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S1. Preliminaries. _

Let (2, %, 1) be a measure space with positive, complete and
o-finite measure 2. Let M>=M>(2, ¥, 2) be the set of all bounded -
measurable functions. The existence of lifting of M>, proved by D.
Maharam [4] and subsequently by A.L Tulcea and C.I. Tulcea [3], has
important applications.

Let {K;} be an increasing sequence of {§ such that A(K;)<<+ o and

Q:GKZ.. We denote by £2(£2, ¥, 2) the set of all 2-measurable func-
i=1

tions f such that f] K;" are almost everywhere bounded for each 1 & N.?

We shall prove the existence of a lifting of &=(£, ¥, 1) by which
we shall further extend a theorem of Strassen on an integral repre-
sentation of a continuous linear functional dominated by a support
function in integral form.

§ 2. Liftings.
Let (£2, %)) be a measure space and A be a positive, o-finite and
complete measure on (£, ). We shall fix an increasing sequence {K}

of elements of § such that \ /K, =2, A(K)<+co and AK)<A(K.,). If,
1=1

for two F-measurable functions f and g, holds f=g a.e., then we shall
write f~g. We shall also denote by (2, F, 1) or simply &°(F) the set
of all F-measurable functions f such that f|K; are a.e. bounded for
each 1= .

We say that £(F) has a lifting p if there exists a mapping p from
the space &(F) into £°(%) having the following properties;

(&) p is linear,

(b)y f=0 ae., FEK(F) 2 p(f)(0)=0 for each =2,

(c) p(a)=a for every constant a,
1) For a subset AC®Q and a function f on 2, we denote by f | A the restriction
of f on A. _

2) We denote by N the set of all natural numbers.
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(@) fER@), IEND (@)= p(F)| Kill.. tor every o= K,
(&) [EF) D plh)~],
&) f, 98 (F) o p(f9) = p(f)p(9)-

THEOREM 1. &=(F) has a lifting p.

PROOF. H =K, and H,;=K,— K, , (1=2). Then we have .Q:@H}
i=1

with H,&F, A(H)<<+oo and (H;\H,)=¢ if i#j. M=(H,; ¥, 4) has a
lifting o, by Tulcea [2]. We define for f&=(F) as follows ;

- p(M)w)=p(9)(w) for w&H,.

Here ¢ is a function of M*>(H, ¥, 2) such that g~f|H,. Then p is
well-defined and p has properties (a)~(f). Therefore p is a lifting of’
2(F)-

S 3. Integral representation.
Let E be a vector space. Suppose that {E },.y is a family of
subspace of E with E=\JE, where ¥ is directed set with order <.

acU
Further, assume that for each a2, E, is a Banach space with norm
Il lle and E,C E; if a<8. Let us assign to £ the topology of inductive
limit of {E,},..
Let (£, ¥) be a measure space with a positive, complete and o-finite

measure 2. We shall fix an increasing {K,} such that K,=%, 2=\UK,
i=1

and A(K,)<<--oo. Assume that there exists a mapping from 2 into
87(2, §, 2) such that for each a=%, the corresponding g, is non-nega-
tive and A-integrable.

Let D be the set of all functions ¢ such that o=L'(2, F, 1) of
each of which support is contained in some K,. We denote by B the
vector space generated by D and all constant functions on £. Let us
notice that for any ¢&B we can write ¢=¢,+ ¢, where ¢,&D and ¢,
is constant. For each ¢<—B and each x& F, we denote by ¢z the func-
tion ; ®—gp(w)r with values in E. Put

Qa:{¢1m1+"'+§0nxn; (JDiEB: xiEEm nEN}

and Q=\JQ,. If for each f=3 ox,Q,, we put
« =1

11le=\ [ 0,(@),+ -+ 0@, [l 94(@) dA(®) ,

then we have
113 | 10122l 0.(0) difo)

n

N

1clle § 19@) ] gu(@) da(@) < co .

P
Il

1
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‘We shall denote by E’ the set of all continous linear forms on E.

