Natural Science Report, Ochanomizu University, Vol. 22, No. 2, 1971 91
BEROKLFRE BAPIERES £22% 825

On a Riemannian Manifold Admitting
a Framed 7-3-Structure

Toyoko Kashiwada

Department of Mathematics, Ydmagata University, Yamagata, Japan
(Received July 16, 1971)

Introduction

Recently, Y.Y. Kuo has introduced the notion of an almost contact
3-structure. An almost contact 3-structure in a differentiable manifold
is a structure analogous to an almost quaternion structure, the former
consists of three almost contact structures while the latter consists of
three almost complex structures. On the other hand, a framed f-struc-
ture has been introduced as a generalization of an almost complex
structure and an almost contact structure. In this paper we shall
discuss a differentiable manifold with certain three framed f-struc-
tures and show that the theorems obtained by Kuo are generalized to
our case.

The author wishes to express her hearty thanks to Prof. S. Tachi-
bana for his kind advices.

§1. Framed f-structure. Let M be an n dimensional differenti-
able manifold of class C= satisfying second axiom of countability and

let there be given a non-null tensor field f of type (1.1) and of class C*
satisfying

(1.1) fo+f=0.

We call such a structure an f-structure of rank 2» when the rank of f
is constant on M and is equal to 27.V
If we put

S‘:"_fgy t:f2+1

where 1 denotes the unit tensor, it is known that the tensors s, ¢t acting
in the tangent space at each point of M are complementary projection
operators defining complementary distributions S and 7. Then the
distribution S is 27 dimensional and T is n—2» dimensional.

If there are n—2r contravariant vector fields F, spanning the

Presented by S. Tachibana.
1) The rank of f is necessarily even, K. Yano [7].
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distribution T at each point of M,» and if in addition, there are n—2r
covariant vector fields (1-form) &% such that

E(F,) =05,
f2+1=$a®Fa )

where @ denotes the tensor product, the set (f, {F,}, {§4) is called a
framed f-structure, and in this case, M is called a globally framed f-
manifold or framed f~manifold.

From (1.1) and (1.2), we have easily

(1.3) JF,=0, E%f=0.

(1.2)

Denoting by f/, F,', &% respectively the components of f, F,, &
with respect to local coordinates defined in an arbitrary coordinate
neighborhood,® we find that

Sakak:‘ 0y fikf;cj: - 5{‘{‘ EaiFaj ’
flciFa,k:Oy fikfak=0.

It is known [7] that if M is a framed f-manifold, there exists a
positive definite Riemannian metric g with respect to which Sand 7T
are orthogonal and such that-

gijFajzfai ’

S G = 95— 8%8%
hold good. In this case, putting f;;=/"g,;, we have f,;=—f,. This
metric is called an associated metric of (f, {F,}, {£%}).

EXAMPLE. Every n dimensional Lie group G admits a framed f-
structure of rank 27, where r is any positive integer smaller than

(n+1)/2.

We shall show this. Let g be the Lie algebra of G and let X, X,,
..+, X, be n left invariant vector fields obtained naturally from a base
of ¢. Next, we take the base {o', &’ -+, 0"} which is dual to {X,, X, ---,
X,}, then o', & --- , o™ are n left invariant 1-form of G. If we put

f=0'®@X,.,— 0" @ X,
where the right side means the sum with respect to 2 from 1 to 7, and
Fa:X2r+a ’ Ea:(")zﬂ‘a ’

we know easily that (f, {F,}, {§%) is a framed f-structure of rank 2».

2) The indices a,b,... run over the rang 1,2,...,n—2r. We shall adopt the
summation convention for the index which appears twice times in a term.
3) The indices 4,4, k, ... run over the rang 1,2,3, ..., n.

<
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§ 2. Framed f-3-structure. Let M be a differentiable manifold
with two framed f-structures (p, {P,}, {§%), (g, {Q.}, (%)) of same rank
27 which satisfy following equations.

(P =0,  £4Qy)=0,
D" = — ' P,
(2.1)
P = — 4%,
D — & = — ¢ p 1, Pt
Define tensor fields, I, L, and ¢ by
=0 — Q4"
(2.2) L=Plg'=—Q/ D,
(%= —q 6% =p 1", .

Then they satisfy the following equations:

(A Py)=&4(L,)=0, (@) =71"(Ly) =0,
Pai = Qaklki = Lakai s Ea'i, = q'zkcak = likvak
(2-3) Qai = La,kpki = Pa.klki ' Uai = likgak = pikcak ’

pji _ qjklki — 7% Lai — ljqui + Caj ai ,

qjv; — ljkpki___ :aj Pai — pjklki o+ Eaj Lai ,
and
B+1=0,
(2.4)
(L) =02, P+1l=0"QL,.

