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Introduction

In the case when there appears a level at which flux of matter
becomes zero, in other words, the atmosphere is covered with a lid in
some sense, the concentration of matter emitted from a source in the
lower atmophere is expected to be higher than the concentration when
there is no such a level. However, there have been scarcely any
papers which treat quantitatively the relations between the concen-
tration and the height of the level. Furthermore, though the con-
ditions in which such a level appears are closely related to the vertical
distributions of air temperature and intensity of turbulence, the
quantitative relation between them are not clear yet.

Therefore, in this paper, we calculated the concentration distribu-
tion in the region below such level, assuming that such level appeared
in a certain height by some cause.

A) Sakagami’s formula
A-1) Instantaneous point source. We adopt the differential equa-
tion for the diffusion of matter in the following type:

ot ox
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where C is the concentration, ¢ is time, u is the wind speed at the
source, which is at the position (0, 0, 2), z, ¥ and z are coordinates
leeward, cross wind ward and vertically upward respectively, and k
and k, are constants for the diffusion. Putting that

x—ut=uw, t=1' 1-2),

we get
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k2 9C 1-3).
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The solution of this equation for an instanteneous point source
which is at (0, 0, 2) has been obtained already by one of the authors,”
and it is given by

2 2
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where M is the total amount of matter emitted instantaneously, and I,
is the modified Bessel function of the order zero. With the former
variables, we have

C=_ M o p[ ( (—ut)'+y" | zth )]L( 2th> 1-5).
Ak thtx Akt Jet it

A-2) The case when the flux-zero level exists at z=H
A-2-1) Fundamental solution. At first, we consider only z and ¢;

oC T oC _ 0 (lcz 60) 2-1).
ot ox 0z 0z
Transforming the variables as 1-2), we have
acﬂ_iQ ac> 2.2).
ot 0z 0z
The boundary conditions are
z:O kzjg—::o 2—3)'
0z v
0z
and the initial condition is
t=t'=0 C=Q,0(z—h) 2-5).
If we put ‘
C=e""%p(z) 2-6),
2-2) becomes
d < dg0> .
- kz__._ = —Q 2"7 -
dz 0% ¢ )
Changing the variable z to s by z=s? 2-7) becomes
1 d < dgo)
= 22 0=0 : 2-8).
s ds ds + k GD )

The particular solutions of this equation are
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or o 2-9),
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k
where J, and Y, are the first kind Bessel function of the order zero,

but Y, is not adoptable.

According to one of the boundary conditions <_d£> =0, we have
& / z=H

Jl<2\/z;c”:) —0 2-10).

Denoting the zero points of J, by j,, namely j,=0.0, j,=3.83, j,=
7.016, ..., we get

k
and
azi( 3 )2 2-11).
H\ 2

So the solution which satisfies the boundary conditions is
c=3 e—-"fz—(%—)%'Jo(jM L) A, 2-12).
y=1 H .
From the initial condition, we get

Qud(z— ) = 5;‘1 J0<ju\/%) A, 2-13).

On the other hand, by putting *I%::s, we have
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and

=H[J,(G)F v=p 2-15)

1
0
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Multiplying J0<,7'A/%> on both sides of 2-13) and integrating by z, we

have:
Left hand side=

| @oe—ny, (y#\/—>dz Q.J, (g,l\/_» 2-16).

Right hand side=
AH[J(5,)) 2-17).

Hom57)

So we obtain

= - 2-18).
H  [J,7T
Then we have
e E;U 7 2 Ain ) 0

A-2-2) Three dimensional diffusion for instantaneous point source.
Inzthis case the source is assumed to be at (0, 0, 4), the concentratlon is

given by
. [z . [ h
5 gy M0 )56 T
o _ ?4y? , ) o\Jy o\Jy
LR SYUAN A R A7 2T H 3-1).
H =0 rdkt [J4(4.)] '
Recurring to the first variables, 3-1) becomes
. [z . [h
g K0
C—e Q, %Ow e 4 4%1/—_4’3;]2 o\J H 0 H 3_9)
Hr 3= 4kt [J,(5)7 ‘

