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§1. Preliminaries. Let K be a compact, convex and metrizable
set in a locally convex topological vector space. In [1] P. Cartier, J.M.
Fell and P.A. Meyer proved that for two positive measures 4, ¢ on K,
the following statements (2) and (b) are equivalent;

(a) pis a balayage of 2,
(b) there exists a dilation 7 such that 27T=p.

Here we say that a Markov kermel T on the Borel a—ﬁeld of K is a
dilation on K if r(¢,T)=2 for x&K. P.A. Meyer extended this theorem
by applying a theorem of Strassen [7];

Let K be a compact metrizable set and ¢ be a cone of continuous
functions on K, containing positive constants and closed under the
operation “inf . For two positive measures 4, ¢ on K, the following
(a), (b) are equivalent;

(a) ¢ is a balayage of 2 with respect to ¢,
(b) there exists a ¢-dilation on K such that AT =yu: [5]

In this paper we shall extend this theorem to the case of locally
compact, s-compact K. ‘We shall use the theory of adapt~ad cone intro-
duced by G. Choquet [2] and developed by G. Mokobodzki and D. Sibony

§2. The integrations of filtering families of continuous
functions. o 4 ,

Let 2 be a locally compact, o-compact space and u, v be two real-
valued functions >0 on £. We shall write u | <w, if for any >0,
there exists a compact K 2 such that

T K Do(x)<eu(x) .

PROPOSITION 1. Let #,‘ be a positive Radon measure on £, and f
a lower semicontinuous function on 2 such that there exist a p-integrable

G R Fér a subset A.CQ,' we denote by A° the complement of A.
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g9=0 satisfying |f| 1 <<g. Further, let {f,} be an wncreasing filtering
Jamily of positive continuous functions on £ such that sup f,=f. Then

we have

S fip=sup S fudge .

PROOF. From f] <g, for any ¢>0, there exists a compact K such
that f(x)<eg(x) on K°. This implies

S fd#=8 fle—S fdygsupg fad#+sg gdy .
k ke k
Hence

S fdp—supg fady<e8 gdy .
from which follows

S fd#=sups Sl

Similarly we have the following proposition.

PROPOSITION 2. Let p be a positive measures on £, f an upper
semicontinuous function on £ and {p,},.q @ decreasing filtering family
of positive continuous functions on £ such that inf ¢, ,=f. Assume that
there exists a posttive, p-integrable function g such that |f] 1 <<g9. Then
we have

infS goad‘u=g Jdp .

§3. Adapted cones and balayages of measures.

Let 2 be a locally compact, s-compact space. Let P be a convex
cone of positive continuous function on £2. We call P adapted if P
satisfies the following condition ;

(i) for any x& £ there exists g& P such that g(x)>0,
(i1) for any g&= P there exists h&P such that g | <h.

Let V be a vector space of continuous functionson £. We call V
adapted if we can write V=V *—V* where V*=C*(£) and V* is an
adapted cone. Let us put for g=C*+(2),

H,={fEC(Q); 31>0, | f|<2g).
Then H, is a vector space and a Banach space with norm
I llg={inf 2; 321>0, |fl=1g} .
Let PCC*(£) be a cone. Then the space H,=\/H, is a vector
space. We shall assign to H, the topology of inductivztfimit of Banach -
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spaces {H,},-,. :

Let ¢ be a positive Radon measure. We call p¢ P-integrable if
u(|f1)<<+ oo for any f&=P. We denote by I the space of all P-inte-
grable positive measures. If P is adapted, any positive linear form on
H, is represented by a measure of .. [6]

Let C be a cone of C(£). For positive measures 1, ¢ on £, we shall
write A<y if p(f)=ZA(f) for any fEC, and we shall say that ¢ is a
balayage of 1 with respect to C.

Assume that PcCc H,. If for each g=H,, we define

9(x)=int{f(x); f=g, f&C},
then we have |g(x)|<<+ co. In particular if C is an min-stable cone,

which means that C is closed under the operation “ min”, g is upper
semicontinuous.

PROPOSITION 3. Let CcC(£2) be o min-stable cone and PCC*(2)
be an adapted cone such that PCCc H,. Let be C-integrable positive
measures. Then the following two conditions are equivalent;

(1) 1Ly,
(i1) #(Q)SS 9(2) da(x) for amy g=H,.

PROOF. From proposition 2, we have
| 30) da@=int || fz) da@)s Fz0 FEC] . v (*)
Applying (%), it is clear that (i) and (ii) are equivalent.