THEOREM 2. Assume that a linear form G on the wvector space @
satisfies the following condition ;
Jor each a=A there exists a constant M(a) such that

|G(pz) |=M(a) || oz ]|,
Jor any x&=FE, and any ¢=B.
Then there exists a mapping & from £ into E' such that
G(F):S (E(@), Flo)> dA(w)
Jor any FEQ, the mapping w—<{&(w), ) is A-measurable for any xE,
Jor each a=3, for each 1=N and each w=K, we have
|<&(w), x> |=M(a) |||, 1] 9, Kil]eo -

PROOF. Let D, the set of all oD of which supports are contained
in K;. From the assumption we have

|Glem) = M(@) |21, | [9(0)] 0.(0) d2@)

=M@ |zl 19 Kl | 19(@)] di)

for any x&FE, and ¢&=D,. Since the linear form ¢—G(px) on L'(K,, §, 1)
is bounded, there exists a h,(a, ))&EL*(K;, §, 1) such that

Glow) = hule, 3)(@) ¢(@) d2(@).

Aol ) llo=M(a) [| 2], || 9o | Kl

for any ¢&D; and any j&N. If K,C K, we have h,(a, ©)=h,(a, j) a.e.
on K;. Therefore, we can define h¥(w)=h,(a, j)(w) for &K, The
function h¢ defined a.e. on £ is A-measurable and A%| K, is a.e. bounded.
Hence h¢=8=(2, F, 2). Assume that x<=FE,. Put ¢,=y,. Then we
have ¢,—1. From ¢,—1<B, we have

|G (@) = G(pa) | = | G((1 — ¢n)2) |

=M() S 12 ]]o(1 —@n(@)) go(@) dA(@)—0  (n—o00) .

Hence,
G(2) =1im G(@yI) . <evreerereremerarniennieeniiienns (1)

n—0o0

Since for any f&L>(2, ¥, ), fo, is contained in D, we have
|G(foum) |=M(a) || fo,x ],

from the assumption. This implies
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| i2(0) fl) @uf0) di@)=lill, M@ |71l | 9.0) di@).

Therefore, we have
hio <||x|l, M(a) g, , a.e.

Since g, is A-integrable, h¥=1im h%p, is also z-integrable, and holds

T—00

lim S h*(w) @ (o) dz(w)zg RE(@) A(@) « +overvrsrannnenennns (2)

N—0

By (1) and (2), we have for any & F

G(oc>=S h(w) dA(w) ,
whence
Glon) = | h5(0) p() di(o)

for any = FE, and any ¢&B.
For any & F,, h% has the following properties ;

1) hg| Kllo=M(a) [ ]l.]] 94| K;llo for any a&E,,

(i) he, (@) =hi()+hi(w) a.e.,

(iii) A& (w)=th%(w) for real ¢.

iv) E,NEy#¢ = for any e E, N\ Ey, hi=hi a.e.
In particular we have h¢c8&=(2, §, ) for x=FE,. From theorem 1 in
§ 2, there exists a lifting p of K°(2, F, 1). Put &(0)(@)=p(h2)(w) for any
x—FE, and any oc&£2. Then £(w) is well-defined and é(w)&=E' for each
o=, and the function; w—&(w)(x) is, for each x<=E, i-measurable.
Further we have

Glen) = &)@ () d2(0)= | &), o) di)
for any ¢&=B and v E. Therefore we have the conclusion.
Samely, we can prove the following theorem.

THEOREM 3. Let K be an ordered vector space. Assume that, under
the same motations wn theorem 2, a linear form G on the vector space @
satisfies the following conditions ; '

(i) for each ac there exists a constant M(a) such that

G(ow)=M(a) || px||,

Jor any x& K, and any ¢&B,
(i) G(ex)=0 for any =0 and for any ¢=0.
Then there exists a mapping & from £ into (E’)+ such that
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G(F) =\ ¢), Flw) da)
Jor any FEQ.

In theorem 3 (£’)* is the set of all positive continous linear forms
on K.

§4. A generalized Strassen’s theorem.