A-2-3) Instantaneous line source. Assuming that the source lies
at =0 and between y= —L and y=L, the concentration is given by

y-m2

Q, (T e kg
C=_%4_ &kt g
Hr E’ S—L 4kt 7
.|z R
G DL N J0<JV,\/ﬁ> J0<3”¢?)
X e kgt vt a .
[JO(jv)]
L y—L
o) o2t
Q4 ————— %"‘ 1 “/47‘;0 ~/4k0

N NCE= N 5
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When | L|— oo, this equation becomes

7o) M 1r)

[Jo(7,))’

] 1 (T-un? . kt_j 2

C=- Q—:E .:::e { kgt T4H }
/\/77.' =0 4 t

4-2).

A-3) Continuous source. We put 1-5), 2-19), 3-2) and 4-2) as
C=Q,flx—ut, t) 5-1).
For the continuous source, 5-1) becomes
C= S: Qy(0) Flo—u(t—7), t—z) de 5-2).
Putting t—7z=¢&, we have

C= Sj Q,(t—&) f(x—ug, &)(—d&)= S: Q.(t—&) fw—ué, &) de 5-3).

If
Q,(z)=£0 04
5-4),
Qi(z)=0 A<t
where / is the duration of the source,
—{ Qf@—us, o de  o0=r=<4 5-5),
0
t—A
0=\ "Quite—us, a5 A=c 5-6).
0
When 4 is sufficiently large, so t<4,
=\ Quf@—us, &) de 5-7).
0

We have from 3-2)

R eXpL
C=~Q—1—g 2 4k, (t—7) 7 4H
7H Jo y=0 4k (t—7)

A3

[Jo(7,))°

r {t—u(t—o)’+y* _ k(t—1) j 21
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10 5) 1o 57)
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e
On the other hand, when t—oo,
Sje~at—%g’ii=zxo(¢%) 5-9),

where K, is the modified Bessel function of the order zero. As

(x —ué)’+y* kéE ., 2 —2ux&+u iyt kj?
_ -+ = 12
ik f 7T [ i
u? kg 2) 2y’ UL
= Y -+ — y
<4k0 ) 4k 2k,
5-8) becomes
. [z . [ h
oA 5r) i gr)
=@ 5 NV H) VN H
nH =0 [Jo(7,)]
2 > 2 2 2
o0 | = (G ) |
g 0 0 dé¢  5-10).
X0t 20 4[005 ¢ )
So we have
LT 5 2 ¥9 2 2
O Qi K( (u +kgu>x+y >
e, H 20 ° \/ 4k, AH/ 4k,
. [z . [ h
i 3) 6 E)
o PN )Y H7 5-11)
[Jo(3)] '

A-4) Continuous line source when the flux-zero level exists. When
the flux-zero level exists at z=H, the concentration for a continuous
infinite line source is given by

)

HJ'm =0 o 4N/.IC_0?
D,
[/,(5,))" .

As
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S ——at— e dt — \/ -—2~/ab 6"‘2),

we have
2 2 2
PR x(u lcgy> um}
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A-b5) In the case when the diffusion coefficients are the functions
of travelling time. In this case, the diffusion equation is given by

 6-3).

oC _ o <K¢ 8C)+ 0 <Ky 8C)+ 0 <Kz ac> 7-1),
ot ox o0x o0y oY 02 0z
assuming that
K, =fi(t)k.(y, 2) 7-2),
K, = f()k,(x, 2) 7-3),
K, = f,(t)k.(x, v, 2) 7-4),

so 7-1) becomes

2 2
9C _tk ﬂ+ﬁky_%+ﬁ%<k 92)

at Foxt 07
1 oC 0*C | f,, 0C , f, 0 ( oC )

. =Fk, 2k 4 Js k, 7-5).
f, ot ox*  f, "oy f, oz 0z )

