(x) holds
in the complement X\K of a compact set K. By the assumption (f3),
there is g,=%* such that g,>0 on K and then there is a positive integer
m satisfying f=g+mg, Hence the equality

f=r+g+mg,—(g+mg,)

shows that f is written as a difference of two non-negative functions
in the linear span of . Let f and g be two elements of . From
S=fi—f: and g=g¢,—g, with f,€B, g;< B, follows

| =(mf)V £(ng)l = |mfl+ngl = m(fi+ 1) +nlgi+gs) .

Also from the definition of B follows B=B*—B*. Further from f<o(f;)
and g=o(g,), it follows that af+pg<so(lalf+]|8lg). Hence x(mf)V *(ng)
co(mfi+ng,). Thus BCo(B*). By the assumption (f;), for every zX
there is feF*CTB* such that f(x)>0. Hence B is an adapted space.
Second consider xe X and g M,. TFurther assume that the support S,
of p contains y with x+#y. From Proposition 1, it follows that there is
ve B* such that v(2)=0 and v(y)>0. Hence holds

p(w)=v(x)=0.
But this is a contradiction since v=0 and »(y)>0 at y=S,. Thus, the
support of p is {x}. Hence g=ae, for «>0. Consequentry if g B* with
9(x)>0, then
ag(z)=pg)=g(x) .
Hence a must be equal to 1, which shows that x is a point of the
Choquet boundary.

Let P be an adapted cone and C be a min-stable cone with PCCC Hp.
A funclion f in Hp is said to be C-concave (resp. C-affine) if for each
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xe X and each pe M,(C)

)= f(x) (resp. p(f)=r(2)).
Let f be a function in Hp. Put

Q.f=inf {h(x); h=f, heC}
and ‘
Since
Qzf=sup {p(f); pe M,(C)}
for each feHp ([8], [1]), f is C-concave (resp. C-affine) if and only if
Qzf=f(x) (resp. f(2)=Q.f=Q.f) for all =X, from which follows

PROPOSITION 3. d(X)=X if and only it Q.f=Q.f holds for all
ze X.

PROPOSITION 4. Assume that o linear space B of C-affine functions
wm Hp is min-stable and linearly separating. Then d,(X)=X.

PROOF. This proof is similar as in the proof of Proposition 2.

§4. Korovkin-type theorems.

Let B be an adapted space in C(X) and (L;)icr be a net of increas-
ing maps L;: Hg+— R*. The net (L;)ier, according to Bauer, is said to
converge pointwise on X (resp. locally uniformly on X) to the identity
on a subset D of Hp+ if

lim L (%)= h(x) ' (2)

for all heD and all x= X (resp. if for all heD the convergence (2) is
uniform on every compact subset K of X). Bauer proved the following
theorem ([1], Corollary 2.8).

THEOREM 1 (Bauer). Let (L;)icr be a net of increasing maps L :
Hz+— R* and assume that 0x(X)=X. Then pointwise (resp. locally uni-
Jorm) convergence on X of the met (L;) to the identity on B implies
pointwise (resp. locally uniform) convergence on X of the net (L,) to the
identity on Hp+.

Applying this theorem, the following Korovkin type theorem will
be obtained.

THEOREM 2. Let § be a subset of C(X) having the property (f1),
(f2) and (fs) an Proposition 2. Consider a met (L;)er of positive limear
maps of Hz+ into R* where B 1is the linear space generated by JFVIF
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on X pointwise (resp. locally uniformly) to f for all functions on
JEZVIFE. Then (L.f) converges on X pointwise (resp. locally uniformly)
to f for all functions fe Hp+.

PROOF. From Proposition 2, it follows that B is an adapted space
and that the Choquet boundary with respect to C(B) is equal to X.
Since each L; is linear, the convergence of (L;f) to f for all feJEVJIE
implies the convergence of (L;f) to f for all fe B. Thus the conclusion
follows from Theorem 1.

REMARK. If % contains constant 1, (L;f) converges to f for all
bounded continuous functions f.

§5. A dense subspace of Hp.

Let P be an adapted cone in C*(X). For each ueP, let H, be the
Banach space of continuous functions f on X such that |f|=iu for some
A=0 with the norm ||f]l.={inf; |f|=Au} and consider Hr= VPH“ with

the topology of inductive limits of Banach spaces {H,}.cr. Then the
dual of Hp is the set M, of all P-integrable measures on X and holds
93?1::2[)??—933?.

PROPOSITION 5. Let v be a measure in Mp and (f,) be a decreasing
family in Hp with f=inf fo=1im f, contained in Hp. Then

»(f)=lim v(fa) .

PROOF. Write v=y,—v, with v,€MM3. Then
lim vil fa)=vi(f) (=1, 2) ([7]).

Hence
v()=vi(f)—v()=1im v)(fo) —1lim vo(fe)
=lim v(f,) .

Let B be a linearly separating and inf-stable adapted space in C(X).
Then, from Proposition 2, follows §3(X)=X and every function in Hp
is a C(B)-affine function. Further, consider Hpz+ with the inductive
limits of {Hulues+. Then B is dense in Hyz+ ([5]). More generally, let
P be an adapted cone and C a min-stable cone with PCCC Hp. Assume
that a linear space B of C-affine functions in H, is min-stable and
linearly separating. Then holds 0/ X)=X and every function in Hp
is a C-affine function. Under some additional assumptions, the linear
space B will be shown to be dense in Hp.

THEOREM 3. Let P be an adapted cone and C be a min-stable cone
with PCCCHp. Assume that a linear subspace B of C-affine functions
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wn Hp 1s min-stable and linearly separating. Further, assume that
every f&—C satisfies

Q.f=inf {h(x); h=f, he B} .
Then B s dense in Hp.

PROOF. From Proposition 2 it follows that the Choquet boundary
with respect to C is X. Hence

Q.f=f(x)

for all feHy and all x=X. Let v be any measure in M} satisfying
v(h)=0 for all he B. By the assumption of the present theorem holds

f(#)=Q.f=inf {M(x) ; h=f, he B}
for every fe—C. Put }
I={heB; h=f}.

Since B is min-stable, I is a decreasing family. Consequently, from
Proposition 5 follows

v(f):v(éf)=lilm v(h)=0.

Thus »(f)=0 for all fe€ —C so that for all fe Hp, since C—C is dense
in Hp ([5]). Hence B=H,.
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