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Introduction. Let M* be a Riemannian space with positive
definite metric. If M™ admits a unit Killing vector X :(7;*') satisfying

ViVin'=9;0"—1" 0,

it is called a Sasakian space, and lots of works have been done about
it.” On the other hand, a Riemannian space M" is said to be harmonic
at a point O if 4s is a function of s only, where 4 is the Laplace-
Beltrami operator and s denotes the geodesic distance measured from
O. When M"™ is harmonic at any point, it is called harmonic. It is
easily seen that if a Sasakian space is harmonic it is a space of
constant curvature. This comes from the following fact. The “ har-
monic property ” requires the homogeneity for the directions in a
sense contrary to what a Sasakian space has a speciality with the
direction X. -The purpose of this paper is to generalize harmonic
property so that it is special with given directions, and we shall show
that the Buclidean mn-space and the (2m-+1)-sphere have such a
property.

1. The definition of K,.-harmonic space. Let M"” be an n
dimensional Riemannian space of C* with positive definite metric g;;.
A Killing vector X=(7%) in M is a vector field satisfying

Vj77i+‘7i77j:0,

where ; denotes the operator of Riemannian derivation and »;=g,; 7°.?
If a geodesic ¢ is orthogonal to a Killing vector X at a point, then
it is orthogonal to X at any point of c.
Now we shall assume that M” admits an orthonormal »-field
(0=r=n) of Killing vectors X,=(n,"). They satisfy

1) For examples, Sasaki and Hatakeyama [4], Okumura [5].
2) The summation convention is assumed for Latin indices throughout the paper.
All functions, vector and tensor fields will be supposed to be of Cee,
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Vj’?ai’f’Vi??aj:O’ (ﬂai:gijﬂaj):
77ai Mg = 5,a,9 . .
Let O be any point of M™ and U a normal neighbourhood of origin
0. We shall denote by U, the set consisting of all points in U each
point of which is on a geodesic through O and orthogonal to X, ---, X,.
If we choose U sufficiently small, U, becomes a n—r dimensional sub-
manifold. In fact, let Y, - Y,_, be vectors at O which constitute an
orthonormal base together with X,(0); ---, X,(0). Then U, is given by
Exp(w,Y,+:--+u,_.Y, ,) in a small U, where u,, ---, %,_, are parameters

and Exp denotes the exponential map from the tangent space at O
into U.

The Laplace-Beltrami operator 4 is defined by
Ad=g" V.V ;.
Defining V7, by
71::712—213 77a1:77aj7j,
a=1
we shall introduce an operator 4 by
It is easy to see the following equation to be valid.
Z:A_é ﬂaiﬂajViVj'
a=1

A Riemannian space M" admitting an orthonormal r-field of Killing
vectors X, will be called K,-harmonic at O, if 4s is a function of s only
provided that it is evaluated on a Uy of origin O, where s denotes the
geodesic distance measured from O. If M" is K,-harmonic at any point
0, it will be called K,-harmonic. When r=0 we have 4=4 and K,-har-
monic of C¢ ig nothing but harmonic in the sense of [1].

2. The Euclidean space E”. Let E” be the Kuclidean n-space
with orthogonal coordinates {#'} of origin O. In this section we shall
show that E” is K,-harmonic at O for any orthonormal 7-field of Killing
vectors X,. ’

Any geodesic ¢ through O is of the form
2.1) x'=E&;s, §6=1,%

'Wher.e g, are constant for ¢, and s the arc length. Thus the coordinate

x' of point in E” are functions of &; and s, and &; and s are functions
of x°.

3) By our convention, £;&; means }; §;§;.
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From «f x*=s? it follows that
ri=ss, (5=,

.and hence
(2.2) &i=s,
are valid. On the other hand, we have from (2.1)

, aji:SajEi—{_sjEi'
Hence, if we put

Aij:‘dfi: 0i;—&:&5,

‘then it holds that
(2.3) 0;&i=-—4,;.

4;; satisfy the following identities:
AijAjk:Aik, Aij&j:O’

d,=n—1.
From (2.2) and (2.3) we have
(2.4) V,V;s=0,0,s=0; Ei_—-—lzdij.
Thus we get
(25) ts =P, 7, 5="=1

s
‘which shows E™ to be harmonic at O.
Now, let X,=(»,") be an orthonormal r-field of FKilling vectors.
‘Then we have from (2.4)

10 7,V s=— (1= (nf )
from which and (2.5) it follows that
Ts="in—1—r+3 (15609
a==1

Consider a point P(§;s,) in Uy. As P is on a geodesic ¢: 2'=§;s
.orthogonal to X, ---, X, 7,°§,=0 hold good. Hence
Jo— n—1—r

on Uy
S .

is valid. Thus we know that E" is K,-harmonic at O.

3. Killing vectors in spaces of constant curvature. The next
purpose of this paper is to show that the unit sphere of any odd dimen-
sion is K,-harmonic for a Killing vector. As a preparation we shall
determine in this section the form of Killing wvector in spaces of
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constant curvature in terms of normal coordinates.
Let N” be a non-flat space of constant curvature. The curvature

tensor R,;;" of N" satisfies
Rijlh: k(gjl 0" —9a th) ’

where k=R[n(n—1) is constant, R being the scalar curvature.

