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General expressions have been given of the one-electron perturba-
tion energy of a hydrogenic Rydberg orbital experienced in a cluster
of point charges of any geometry.” In order to apply these results to
the Rydberg states of a given molecule it is convenient to use the
wavefunctions of real form. As analytical expressions for the s, p and
d orbitals are given in Ref. 1, the results for the f orbital will be given
in this paper. Thus only a brief description of the theory is necessary
here.®

Consider a hydrogenic orbital

(n, 1, m)=Ry(¥) 01 (0) Pr(9) - (1)
Let the spherical harmonics

Ylm = 0lm@m

O (0)= (—Lymrimoiy [ 2 31133 . Pj™(cos 0) @)

0,($)—exp (img) |/ 2

be transformed into real forms as
Sp="Yy,
Su= (Y _y+(—=1)¥Y, )2
S, w=1Y a—(—D"Y )2

For convenience’ sake a cartesian naming system: Iy, like px and dz? is
adopted for the angular part of the wavefunction

(1, 1, 7)= Rualr) 2,0, ) . | @

Corresponding relations between 2, and S,,; are given in Table I.

(3)
(M=>0)
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Since the radial part of the wavefunction is hydrogenic, unper-
turbed energy of the orbital |nlr>> in a spherical potential

ko= —dj2—1/r I o (5)
is gi‘”VGI!l in at'(‘)iﬁiAc units ‘és'
cO(nly, niy) = <l | hO | nly=—= —1/2n? | (6)
and the basis set |nlr>> is orthonermal to.eéach other
<nlr |W'Ur’>=d(n, n') 8(,.V') o(r, r') . (7)

If the point charge is displa'éédztxb a -p'o_intA (See Fig. 1 for expla-
nation) the first order perturbation energy of |nly> is given by

e/ (nly, nly)=<<nly [h,) |nlr>, (3)
where
Chl=1/r—1Jr,. 9)

By the use of the Neumann expansion %,/ can be expressed as

— {E _r Py(cos ) —J} (r=d)
=0 dk-e~1 r .
by = (10)
— (5_) I p(cos Z)HL} . (r>d)
° +1 r

k=

Define the following integral T ™

<R = | B>y (=0)
lezl,,n/t’(d): .
) |
<Rur)| | B (1) 120 (11)
d o
F<Ru()|- L | Rur(M g, (k=1,2, )
o
Then one gets
e (nly, wl'y')y= =% Clr """ Tt (12)
=0

The general expressisns of the coefficient. C'¥7 are given as eqs. (37)-
(40) in Ref. 1, where the analytical expressions for all the combinations
of s,’p and d orbitals are also given. Table II gives the result for the
case with I=0U'=f. Interaction of f with s, p and d orbitals is thought
to be smaller and omitted from the table.

Since the hydrogenic R, function is expressed as the Laguerre’s
polynomial, the T/ ™" integrals can be obtained as closed forms. The



Dec. 1971 Studies on Rydberg Orbitals 217

results for n<<6 and l<3 are given in Table III. Note, however, the
following transformation®

z=djn . S (13)
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Fig. 1.

Table I. @ functions.

Ly
- a)

ooy Som = LY g Qv
s . (0 0) 1/V/&7
P z (1 0 vV3/4T cos6

x [(x -1) - (1 1)1/7/2 Y3741 sin6-cosod

y [(L -1) + (¥ 1)1i/v/2 V3/4T sin6-.sin¢
a  2? (2 0) /57167 3cos?e - 1

zX [(2 -1) - (2 1)1/VZ V15747 sinf-cosb-coso

2y [(2 -1) + (2 1)1i//Z  J/TS/%7 sing-cosf-sino
x2y% (2 -2) + (2 2)1/vZ  /IS7T67 sin’6-cos2¢