Putting
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=/ 7-6).
we have
oC _p, @°C "c aC o
s AN CLE S AOR > (k2) 7-7).
where
J(8) G
W(8) =250, J(6) =251 7-8).
9:(8) 76 95(§) 76 )
Putting
C=F(x, §)p(&, y, 2) =—, —l%”f%__ ) 7-9),
7-T7) becomes
0C _, 0°C _ C 3¢ _ 10 , a“c 0 (), 9C
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9.5k, F 5 + ,(€) P < ¥ 7-10),
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75’5“_92(5)]% o0y? 0,8 0% < 0z ) 7-11),
1 0¢ _, 0% | gi(f) 0 d¢ k, P pe) 9 (1. 09
0 5 oy ) e (be35) = oy TS (e 3)
7-12),
where )
(€)= 0,(8)/9:(6) 7-13),
Putting
o _ _
PE g, 7-14),
we have
1 o¢ _ o¢ 0%p 3 (08 ) '
o 5 oy kaz+3(v) ( o ) 7-15).
Putting
6=G(n, P, )= j;,’j” 41, 2) 7-16),
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P 0P _dP ,_a_(k ﬁ‘l) < 99
¢ oy 877 0z 0z oz
2 _p, 0 ( a¢>
on 0z 0z



Dec. 1971 On the Concentrations of Matter Emitted
1 dg _ < ¢ >
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Putting
oC _
on ?

7-16) becomes
a¢ < ag[; >
o oz 0z
Finally, we have the solution of 7-1):

y2

C—_& 4t e” 476.1;5 e 4ky‘ﬂ
N2V J4k -4 2)

Therefore, by substituting the variables

1

S
7=\ 0,6)ds = S?~~fdt=gﬁ_,dt
\

e= | mendy= {48 g ey = o erae={ L ra={ s

9:()

161

7-17).

7-18),

7-19).

7-20).

7-21),

in the solution of the equation which has time-independent diffusion

coefficients, we obtain the solution in general case.

In the previous paper?, the diffusion coefficients were assumed as

follows :
oC 0°C 0:'C 0 oC
% o 20200 ()
or O\t ) T RAD 5 e
by=k,=k,,  k—=kz

o f,(t) = _‘léf_éu(1 —emva)

kfy(t) = qgpzu(l— e_q’Butj

In this case,

§=- 4q]: (put+e vat—1)

0

(= (Zg ~(pput+e o8 —1)

80,

7-22).

7-23),

7-24),
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4k =q (out+e e —1)=q,(pax+ev4—1)=A
kG =qu(pput+e 8" — 1) =qp(ppr+e ¢s°—1)=B

7-25),
7-26),

A and B are used for convenience and ¢,, ¢z ¢, ¢z are diffusion

parameters.?

In the cases when the diffusion coefficients are the functions of

time, 1-5) becomes

AB

T
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A B |\ B
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7-30),
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respectively.

A-6) Results of the calculation. In order to obtain the quanti-
tative relations between the source height, the height of the flux-zero
level and the concentration, we calculated the concentration for con-
tinuous line sources by using equation 7-32) in the scheme given in
Table 1. The calculations were carried out by OKI-MINITAC 7000 in

Table 1. Scheme of calculation.

h | H Z
(m) | (m) 0.4 0.0 —0.2

50
100 | 0.4, 0.8, 1.0, 2.0, 0.4, 0.8, 1.0, 2.0, 0.2, 0.4, 0.8, 1.0,
150 | 4.0, 8.0, 10.0 4.0, 8.0, 10.0 2.0, 4.0

200

50

100
150 | 1.0, 2.0, 4.0, 8.0, 0.8, 1.0, 2.0, 4.0, 0.8, 1.0, 2.0, 4.0,
200 | 10.0, 20.0 8.0, 10.0 8.0, 10.0, 20.0

300

100

150
200 | 1.0, 2.0, 4.0, 8.0, 1.0, 2.0, 4.0, 8.0, 1.0, 2.0, 4.0, 8.0,
300 | 10.0, 20.0, 40.0 10.0, 20.0 10.0, 20.0