Let O be any point of N” and consider a normal neighbourhood U
of origin O. We suppose that the normal coordinate {x’} in U has been -
taken as ¢,;(0)=d;;,, where g,; denotes the metric tensor. In U any
geodesic ¢ through O is of the form

o'=&s,  §&=1,

where &, are constant for ¢, and s means the geodesic distance meas-
ured from O. In a similar way as in § 2, we know that &,=s; and
Az‘j:Aﬁ:5ij— & fj
satisfy the following identities :
dydp=dy,  4,€=0,

dy=n—1,

3.1) 0y8=0,6="14,.
S

As is well known [2], the metric tensor are given by
9i;(®)=&; &;+71(8)4;;,
_ 9@y =&, &+ 1(s) 4y,
where 7(s) is the function defined by

< sin as )2, if k=a?,
© as
7(8)= .
(smh as )2’ if b= —a?,
as
a being positive.
The Christoffel’s symbols are
h 1— 7! d
(3:2) Vi | = (55 ) ot 4
LEMMA 3.1. For any constants a,=—a,,
U =7(8)as; o
are covariant components of a Killing vector and satisfy
%,(0)=0, Vu)o=0a;.

In fact, we have
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!
Viw=ra;+ r (w; §5—u; &) .
2y

‘The initial value (¥;u,), follows from taking account of

2<a cot as—»}—> if k=a?,
7,/ S
7 2(a coth as—_l._> , if k=—a?.
s
Next, if we put
Lsin as cos as , if k=a?,
as
——- sinh as cosh as, if k=—a?,
as

the followingZXlemma holds good.
LEMMA 3.2. For any constants b,,

v;=2Ab; 4+ (1 =) B(§)§;
= bi + (2 — 1)4‘1’ bj

are covartant components of a Killing vector and satisfy

. 2,(0)=b,, V;v)0=0,
where

ﬁ(s) = bi & .
In fact, we have
Vivi=p(8)(dy, §;— 45, E)vs

‘where

—a tan as, if k=a’,

u(s)=
a tanh as, if k=—a?."

Now, consider a Killing vector w’ in U satisfying
’wI(O):bz , (V] wi)O:a/ij .
‘Then, it is shown that w, is written as
W; =W+ V;

with u; in Lemma 3.1 and v, in Lemma 3.2. Because, a Killing vector

w® satisfies
Va Vj W;= k(wj Gni— W; Gnj)

and is determined by its values w, and V;w, at O.

4. S™! as a K,-harmonic space. Consider the sphere S*™*! of
radius 1 in the Euclidean E*™+?, It is a space of constant curvature



6 S. TACHIBANA NSR. 0.U., Vol. 2%

(k=1) and admits a unit Killing vector X=(3") globally. 7, satisfy
Vs Vj =05 9ni— s Inj -

S+l ig g typical example of Sasakian space and X is called a Sasakian.
structure of S*+!, [5].

If we put

Soji:Vj Ni

then the following equations hold good :
(4.1) ¢un'=0,
(4.2) P Pr’ = Gm— 5 Tn, -

We shall show that S*+! is K -harmonic for the Sasakian struc-
ture X=(7%).

Let O be a point of S?*! and U a normal neighbourhood of origin:
0. 7#* being Killing, it is written as

&

N, =U;+V;
with %, in Lemma 3.1 and v, in Lemma 3.2. As 7° is unit, we have
(4.3) b;b,=1
by taking account of #,(0)=0 and v,(0)=b,. If we consider
v=V;n=V;u,+V;v,
at O, then it follows that

%‘i(o):afﬁ
and b, satisfy
(4.4) a;b,=0, .
(4.5) @ @ ="0,,—0,b,

by virtue of (4.1) and (4.2).
Thus, 7, is given by

=70y "+ A0+ (L —2) B(E)E, ,
where a;,,= —a,; and b; satisfy (4.3), (4.4) and (4.5) and

7(s)= < Si]sl 8 )-2, 2(3):% sin scos s, B(&) =0, &, .

The contravariant components of X are
(4.6) 7= Gy 3 72+ (1 — 77 2) BE,

Now we shall calculate 4s in U for X=(7). From (3.1) and (3.2) it
follows that

h !
V;si=9, Si_{ % ‘Sn:<“§“+*‘%‘>diﬁ,
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4
As:gﬁV,.si:(n—l)(LqL—T_)=(n—1) cot s
s 2r
Taking account of (4.6) we can get

T )=(1—g) cots,

L i:1_2<_
"V =(01—p PR

and hence
| ds=ds—7t 7'V ;8,=(n—2+F%) cot s
follows. As B(§)=0b;§,=0 is valid on Uy,
 ds=(m—2)cots on Uy

holds good, which shows S***' to be K,-harmonic.

5. Remarks. (i) Let S™ be the n dimensional sphere of con-
stant curvature. If n=1, 3 or 7, S* admits an orthonormal n-field of
Killing vectors, [3]. It is also known that S**** admits an orthonormal
8-field of Killing vectors, [6], [7].

(ii) E™ and S™ are harmonic Riemannian spaces in the sense of
H.S. Ruse. It is an open problem to find a K -harmonic Riemannian
space which is not harmonic.

(iii) A harmonic Riemannian space (of C¢) is an Einstein space,
i.e., R;;=(mn—1)kg;; holds good. Does a K,-harmonic Riemannian
space of C¢ satisfy R,;=ag;;+b7,7; for some constants ¢ and b?
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