xy  [(2 -2) - (2 2)1i/Y/Z /I57T6% sin’6.sin2¢

£ 23 (3 0) /T7T67 (cos 8 - 3cose
22x  [(3 -1) - (3 1)]1/YZ  VZIJ3Z% (5cos’e - 1)sinb.cosé
2%y [(3 -1) + (3 1]1i/VZ T7377 (5cos’8 - 1)sind-sing
(xz-yz)z [¢(3 -2) + (3 2)1/Y2 Y105/167n sin’8-cosd «cos2é
xyz [(3 -2) - (3 2)]i/vZ vI05/T67 sin’0:.cosé-sin2¢
x3 [(3 -3) - (3 3)1/VZ /357377 sin°6.cos3¢
> [(3 -3) + (3 3)]1i/VZ /357377 sin36.sin3¢

a) (L m) =Y, (0,6) = 0, (8)8 (9). See eq. (2).
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Table II. The cEYEY' coefficients,??

Y v Co C2 Gy : Ce

23 23 1 (2/15)A 6aB 200G

2%x 2%x 1 (1/10) (A+2-sa2.c28)  a(H+4C.sa2.c28) -15b(G-7I.sa2.c28)

2%y 2%y 1 (1/10)(A-2.sa2.c28)  a(H-4C.so2.c28) -15b(G+7I+sa2-c28)
(xz-yz)z (xz-yz)z 1 0 -7a(B-5-sad:c4B) 6b(G+21T-sad-c48)

Xyz Xyz 1 0 -7a(B+5:sa4.c48) 6b(G-21I-sa4.c4B)

x3 x3 1 -(1/6)A 3aB -b(G-231-506-C68)

3 v 1 -(1/6)A 3aB -b(G+231-sa6-c6B)
v2x 2%y 0 (1/5)saZ-s28 (1/66)C-s02-528 (175/2288)1.sa2-528
x2-y4yz  xyz 0 0 (35/264) sa4-s4p (105/1144)J-sa4-s48

x> v 0 0 0 (35/208) s06-568

P 2%x 0 (VZ/5/3)ca-sa-c8 (5/22/8)D-ca-sa-c28 (175/286/6)H.ca.sa2-c28

23 zzy 0 (VZ/5V3)co+so SR (5/22/8)D'casos28 (175/286v6)H-ca-sa2-s28

23 <*-y%z 0 (1//I5)sa2-c28 - (/5/44V/3)C-s02-c28 (35/5/572/3)I-sa2-c28

23 xyz 0 -(1//T5)s02-s28 - (/5/44/3)C-s02528 (35V/5/572/3) 1 sa2-s28

23 x> 0 o (7/5/22/T)ca-sa3-c38  (35/5/572/T)T-ca-sa3-Cc38

23 y> 0 o -(7/5/22/7)ca-sa3-538  (35/5/572/Z)J co-sa3 s3p

2%x (xz-yz)z 0 (1/vI0)ca-sa-cB c(R-cB+S.c38) -d(T-.cB8-U.c38)

22x Xyz 0 (1//10)ca-sa-sB c(R-sB+S-s38) -d(T-sB-U-s3R)

zzy (xz-yz)z 0 -(1//1I0)ca-sa-sB -c(R-sB-S-s38) d(T-sp+U+s38)

2%y xyz 0 (1//T0)co-sa-cB c(R-cB-S-c38) -d(T-cB+U-c38)

2%x x> 0 -(1/6/T5)sa2-c28 e(V-c28-W-c4B) ~E(X-C2B-Y-c4B)

2%x ¥ 0 -(1/6/T5)sa2-528 e(V-s28-W-s48) ~£(X-52B-Y-s48)

2%y x3 0 (1/6/T5)sa2-s28 ~e(V-S2B+W-s4B) £(X-528+Y-548)

2%y v 0 -(1/6/T5)sa2-c28 e (V-c28+W-c48) SE(X-C2B+Y - c4B)
(xz—yz)z x3 0 (VI5/7VZ)ca sa-cB -gD-ca-sa‘cB h(T-cB+Z-c58)
(xz—yz)z y3 0 (/I5/7/Z)ca+sa-SB -gD-ca-sa-sB h(T-sg+Z-s58)