400

150

200
300 | 2.0, 4.0, 8.0, 10.0, 2.0, 4.0, 8.0, 10.0, 2.0, 4.0, 8.0, 10.0,
400 | 20.0 20.0 20.0

500

200

300

400
300 | 500! 20, 40, 80, 10.0, 4.0, 8.0, 10.0, 20.0 4.0, 8.0, 10.0, 20.0

600 | 20.0, 40.0
800

Ochanomizu University. In the table, { denotes the grades of thermal
stabilities, and {=0.4 corresponds to stable condition, {=0 to neutral
one and {=—0.2 to unstable conditions. Fig. 1 shows all the calcu-
lated results for {=0, and Fig. 2 shows three stability conditions for
h=50m, t=08km; h=150m, x=1km ; and ~=300 m, =4 km.

We can see that the effect of H for the ground level concentrations
is not so remarkable when # is not so large, but as x becomes larger,
the vertical profiles become uniform and the values become larger.

The relation between H, A and the ratio Ctm/CHoo are shown in
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Fig. 1B. Concentration profiles: £=0, A=100m.
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Fig. 1C. Concentration profiles: {=0, A=150m.
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2A. Concentration profiles: h=50m, x=0.8 km.
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Fig. 2B. Concentration profiles: A=150m, x=1 km.
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Fig. 2C. Concentration profiles:

h=300m, x=4km.
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Table 2, where C, is the ground level concentration at the position
where it becomes maximum, and Cy_ is that when H=co.

Generally, when HJh=1, the values of C, [Cy_ are about 2.3~2.5,
when H/h is 1.3, C, [Cy_ is about 1.5, and when HJh is 1.6, C, [Cy_ is
about 1.2. So the effects of the flux-zero level are not so severe, except
when H is very near to h.

B) Sutton’s formula
B-1) Fundamental formula. Sutton’s formula for the concentra-

tions of a continuous, infinite line source which lies at £=0, y=—1L to
y=L and z=h, is given by
2 _h)2
o el i (2
/M/szl—%,\/ﬂ' p Cz2x2—n p Cz2x2—n
_qa 1 ’ex <_ (z+h)2>+ex <_ (z—h)2>] 31
w VB TP\ T B, ) )

where B=Cjx’" and C, and »n are Sutton’s parameters. In the case
when there exists the flux-zero level at z=H, we can obtain the
formula of concentration by considering the images of the source
referring to the levels at z=0 and 2=H.

= I h+n.2H)*
Cm L ___ e [— (z-+ }
’ ’M/N/BITC ngwl_ P Bl
_ (2—h-+n-2H)’ H 39
+exp{ B, ).
As
i o(E—m)= i gi2imé 8-3),
SO
o 3 (z—_th+2Hn)2}
g}mexp{ B,
:__Soo eXp[~ (z+=h+2HE)’ } 2.0 d(n—E)de
o B, e
-3 Sw exp{— (zih;%@“ i2nng| de 8-4).
n=—00J— 1
Putting
QHE+h-+2z=7 8-5),
we have
o (7 AR ]ﬂ,
n;‘mg-.mexp\ B T e T 5y
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1 S"‘; S”wexp{_< 7 iﬂ”ﬂ«/B—l>2

T 2H ) VB, of
+< m’o\/Bl__Y“ N (ihmz)]dn
oH H
B, (7n T
- B ( > o ’ 8-6).
of n—z_w“/” exp{ L ) T (EhAam )

Therefore, we have

G LB 3 exp|— 25 (Z0)' 5% )2 cos( 2 tm)

MnBl 2H =" 4 \ H H
' 0 2
= 3 oxp |~ (5) 5 nfcos(Z-m)
1 & B <7m>zl <n7rz> <n7rh>
—_ expl— 21 ("% leos e 8-7).
H w2 p{ i \H o )P\ )
If . B’ 2H
AH? T
C,~1/H,

which is independent of z.

B-2) Results of the calculation. Some of the results of the calcu-
lations are shown in Fig. 3, in which C,>=0.4 and n=0.25.