L, are linearly independent and satisfy [L,=0. By (2.4), any
vector X which satisfies [ X=0 is a linear combination of L,. Thus the
rank of [ is 2r. Hence we have

THEOREM 1. If a space M admits two framed f-structures (p, {P,},
(&%) and (q, {Q.}, {7n*}) of same rank 2r satisfying (2.1), then M admits
another framed f-structure of rank 2» defined by (2.2).

We call the collection of three framed f-structures satisfying
these relations a framed f-3-structure.

§3. Metric. We obtain easily

LEMMA 2. In a differentiable manifold with framed f-3-structure,
if a metric g associates to two of the framed f-structures, then it asso-
ciates to the other.
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In fact, if g associates to (p, {P,}, {§*}) and (q, {Q.}, {7*}), then we
have

9l = 94,P 0 = — 9,;P,7¢) = — 476" ;= *,
gijlmilnj = gij(meQTi —&%.Q.) (0.1 — E°,Qy)
= DD (G — 7" 7%) + € nE%
= Gun— C %l
Now, we shall show the following
THEOREM 3. In a space with framed f-3-structure, there exists a

Riemannian metric associated to each of the three structures at a
time.

PROOF. Assume & to be an associated metric of (p, {F,}, {£%}) and
define a metric m by

My =hry (8 — Lo C*)(85— L™ C )+ CC%
where we put
Prs =R (3} — Qa7 ) (31— Q") + 7" .
Then m satisfies 4
myPl=8%,  mQ =%,  myLS={%.
Next, we define another new metric ¢ from m by
915=1[2(0b; ;4 My DD 4+ M@ 50" + My LF — §%,6% — i, — £ C%))

This metric ¢g is associated to the three structures.

S4. Normality. Let (f, {F,}, {§4) be a framed f-structure of
rank 27 in M*. It is known that the product manifold M*" " =M"x
R"* admits an almost complex structure F defined by

- ;o
F= .
—F, 0
If the induced almost complex structure Fis complex, then the framed
J-structure is said to be normal.¥

COIISidGI‘ a framed f—g_StIUCture (py {Pa}: {Ea}); (Q7 {Qa}; {7711})’ (Zr {La};-
{{4) in M™ and
l {e )
—L, O

P

p Sa ) ! ( q 77a ) -
, Q= , L=
—P, 0 —Q, 0

4) S. Ishihara [2], H. Nakagawa [5].
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in M?™", We have that
Pr=@Q=I*=—1, PQ=-QP=L,
i.e. they define an almost quaternion structure in M**". Hence, by

virtue of the well known theorem for almost quaternion structure,®
the following is shown.

THEOREM 4. If two structures of a framed f-3-structure are
normal, then so is the third structure.

Next, let (n, {N,}, {»*}) be another framed f-structure of rank 2
satisfying
w*(P,)=0, EYN,)=0
pkiNak: o nkipak ,
(4.1)
pjkwa,k: __,njkfak ,

— EajNaz _ njkpki o+ wa.jPai ,

and (4.1), (4.1)" which are obtained by replacing (p, {P,}, {£€%) in (4.1)
with (¢, (Qu), (%), (1 (Ld}, {¢%)) respectively. As (p, {Pu), {£%) and (n,
{Nd}, {n*}) produce another framed f3 structure, we have PN=—NP
and similarly QN= —NQ, LN= —NL hold good.

On the other hand the following is known.

LEMMA.® Tet M be a differentiable manifold with almost quater-
nion structures @, (1=1, 2,3). Then there does not exist an almost
complex structure @, such that

Q)u)@@): _@(@@(1) , A=1,2,38.

Thus we have

THEOREM 5. There does not exist a framed f-structure of rank 2
(n, {N,}, {#*}) which satisfies the relations (4.1), (4.1), (4.1)" with a
framed f-3-structure (p, {P,}, {£), (@, {Q4}, (9*}), ({, {L4}, {£*}) of rank 2r.

§ 5. Structure group of tangent bundle. In a space with
framed f-3-structure M", let g be an associated metric of the framed
f-3-structure and let {U,} be an open covering of M" by coordinate
neighborhoods. Let X be a unit vector field over U,, orthogonal to P,
Q,, L, with respect to g. Then P,, Q,, L,, X, pX, ¢X and [X are ortho-
normal. Next, let Y be a unit vector field over U,, orthogonal to P,
Qa, L, X, pX qX, and [X. Then these vector fields and Y, »Y, qY, 1Y

5) Y.Y. Kuo and S. Tachibana [4].
6) S. Tachibana and W.N. Yu [6].
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constitute an orthonormal field. Consequently, in every U, we can
choose n mutually orthogonal unit vector fields

KXoy Xy 0 Xy —1X,, Py, Qo — L, (@=1,2, -+, (3r—mn)[2(=k)).
We call this the adapted frame and denote it (u).