Xyz x3 0 -(VIS5/7/2)ca - so+s8 gD-co+sa-sB -h(T-sB-Z-s58)

Xyz y3 0 (VI5/7VZ)ca-sa-cfB -gD-ca-sa-cB h(T-cB-Z-c5R)

) RV ARVAl 2 LA
a) <n£Y|ha']“'2'Y'> = _15; CkY Y Tﬁ ,1 .
<nQy|ha'|n'z'y'> = <n'2'y'|h, " [ney>. L

Abbreviations: sa = sina, co = cosa, s2a = sinZa, caZ = cos'o,

etc

‘A = 3:ca2 -1, B = 35.ca4 - 30-ca2 + 3, C=7:ca2 -1,
D=7ca2 - 3, G = 231-cab - 315-ca4 + 105-ca2 - 5,

H = 33.cad - 30.ca2 + 5, I = 33.cad4 - 18:.ca2 + 1,
J=1l+ca2 - 1, K= 11l.ca2 - 3, R =.4D.sa, S = 7.cua-sa3,
T = H-carsa, U = 3K-ca-sa3, V = 6C-sa2, W = 7.s04,

X = I.-sa2, Y = 3J-sa4, Z = 33.ca-sa5,

a=1/264, b = 5/6864, c = V/5/66v2Z, d = 35/5/114442Z,

e = /5/88/%, £ = 35/5/2288/3, g = 5/22/6, h = 35/1144/8.
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Table III. The ng’nz integrals.a)

i) 2 = s
Tgs’ls(x) = @/x - 1) - e Fa/x ¢ 1)
TES 25 (x) = (1/2x - 1/4) - e PX(1/2x + 3/4 + x/2 + x%/2)
T3S 35 (x) = (1/3x - 1/9) - e PX(1/3x + 5/9 + 4x/9 + 4x%/9
- ax3/27 4 4x4)z7)
TeS S ) = (1/4x - 1/16) - e 2X(1/4x + 7/16 + 3x/8 + 3x%/8
- x3/4 4 3x4/8 - 5x%/36 + x6/36)‘
T3S 7% (x) = (1/5x -11/25) - e ¥X(1/5x + 9/25 + 8x/25 + 8x°/25
; - 8x3/25 + 16x%/25 - 512x°/1125 + 24x%/125
- 4ax’/1125 + ax8/1125)
Tgs’és(x) = (1/6x - 1/36) - e 2X(1/6x + 11/36 + 5x/18
+ 5x%/18 - 10x3/27 + 25x%/27 - 26x%/27 + s0x%/81
; - 9ax’/405 + 7x8/135 - 38x9/6075 + 2x'0/6075)
ii) & = p.
iTép’ZP(x) = (1/2x - 1/4) ) e XX (1/2x + 374 + x/2 + x%/6)
2P 2P (x) = 15/4x> - e X (15/4x> + 15/2x% + 15/2x + 5 + 5x/2

+ 5x%/6)
T3p,3p _ -2x 2
0 (x) = (1/3x - 1/9) - e (1/3x + 5/9 + 4x/9 + 2x°/9
+ 253727 + 2x 27y
T3P23P(x) = 20/3x° - e ¥X(20/3x> + 40/3x% + 40/3x + 80/9
2 3 4
+ 40x/9 + 5x°/3 + 10x°/27 + 10x'/27)