In Sutton’s formula, », C, and x are combined together in the form
Cjx*"=DB, (=20,%), so we calculated by using B, and several values of &
and H. The ratio G, [Cy_ and H/h are shown in Table 3, where C,  is
the ground level concentration at the position where that concen-
tration becomes maximum and C,_ is the concentration at the same
place when H= o

The general features of the results are almost the same to those
obtained by Sakagami’s formula, because these formulae differ mainly
in the region near the ground and when the source height is high,
such as more than 100 m, the difference becomes very small.

C) Consideration on the condition of the occurrence of the
“ flux-zero’’ level
The boundary conditions at the boundary, z=:H, of tvvo different
domains are

C(H)=C'(H)
at ZZH, 9_1),

0z 0z

where (' is the concentration and K,/ is the diffusion coefficient in the
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Fig. 3A. Concentration profiles:

h=50m, x=1 and 2 km.
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Fig. 3B. Concentration profiles:

h=200m, x=1 and 2km.
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Table 3. Relations between H, h and Cg,,/Cg.. In this Table,
e.g. 3.51¢® means 3.51x1073.
h H 50 100 150 200 300 400 500 600
g, | B H/h 1 2 3 4 6 8 10 12
50 C |3.51¢3 1,753 1, 758 |1, 75311 758 1, 753 |1, 753 |1, 75
C/Crl2. 00 1.00 1. 00 1. 00 1. 00 1.00 1.00 1. 00
100 C 2.99¢111.49¢7 1. 49¢-D 1. 49¢D 11,497 |1,49¢7 11, 49¢D
T C/Chy 1.79 1.00 1.00 1.00 1.00 1.00 1.00
20 (0. 80%®) {5 C 9. 14182 44 (-13)2 44 (-18\2 44 (-18)|2 441819 44 (18
C/Crqs 3.75 1. 00 1. 00 1.00 1. 00 1.00
200 C ) 1.54¢2D7, 70207 70 2|7, 70 24017 70 (20
1 C/Ca,, ) 2.00  |1.00 1. 00 1. 00 1.00
300 C 0.00 0. 00 0. 00 0. 00
C/Cu. 0.00 0. 00 0. 00 0. 00
50 C 11.83¢219,14¢%19,14¢3 19,1403 19, 143 19,143 9, 143 |9, 14¢®
1 C/Cr,,12- 00 1. 00 1.00 1.00 1.00 1. 00 1. 00 1.00
3100 C 1,759 18,77 -9 |8, 779 18, 770 8. 774 8,779 8. 779
C/Cy,, 2.00  j1.00 1,00 11.00 J1.00 .00  [1.00
40 10. 324 150i C 3.53¢® 11,765 11,765 11, 76 11, 76¢5 1,76
| i C/Cme | [200 100 1.00 1.00 .00 [1.00
200 C 1,491 446817 4468 7 44 |7 448
T C/Chy L 2. 00 1.00 1.00 1.00 1.00
‘3000 . C T 2 44 wl] 2201 201 22 (1o
1”7 C/Cr,, _ 2. 00 1. 00 1. 00 1. 00
| 50 C 2.00¢2 19,993 19 403 19, 40¢3 (9,40 [9.40(-3 |9, 403 ]9, 40~
C/Cp,2.13 1.06 1. 00 1. 00 1.00 1. 00 1.00  11.00
100/ . C 6.63 % |3.37(-® 3.32¢- 13 32¢-» |3 32 |3 32¢ 13 329
C/Craq 2.00 1.02 1.00 1. 00 1. 00 1. 00 1.00
60 0.72%) 50 C 1.17¢3 |5, 87 -9 |5, 84 (-0 |5, 84 |5, 84¢4 |5, 849
C/Cry 2.00 1.00 1. 00 1. 00 1.00 1.00