Let S; be the set of all sublinear functions on £ and » be a map-
ping ; w—p, from £ into S;,. We shall say that p is weakly measurable
if the mapping ; w—p,(2) is A-measurable for each z—E.

We shall also say that p satisfies the condition (¢) when p satisfies
the following conditions;

For each ac¥, there exist a non-negative and A-integrable
function g,&8*(2, ¥, 1), and a constant M(«a)>0 such that

|2,(0) |=M(@) |||, 9u(@)
for any x=E, and any o=0.

THEOREM 4. Let (2, F, 1) be a measure space with positive, complete
and o-finite measure. Assume that a vector space E 1s separable under
the topology of inductive limit of Banach spaces {E,},cq. Let p be a weakly
measurable mapping from £ into S, satisfying the condition (c). Put

s@)= | pa(e) di(o)

for each x& K, then s is also sublinear function on E.

For x'<E' the following (a) and (b) are equivalent

(a) <&, xy<s(x) for any x&E,

(b) there exists a weakly measurable mapping ; o—x,’ EE’ such that
z, s dominated by p, and

@, oy=\ <@, ® di)
for any x& K.
PROOF. It is clear that s is well-defined and sublinear since p

satisfies the condition (c). It is also clear that (b) implies (a). Con-
versely we shall prove that (a) implies (b). We consider the space Q@ of

theorem 3. For any function F-———i px; of @ where e FE,, 0<<¢,=B,
=1 .

the function ; wqu(i o;(w)x;) is 2-measurable and we have
=1

2,(3 Pu@)r) =3 01(0) @) =3, 04(0) 11l 0uw) M)



124 H. WATANABE NSR. 0.U., Vol. 22

Hence Ig pw(zi] (W) ;) dA(w)|<<+oo. Put S(F)= S p,(F(w)) di(w) for any

F=Q. Then S is a sublinear function on Q. Since B=1, we may
identity E a subspace of Q. By the Hahn-Banach’s extention theorem,
2'/&FE' dominated by S on E can be extended to a linear form ¢&’
dominated by Son Q. For any x&FE, and ¢<B, we have

&, ge)=S(ew) = | p,(p(0) @) d(w)

< M(a) g | o(@)] 1121, gol(@) dA(w)=M(a) || ox]],

Hence, applying theorem 2, there exists a weakly measurable mapping ;
w—ux, from £ into E’ such that

& Fy= S (z,!, Flw)> dA(w)
and
| @, Py dz(w)gs po(F(@)) d2(w)

for any F&Q. In particular for any = FE, we have
o, w0 =<¢&, x>:=S (!, ) dA(w) .

Since for any & F and any i-measurable set A contained in K, y,&B,
and y,0&Q, we have (&, y,a><S(y,x), whence

[ @ 0> 2= p@) di) .

Consequently, we have {x,/, x)<p,(x) a.e. on K,, whence <{z,/, z><p ()
a.e. on £2.

Since E is separable, there exists a sequence {x,} dense in E. For
any n&N, we have <z, z >o<p,(®,) a.e. on £. Since p, and z,/ are
bounded on E, for each ac=¥, they are continuous in E. Therefore,
there exists a negligible set A such that <{z,/, 2><p,(x) for any x&F
and any o&A°. If we define y /=2, if w&=A° and y /=2, if 0= A
where for o< A, 2,/ is any element of £’ dominated by p,, then y /& E'.

Thus <y, ©><p,(x) for any x&FE and the mapping o—y,’ is weak-
ly measurable and holds

(!, )= g <y, ) di(w)
for any x<FE. Hence the theorem is proved.

Samely we can prove the following theorem by applying theorem 3.
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THEOREM 5. Let E be an ordered wvector space. Assume that
(2, %, ), E and p satisfy the same conditions in theorem 4. Then, for
a' (Bt the following (a) and (b) are eqm'valent

(a) <&, x><s(x) for any x=E,

(b) there exists a weakly measurable mapping; wo—wx,(E)" such
that x,’ is dominated by p, and

Gy wy= S (o, & dA(w)

Jor any x&=E.
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