TeP2 4P (x) = (1/4x - 1/16) - e 2X(1/4x + 7/16 + 3x/8 + 5x%/24
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+ x3/12 + 13x%/120 - x°/20 + x%/60)
T3P 4P (x) = 75/8x° - e HX(75/8x° 75/4x% + 75/4x + 25/2
+ 25x/4 + 20x2/12 + 2x5/3 + 2x%/3 - x°/4 + x®/12)
TP PP (x) = (1/5x - 1/285) - e X (1/5x + 9/25 + 8x/25 + 14x%/75
+ 2x3/25 + 2x*/15 - 152x°/1125 + 32x%/375
- 8x//375 + 8x5/3375)
Tgp’SP(x) = 12/x3 - e_zx(12/x3 + 24/)(2 + 24/x + 16 + 8x
« 47x%/15 + 14x3/15 + 14x%/15 - 32x5/45 + 4x%/0
- 8x7/75 + 8x5/675)
8P:6P(x) = (1/6x - 1/36) - e ?¥(1/6x + 11/36 + 5x/18 + x%/6
v 2x3/27 + 7xt/4s - 34x%/135 + 134x%/567
- 314x%/2835 + 83x5/2835 - 34x°/8505 + 2x-9/8505)

3 e 2X(175/12x3 + 175/6x% + 175/6x

TSP 0P (x) = 175/12x
2 3 4
+ 175/9 + 175x/18 + 23x%/6 + 32x5/27 + 32x°/27

- 37x°/27 + 34x0/27 - 46x7/81 + 4x8/27 - 34x°/1701

+ 2x19/1701)

iii) & = d.
139340 = (1/3x - 1/9) - eTEX(1/3x + 5/9 + 4x/9 + 2x%/9
v 2x3/27 + 2x7/135)
1383 = 14y3x% - e ¥ (14/3x° + 28/3x° + 28/3x + 56/9
+ 28x/9 + 11x%/9 + 10x3/27 + 2x%/27)
Tid’sd(x) = 105/>cS - e-zx(los/x5 + 210/)(4 + 210/}(3 + 140/}(2

+ 70/x + 28 + 28x/3 + 8x2/3 + 2x3/3 + 2x%/15)

ng’4d(x) = (1/4x - 1/16) - e 2X(1/4x + 7/16 + 3x/8 + 5x°/24
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+ x3712 + x*/40 + x°/180 + x%/180)
13849 0x) = 63/8x> - e PX(63/8x> + 63/4x% + 63/4x + 21/2
+ 21x/4 + 25x%/12 + 2x3/3 + x*/6 . x°/36 + x%/36)
T, 89 = 2835/8x° - e 2X(2835/8x + 2835/4x" + 2835/4x°

2 4 9x3/4

+ 945/2x% + 945/4x + 189/2 + 63x/2 + 9x
+ 19x*/40 + x%/20 + x%/20)

-ng’Sd(x) = (1/5x - 1/25) - e 2X(1/5x + 9/25 + 8x/25
v 14x%/75 + 2x3/25 + 2x%/75 + 8x®/1125 + 32x%/2625
+ 8x'/1575 + 8x5/7875)

13429 (x) = s4/5x3 - e7?X(54/5x> + 108/5x% + 108/5x + 72/5

+ 36%/5 + 43x%/15 + 14x°/15 + 26x7/105 + 16x°/315

+ 12x%/175 - 8x7/315 + 8x3/1575)

13939 (x) = 3969/5x° - e 2X(3969/5x> + 7938/5x* + 7938/5x°
+ 5292/5x% + 2646/5x + 5292/25 + 1764x/25
+ 504x%/25 + 126x°/25 + 38x7/35 + 136x°/875
+ 136x%/875 - 8x'/175 + 8x%/875)
18984y = (1/6x - 1/36) - e ?¥(1/6x + 11/36 + 5x/18 + x%/6
v 2x3/27 + 7x%/270 + x°/135 + 61x5/2835 - 11x7/567
-+ 47x8/5670 - 13x%/8505 + x10/8505)
18804 (%) = 163/12x% - ¢ %X (163/12x% + 163/6x% + 163/6x
+ 163/9 + 163x/18 + 65x2/18 + 32x°/27 + 61x"/189
+ x5/14 + 72x5/567 - 19x7/189 + 72x8/1701
- 13x°/1701 + x0/1701)
188040y = 1470/x° - e FX(1470/x° + 2940/x7 + 1960/x% + 980/x
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+ 392 + 392x/3 + 112x%/3 + 28x3/3 + 853x%/420
+ 23x°/70 + 23x0 - 7 8
x/70 - 37x7/189 + 151x8/1890

- 13x9/945 + x10/945)

iv) & = £f.