REMARK. Since (3r—n)/2 must be integer, we know that » is even
or odd according as » is even or odd.

With respect to the adapted frame, the tensor g, p, ¢, l have com-
ponents: :

Is(n—zr)

0 I, O 0
—I, 0 0 0
0
0 0 0o I
(5.1) p=| 0 0 —I, 0
0 0 0
0 0 0 I,
0 —1I,, 0
0 0 I, 0
0 0 0 —1I,
0
—I, 0 0 0
g=| 0 I, 0 0
0 0o —1I,
0 0 0 0
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0 0 —I, 0
0
0o I, 0 0
(5.1) = I, 0 0 o0
0 —I,, 0
0 I,, 0 0
o 0 0

where I, denotes the k< k unit 'matrix.
Now take another adapted frame (%), then we have

U=TU

where 7 is an orthogonal matrix such that

Ay 0
r= :
-0 Ia(n-2r)

As the tensor g, p, ¢, [ have the same components as (5.1) with respect
to (u), we can easily see that A must have the form

A=

—d, —c by Ay

Thus the group of tangent bundle of M™ can be reduced to Sp(k) <
Is(n—gr)' )

Conversely, suppose M" be a differentiable manifold such that the
group of its tangent bundle reduces to Sp(k) X Iy, (k=(3r—n)[2). By
assumption, we can take an open covering {U,} of M™ by coordinate
neighborhoods and a frame field over each U, so that, if U,/ \U, is not
empty, the transformation of components of vector with respect to
frames of U, and U, is given by a matrix of Sp(k) X I,,_,y. In each U,
take a tensor field g of type (0.2), tensor fields p and ¢ of type (1.1)
having (5.1) as components. We define contravariant and covariant
vector fields P,, Q,, &%, »* by

i__ St i__ St
Pa ‘—5a+4k ’ Qa —5a+4k+(n*2r) ’

. Satik _ Sa+4 -2
=07, 7= gtk nmIn
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with respect to the frame. As the components of g satisfy

g=rg'r r&Sp(k) X Iy gy

all such tensor fields g over Ups constitute a single positive definite
tensor field over M™. The same is true for p, ¢, P, Q, It is easily
shown that equations analogous to (1.1), (1.2) for (p, {P,}, {€%), (q, {Q.}
{7*}), and (2.1) hold good with respect to the frames. Since these equa-
tions are all tensor equations, they hold good for every natural frames
too. Thus we obtain

THEOREM 6. A necessary and sufficient condition for an n dimen-
sional manifold to admit a framed f-3-structure of rank 2» is that the
group of tangent bundle of the manifold be reduced be the group
Sp((2r —mn)[2) x I, where r is even if n is even and r is odd if » is
odd.

(n—2r)s

EXAMELE. Every n dimensional Lie group G* admits a framed
J-8-structure of rank 2r, where r is even or odd according as n» is even
or odd.

In fact, we shall constitute a framed f-3-structure of rank 27 in
G". Let g, X,, ' (1=1,---, n) be the same notations in Example of
framed f-structure of § 1. Putting k= (8r—n)/2, if we define

P @ X,y 0" @ Xyt 0@ X gy 0 D Xy
+w4k+(n_27)+a®X4k+2(n—27')+a_w4k+2(n_27)+a®X;§k+(n—«2'r)+a ,

C]-:w“@szk—w“+k®Xa+3k——w“+2k®Xa+w“+3k®Xa+k
_w4k+a®X4k+z(n72m cat @t A= R Xira s

I= 0 @ X,y 0@ Xy 05 @ X,k 0 DX,
— ot X+ (n-ar)+a+ @I Q) KXip+a

where the right sides mean the sum with respect to a« from 1 to & and
with respect to a from 1 to n--2r, and

Pa=X4k+a ’ Qa=X4lc+(n72¢)+a ’ L(L: T Mk o(n—2r)+a

. —9 ~ 2(n—2
§a=w4k+a’ 77cz_____w4k+(n ’I")+CL’ c‘.a:___a)éiknt (n r)+a,

then we know easily that (p, {P.}, {§%), (¢, {Qu, (7)), (I, {La}, {{°}) is a
framed f-3-structure of rank 2r.
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