PROPOSITION 4. Let CcC(2) be a cone and P C*(2) be an adapted
cone such that P Cc H,. Then for each x=£ we have

g(x)= supS gdp
Ew«/l

Jfor any g H,.

PROOF. If ¢, <y, for any f&=C with f=>g, then we have y(g)gy(f)
< f(x). This implies sup p(9)<g(x).

Em«/—l
Conversely, the mapping ; o—@(x) from H, into R is a sublinear

function. Therefore, by the Hahn-Banach’s extention theorem, there
exists, for any g&H,, a linear functional L on H, such that L(g)=g(x)
and L(p)<d(x) for o=H,. It is clear that L is positive. Hence there
exists a positive P-integrable measure p such that p(¢)=L(p) for any
P& H.

For any f&C, we have

S Flp=L(F)<fx)= fz) .
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Hence ¢ <<y By y(g) 9(x), we have g(m)gsup w(9).

ezl

§4., Separability of H,.

We shall call strictly positive a real valued function f such that
Sf(x)>0 for any z&L2. We denote by C.(2) the set of all continous
functlons with compact supports

PROFOSITION 5. Let 2 be a locally compact, o-compact set and

PcC'(2) be an adapted cone containing a strictly positwe function f.
Then C(£2) is dense in H,.

PROOF. First we remark C,(2)c H,. Let U be a neighborhood of
a ¢—=H, For any ucP with o< H,, U/N\H, is open in H, Hence
there exists e=0 such that {h; ||o—h]|l,<e;c U/ H,. In order to prove
that C,(£) is dense in H,, we have only to find a & P such that H,=e¢
and for any >0 there exists a he&C,(2) such that ||f—h||,<e.
- There exists v&P such that H,D¢, since H,D¢. This implies
lel<|lell,v. Since P is adapted, we can find u< P such that for any
e>>0 that exists a compact K satisfying

v<ew on K¢

We may assume #u>0. Thus there exists a A>0 such that |¢|<<iu on
K. Hence we have
lol=Q@+ellell,)u on £2.

This implies ¢ H,. Further, there exists a g=C;(£) such that |¢p|<g
on K. Put h= sup( g, inf(¢, 9)), then we have he=C}(£2), |¢—h|=0 on
K, and |o—h|<<ello]|l,u on K¢ from which we have llgo k. <elle]]l, and
the proof is completed.

PROPOSITION 6. Let 2 be locally compact, o-compact and metrizable.
Let PCC~(£) be a convex cone such that for any x&82 there exists a
Sf&EP such that f(x)>0. Then there exists an enumerable set D Cy(£)
such that D is dense in C(£2) under the topology of H,. :

- . PROOF. Let {K,} be a sequence of compact subsets of 2 satisfying
UK,=2 and K,CK;,* for any n&N. Since the space C(K,) is

separable under the uniform norm, there exists an enumerable set
D,c C.(2) such that for any h&D, the support of & is contained in K,
and the set {h| K, ; h&=D,}** is dense in C(K;) with the uniform norm:
Put

(*) For a subset ACQ, we denote by A?! the interior of A.
(**) For a subset ACQ and a function s on £, we denote by 2| A the restric-
tion of 4 on A.
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= O [{—h; k=D, )\ D]

and D={sup(inf(h,, h,), inf(h,, k,)); b, &D' for i=1, 2, 3,4}. Then D is an
enumerable set. ‘

Given any &C,(£). Assume that the support of ¢ is contained in
K,. Then, for each ¢>0, there exists a h,&D,., such that |[¢—h|<e on
K,.,. We can find a function h, such that h,>|¢| on K, and the support
of h,&D' is contained in K,,,. Put f=sup(inf((—h, —h,), inf(h,, h,)),
then we have f&=D and |¢—f|]<<e on K,., and |¢—f]=0 on KF,,. From
the assumption made in the present proposition, there exists a v&P
such that v>1 on K,,,. Hence we have |p—f|<<ev on 2. This implies
H SD""f”v<€'

From proposition 5 and 6, we have the follovvlng corollary.
COROLLARY. Let 2 be locally compact, o-compact and metrizable

and PcC*(2) an adapted cone containing a stmctly positwe function.
Then H, is separable.

.§5.  The main Theorem. Let £ be locally compact, s-compact
and CcC(2) a cone. We denote by I, the.set of all C-integrable posi-
tive Radon measures and by « the balayage with respect to C. Let
T be a kernel with the Borel o-field on 2. We shall call T C-dilation
if e,<<¢,T for any w492, where ¢, is the point measure of w.