200 C 1.03¢9 15,148 15,145 |5, 145 |5, 145
C/Cua, 2.00 1. 00 1. 00 1. 00 1.C0
300 C ' 9.91¢-8 4, 96¢-8 |4, 968 |4, 96¢—®
C/Cun,, 2.00 1.00 1. 00 1.00
50 C 12.00¢2 1, 00¢2 |8, 28¢-% (8,21 (-3 |8, 21¢-3 8 21 (-3 18 21 (-3 |8 21 (-%
C/Cu, 2. 44 1.22 1.01 1.00 1.00  ]1.00 1.00 1.00
100 C 9,159 15 01 =8 |4, 58(-% |4, 58 -9 |4, 583 |4 58¢-3) |4, 58 (-
C/Cy., 2.00 1. 09 1. 00 1. 00 1. 00 1. 00 1.00
80 (0. 13® {5 C 3,448 (1,808 {1,728 1,720 11,728 11,728
C/Cw,, 2.00 1. 05 1.00 1.00 1. 00 1. 00
200 C 8. 779 |4. 381 14 384 4, 38¢-4 4, 38¢H
C/Cro ~[2.00 1. 00 1.00 1. 00 1. 00
300 C 1.76¢-5 18 82(-6> |8 82(-6> 8 82 (=6
C/Crm,, 2.00 1.00 1.00 1.00
50 C 12.00¢2 11,002 17 41317, 06817, 04 (7. 043 7. 043 \7.04
C/Cru..2. 84 1.42 1.05 1. 00 1.00 1. 00 1. 00 1.00
100 C 9.86¢3 15 02(-3) |4 93(~3) |4, 843 |4, 843 |4, 843 {4 84~
1 C/Chq 2.04 1.22 1.02  11.00 1.00 1.00 1.00
100 0. 20} 15 C 5. 18- {2, 94 (=8 2 59 (-8 2 59 (-8 |2 59 (=3 12 59 (-
C/Cr, 2.00 1.14 1.00 1. 00 1.00  |1.00
200 C 2.16¢-3 |1, 08¢-3 |1, 08¢ 11, 08¢ |1, 08 -3
C/Crq 2.00 1. 00 1. 00 1.00 1. 00
300 C 1.77¢4 |8.87 (5 8,87 (-5 |8, 87 (=5
C/Ca,, 2.00 1. 00 1.00 1. 00
50 C [2.002[1.00¢2 16, 67 ¢ |5, 05(~% |3, 98 (-8 |3, 87 (=% |3, 87 (~% 3. 87 (=9
C/Cp.\5. 17 2.58 1.72 1.30 1.03 1. 00 1. 00 1. 00
100 C 1.00¢-2 16, 673 |5 0033, 71¢-3 |3, 53-8 |3, 52¢-3 |3, 52(-®
T C/Chy 2.84 1.87 1. 42 1.05 1. 00 1. 00 1.00
200 (0. 80¢®| {5 C 6. 67 - |4, 95¢-8 (3,33~ 3,033 3,013 3,01
Y1 C/Chy 2.22 1. 64 1.11 1.01 1.00 .00
200 C 4,933 12,068 2,473 12, 428 2, 42D
C/Cu,, 2.04 1.22 1. 02 1. 00 1.00
300 C 2.59(-9 11,4731, 30¢® |1, 30¢®
C/Cx,, 1.99 1.13 1. 00 1.00
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domain above H.
If the height H is considerably high, the condition of the flux-zero
can be expressed approximately by the next equation:

- C 1 1 KNK!—K'NVK,
K22)  — e fH) o 1 S e B g 99,

(55, )= 1D S KSR KIVE )
which is obtained by using the results of Kodaira’s paper,” where f,(z)
is the initial concentration distribution in the domain lower than H.
Namely, we have

KNK!+K/'VE, =K NK'—K/VK,
K/NVK, =0 9-3).

As K, is not equal to zero, so K,/ must be zero. So we can conclude
that the flux-zero level occurs only when the upper domain is so
extremly stable that merely laminar flow exists.

The vertical diffusion coefficient does not generally vanish even in
the inversion state, except in extremely stable state. So the flux-zero
level does not so frequently occur even when the inversion layer is
above the neutral or lapse layer.
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