T8 e = a/ax - 1/16) - e 2X(1/4x + 7/16 + 3x/8 + 5x°/24

T

T

T

T.

T

T

v x3/12 + x*/40 + x°/180 + x%/1260)

1.4 ) = as/8x® - e 2X(45/8x3 + 45/4x% + 45/4x + 15/2
+ 15x/4 + 251x%/168 + 41x°/84 + 11x*/84 + x°/36
+ x%/252)

75 - 1485/8x° - e 2X(1485/8x + 1485/4x* + 1485/4x°
+ 495/2x% + 495/4x + 99/2 + 33x/2 + 33x°/7 + 33x°/28
+ x*/40 + x?/zo + x8/140)

gf’4f(x) - 135135/16x - e 2X(135135/16x  + 135135/8x°
+ 135135/8x° + 45045/4x% + 45045/8x> + 9009/4x°
+ 3003/4x + 429/2 + 429x/8 + 143x2/12 + 143x>/60
+ 13x%/30 + 13x°/180 + 13x%/1260)

265 ) = (1/5x - 1/25) - e 2X(1/5x + 9/25 + 8x/25 + 14x2/75
+ 2x3/25 + 2x%/75 + éx5/1125 + 4x9/2625 + 2x7 /7875
+ 2x8/7875)

£:58 ) = o/x® - e 2X(g/x3 + 18/x% + 18/x + 12 + 6x

+ 503x%/210 + 83x3/105 + 23x%/105 + 16x>/315
+ x8/105 + 2x//1575 + 2x5/1575)
2%ty = 5643/10x° - e 2X(5643/10x> + 5643/5x% + 5643/5x°

+ 3762/5x% + 1881/5x + 3762/25 + 1254x/25

223
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+ 2508x%/175 + 627x3/175 + 139x%/175 + 136x5/875
+ 22x%/875 + 2x7/875 + 2x8/875)
12558 (x) = 216216/5x7 - e ¥ (216216/5x7 + 432432/5x5
+ 432432/5x° + 288288/5x% + 144144/5x3 + 288288/25x>
+ 96096/25x + 27456/25 + 6864x/25 + 4576x2/75
3 e 5 6
+ 4576x°/375 + 832x%/375 + 416x°/1125 + 143x5/2625
7 , 8, ..
+ 26x//7875 + 26x%/7875)
6F,6F
To

(x) = (1/6x - 1/36) - e 2X(1/6x + 11/36 + 5x/18 + x2/6

v 2x5/27 + 7x*/270 + x°/135 + x®/567 + x7/2835
8/17010 - x°/3645 + x19/25515)
+ 13x
185,08 (%) = 145/12x% - 72X (145/12x3 + 145/6x% + 145/6x
2
+ 145/9 + 145x/18 + 811x%/252 + 403x5/378
+ 113x%/378 + x%/14 + 7x0/486 + 4x7/1701 + x8/243
- x%7729 + x1%5103)
Tgf’6f(x) = 2365/2x° - e 2X(2365/2x° + 2365/x* + 2365/x>
+ 4730/3x% + 2365/3x + 946/3 + 946x/9 + 1892x2/63
3 4 5 6
+ 473x3/63 + 2099x7/1260 + 23x°/70 + x°/18
+ 19x7/2835 + 7x5/810 - x%/405 + x'0/2835)
Tgf’éf(x) = 135135/x’ - e 2X(135135/x’ + 270270/x% + 270270/x°
+ 180180/x* + 90090/x3 + 36036/x% + 12012/x + 3432
_ 2 3 4 5, .
+ 858x + 572%%/3 + 572x5/15 + 104x*/15 + 52x°/45

. 9
+ 1469x%/8505 + 26x//1701 + 26x5/1701 - 13x°/3645

+ 13x10/25515)

a) x = d/n.