In order to prove theorem 2, we need the following theorem by the
author. [8]

THEOREM 1. Let (2, ¥, 2) be a measure space with positive, comlete
and o-finite measure. Assume that an ordered vector space E is sepa-
rable under the topology of wmductiwve limit of Banach spaces {E.},cq
where E, is a subspace of E such that E= UE Let p be a weakly

measurable mapping from £ into S, samsfymg the condition (c). Put
s(x):S D, (%) dA(w) for each xE, then S s also sublinear function on E.

Fer o/ &L*(E), the following condition (a) and (b) are equivalent ;
(@) < 2><S(x) for any x&E,
(b) there exists a weakly measurable mapping ; o—x,’ EE such that x, '
is dominated by p, and

. <“’fx>=S e, x>'d,2(@)
Jor any x&E. SR

- Here, we denote by S, the set of all sublinear functions on E and
we shall say that P is weakly meagsurable if the mapping; o—p,(x) is
A-measurable for each x— FE.
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Further we say that p satisfies the condition (¢) when p satisfies
the following condition ;

for each ac=2, there exist a non-negative, A-integrable function
9,E8=(2, F, ) and a constant M(«) such that

[p,(X) |=M(a)|[2]], g(@)
for any xc E and any o< L.

THEOREM 2. Let £ be locally compact, o-compact and metrizable and
Cc C(2) be a min-stable cone. Assume that an adapted cone P C*(£2)
satisfies H,DCDP and contains a strictly positive function. Then for
two C-integrable positive Radon measures 2, p on 2, the following two
conditions are equivalent ;

(a) ¢ 1s a balayage of 2 with respect to C,
(b) there exists a C-dilation T on £ such that 2T=_p.

Proor. If, for each f&=H, we put f(w)-———inf g(w), then f(w)z
gZf
" gl
sup{<l, >, ¢,£0, 6cM;}. Since f is upper semicontinuous and 2-inte-
grable, we can define p,(f)=<1, f> for any f&=H,. Thus, from pro-
position 3, (a) is equivalent to the following condition (a/);

(&) wf)=p,(f) for any fEH..
Now we have only to prove that (a’) and (b) are equivalent.
(b) 2(a’)

From p=2T, we have ¢,<¢,T" for any =2 and

p, o= S e, T, Fyda(o)
for any f&H,. Hence
| =\ flo) di@)=p,().

(a’) 5(b)

We apply theorem 1. Take for (£, {§) the space £ with the o-field
of 2-measurable sets, for E the space H, and set pw(f)=f(w) for each
feH, and each w&=2. Let {K,} be an increasing family of compact
sets such that 2=\ /K, and K,CK.. It is clear that for each v& P,

veER(2, F, ) and v is 2-integrable. Since |p,(f)|=||f]l, v(w) for any
fEH, and each w&42, all the assumptions of theorem 1 are completely
satisfied. Therefore, there exists a weakly A-measurable mapping ¢;

(*) Let {K,} be an increasing sequence of § such that 1(K;)< +oo and ,Q:@ K.
) i=1
We denote by 8=(Q2, &, 2) the set of all 1-measurable functions f such that f| K; are
almost everywhere bounded for each i N.
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w—t, from Qinto L*(H,), where L (H,) is the set of all positive continous
linear forms on H,, such that

o =\ <t > d2(@)
for any f&H, and
{ty [O=D,(F)

for any we=2 and any f=H,.

Since any positive linear form on H, for an adapted cone is repre-
sented by a positive P-integrable Radon measure, we may regard ¢, as
a positive P-integrable measure on 2.

Let {f,} be a dense sequence in H,. Then there exists a Borel
set A such that 2(4)=0 and for any n& N the A-measurable function;
w—<t,, f,> is equal to a Borel function on A°¢. Let

t, for w&A°
T, =

e for w&EAd,

[]

then for any n< N the function ; w—<T,, f,> is a Borel function and for
any f&H,

T, fr=p,f).
Consequently,

s f,,>:S (T, £ da(w)

for any n=N and we have

2 f>=S (T, £ AA@) weoreeerervmnnnnnns e eeeenes (1)

for any fe=H,, since {f,} is dense in H,,.

Lot B be an open set on £ such that B is compact. Then there
exists a sequence {¢,}C C(2)C H, such that 0=<¢,<1 and ¢, | x; for any
ne& N, since 2 is metrizable. Therefore, for any Borel set B, the func-
tion; w—<T,, %> is a Borel function. Thus the mapping T'; w—T, is a
kernel on the Borel s-field on £ and a C-dilation from ¢,«T, for any
w=8. From (1) we have 1T =p.
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