- Natural Science Report, Ochanomizu University, Vol. 22, No. 1, 1971 33
BROKEZFRE BREVERE B22% BH1%

Applications of Mellin Transforms to Some Problems
of Statistical Mechanics II

Giiti Iwata (& B & —)

Department of- Physics, Faculty of Science, '
Ochanomizu University, Tokyo

" "(Received .April 10, 1971)

§1. Introduction

The usefulness of Mellin transforms for evaluating some integrals
in statistical mechanical problems was shown ten years ago in a
paper?. An essential virtue of the use of Mellin transforms is to make
a parameter conspicuous that plays the role of an expansion parameter.
A Mellin type integral may be expanded in powers of that parameter
when the parameter is either large or small, by translating the line of
integration to the right or to the left. Another virtue is to make fea-
sible otherwise complicated integration or summation. To furnish
further examples, the technique of Mellin transform will be applied to
two problems treated by A. Wasserman and others®.

§2. The exchange integral

The exchange integral with the Coulomb interaction
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was evaluated by Wasserman and others to be
J(a)=C,a’+C, log a+C,+0(a™?)
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Elementary integrations simplify the integral to
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with x:IXl and y=|y|.
A formula of Mellin transform®
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may be advantageously employed to give
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To evaluate J, a formula of Mellin transform?
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where use of a functional relation of gamma functions I"(1+%)I"(1—x)
=nx/sin zx and the formula of Mellin transform concerning 1/(1+4 )
mentioned above is made.

Now J,,(«) is expressed as

I (a) = 2 SS ex(s*h) T b4 ds dt
< (271)? s+t sinzs sinzt /st

To make the parameter a stand out, variables are changed from s,
t to u, v through the relations

st+it=u, s—t=v
or
s=(u-+v)2, t=w—v)/2

under the restriction that

—1<<Rv<<Ru<<2
to get
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An approximate evaluation of J,(«a) for large « depends on the
behaviour of Jy(u) in the right neighbourhood of the origin u=0,
Ru>0.

By taking as the path of integration with respect to v the imagi-
nary axis, and setting v=1z, J; is changed into '

T (w) = 87 S‘”( 1 . 1 ) dx
° 27 sin tu Jo \ ertr—w) 1 erervi 1 ) /i aat

The variable v is restricted to be real for the present and use is
made of the formula of Mellin transform®

L= L{reeds, Re>1, Re>0
er—1 271
to derive
' 87 1 L
= . L\ 1) c()0(s) (u)ds
sinzu 2=n1
where
0@)= o\ ==+ Y Re=1, y=oju.
21 Jo N1+

The change of the path of integration from the one of 0-— co on
the real axis to the one of 0 —%—14cc on the imaginary axis leads to
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The other integral in ¢ is complex conjugate to thie above integral, so
that one gets

1 2TA2)Ie)

o(s)=sin-—-xs - os%n‘s - ¢(s),

2 [(s+1/2)

Since the function ¢(s) is regular everywhere in s except s=oo,
singular points of the function ¢(s) are only poles of the first order at
s=—1, —3, —5, .... One gets then
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Jo(u) =
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summing up the residues, or
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where use is made of the well known functional relation of the:
Riemann Zeta function F(s)'cos %}rs . é’(é)=2437z3'4(1 '—yﬂs).

Expanding Jy(u)/u in powers of .u,:-one gets the result of Wasser-
man and others mentioned at the beginning of this section.

§3. The free energy integral

The free energy‘integrai of an electron gas in a magnetic field A
can be written |

Fng“—@(ﬁy @, C)
where

DB, @, ¢)= ”’;gh S d, zlog(1+exp BIC—e)

{ being the chemical potentlal, N the average number of particles in:

the system, w=eH[me, and -
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—h<+ )+
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Use of a fdrfnul'a of Mellin fransfdrm”

10g(1+9c)— 1 S T xids, 0<<Rs<1
. 2714 s sin zs

leads to the representation of @ .

_ Mo 2rm
oz’ph N g
where
1 Ters :
T S ds, 0<Rs<1
2n1 J $*2 gin s Sin s A< .

and A= phw/2, a=pC... :
To-get an asymptotlc expansmn of J in «, 11: suffices to expand’
1/s1n 7s - Sin 2s in powers of s and to 1‘n‘tegrate ter_mwlse _ As is obvious-
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‘Hence one gets

1 a&? =z A\ a'”?
=1 A L B L Cas
T Ty Te\a T =) Tar TU
The integrand of J has poles of first order at s=-+1, =2, .... The

origin s=0 is a branch point, so that the path of integration cannot be
shifted to the left beyond the origin. However the path of integration
may be deformed to a contour L starting from —ico, encircling the
origin counterclockwise, extending to —ico again. Residues at points
s=wmrfl, n=1,2,3, ..., =1, =2, —3, ... ' o

/2 ei(nna/]—nhi)

(__)n+1 21
o n’? Bin (nx®[2)

Dbeing taken into account, J will be written

- J=the expression obtained above

_» +\/%2 (=)™ 2 cos(nraji—=[4)

n®? Sin (nr?/2)

Our result differs from that of Wasserman and others. One reason
is some typographical errors commited in their paper, and another
Teason seems to lie in the functional relation

$ (—)n—1< 1 1 ): 7’ A

Py n Sin nA  Sin (nz®/2) 12

124 12

This functional relation may be proved as follows. A formula of
Mellin transform? gives

S (=) K () o= -
n§::1 nSinni  2xi n2=1 n 82(1 27 (5)<(5) (nA)~ds,

Rs>1
- _1782(1_2%)21”(3) () s+ 1) ards, Rs>1.
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Shift of the path of integration to the position —2<< Rs<<—1
leads to :
. 2 2
The right member=——-_ — —_
122 12

+ L,Sz(1—2-s)2r(s)c(s)c(s+ Dads, —2< Rs<—1.

271
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The change of variable s— s’ and use of the functional relation
I'(s){(s){(s+1)=2n)*['(—8){(—8){(1—s)
give
1

__S 2(1—2-I'(s) £(s) C(s+ 1) A—*ds, C2— Rs< —1
21

=§1_, S 2L —2) (=N C(—8)C(1—s)2ds', 1<<Rs' <2
T

5 S2(1—2‘?)2]7(:8’){(3’)C(S’—l—l)(ﬁ/ﬂ)“*’ds’, 1< Rs! <2
T

=i ‘(__)nfl

= n Sin(na’fa)

The above functional relation can be easily derived from the well
known functional relation mentioned at the end of § 2.
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