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The method of our previous paper?, by which we calculated the
level density of a Fermion system in a parabolic potential, is applied
to the nucleus under the assumption that protons and neutrons are
moving substantially in the central potential field. In this case we
get an interesting result that the level density drops sharply at the
magic numbers, in addition to the dependence of the level density on
the angular momentum.

§ 1. The quasi-shell model

The nuclear shell model requires that the Hamiltonian H of the
nucleus which is composed of N, neutrons and N, protons, is defined
as follows ' : '
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If we think of comparatively heavy nuclei, we had better choose the
individual angular momentum: j=I-+s as a.good quantum number be-
cause of the strong j—j coupling.

We get the energy e as follows
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the Coulomb effect for protons being mneglected.

The energies ¢, and ¢ are given by the radial quantum number »
ranging over 1,2,... and the angular momentum 7 .ranging 'over 1/2,
3/2, -

§ 2. The quantum number and partition function

As stated above, we assume that a nucleus is composed of protons
and neutrons of spin 1/2 moving independently in a central potential.

We can get the grand partition function for such a system which
is marked by the proton number N,, the neutron number N,, the total
energy E, the total angular momentum J and its z_— component M,

Z_traceexp[aNJraN ,8E+rM] 8

We can also mtroduce the level dellslty by
- z=\\\\ew N, 2,00

-exp [«,N,+a,N,— BE+ rM]dN AN, dEdM - (4y
where

o(N,, Nzﬂ E, M) = 2 5Nnn5sz5MM1(n+z)

1,N2

The proton number N,, the neutron number N,, the total energy
E, and the z-component M of the total angular momentum J-are ob-
tained by summing over eigenstates r and we have

Z =TI 1+ exp[a,— B¢ +m™r])(1+ exp [a,— BeP +mE)r])

4
i=1 mnjm . .
‘where from (3) we set o ‘ ,
Z3) = exp (a, ——Be“”) ZP = exp (an~ﬂe’(")) (6

Z) = exp (a,— BeF) , "Z%(f‘j’ = exXp (‘?‘2*,5%“) :

§3. An approximate evaluation of log‘Z o

. thbe calculations pxr'oékevéd-"r(')ughly' pai‘aliel to those of the previous
paper.
Takmg log Z instead of Z

log 7 — g} Zﬁ log [(1+Z<f>)’2+'4zgg sinh? (my/2)] ™

we expand log Z in pOwer series of r and get up, to the first order
in 7%,
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log Z = g](pﬁqz =p+q’ .. - . (8=a)
=23 i+ Joearzy Gy
:.Z4Z“?/(1+Z“? 2. Z‘ m2}/4c 0 (8=0)
To evaluate p, we use the formula of Melhn transform
log (1+x) = 2;' Ss Si,liﬂs wids | _0<zﬁsza<1 ' (9)” |

the path of integration extendmg from o—14c0 to o+ ico.
We get by use of (6) '

__4 ™ _ ds
b= 2ri S .8 8in zs eAXp [@513] (1—e2e)(1— e Pévr)?
= BF(3) +%h(6i) +0(8%) o)

where
51253':5_!‘(1’1‘ ‘52:54:.5_(1

0=, [f—(c+20), O,=a[f—(c+20), &= a, d,=ayp.

We can evaluate p, by use of Cauchys formula about complex
integration and approximate it as follows
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The second term in (8—0) may be approxnnated as in the previous

paper, '
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§4. An approximate evaluation of théf level. dénsity

-One may get the ,level_ density o by the inverse Fourier transform
of Z as

(N, N, E, M) =—_1.

(2m)

Sggd“ dot, 0B Zy 0XD (— N, — a,N,+ BE)  (14)
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The function @ is deﬁned by
@ =log Z;,— a,N,—a,N,+ BE. | (15—a)
One can deduce three relations for a saddle point
9 .o, o, 9% _o.  @5-b
oa,, oa,, 0B

~ On this condition, p may be evaluated approx1mately by use of
the saddle point method as

o(N,, N,, E, M) = exp &*|(2x)*2Di/z = (16)

where @* is the value’ Wthh satisfies the relations of (15 —b) simult-
aneously, D standing for the determinant

0’0 0’ 0’
- 0p® 0Boa, 0Boa,
D= R/ 0D
dpoa, oa,’
0°0 0 0’0
0Boe, - oa,’
An approximate value of Z, is given by the substitution of p in
log Z as , ' - : .
I M?
Z, = «/j_ ex ( — ) 17
| o o 7 b\p iq (17)
and the @ will be, up to the order 1/B,
0 = B(3) +0(0) +— h(3) + B N.,— Ny, (8)

where . .

‘Sn”_—a'n/ﬁ3 0 ’—ap/‘B

M?* 1 ‘
0) = — — ———-lo 0 ~10 2 19
9( }) 1400) 5 og ¢(d)—log 24/7 . (19)
- If the values of . and E at f= oo are denoted by J, and E, the

parameters at the saddle point will be given by
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b= by I Ly s 00 1
f”(5n0) ‘3 f//(apo) B
' (20)
=1 2h(840).S"" (O0) — 9'*(B0) |2
B= { E—E, k:-Zn,p 217(8,,)

since Nn =f,(5no)’ Np'= f’(apo)' 'Eo = Nn5n0+Nb5po —f’(5n'0')'—f'(5p0), 57»0
and J,, are independently determined by the neutron number N, and
the proton number N,. '

One may get the approximate value S

AB = N/{h’o/(E_ Eo)} ’ ho = h(5n0) +h(5po)
because of the relations
2h(00) S (8) > 9'(0)*
2h(5p0)f”(5po) > g’(5p0)2
and the @ will be approximated by
® = g(0,) -+ / (ho(E—Ey)} - 21)

We get the level demsity po(N,, N, E, M) by use of the above
results

P(Nyy Ny, By M) = exp [/ {ho(E— Ey)} — M*[4q][5/ 2 (2x)*(aD)”  (22)

and the level density with the total angular momentum J will be
given by
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p(Nnr Np:vE'; J) = 10( n E M)M— ,O(Nn, E, M)jﬁ;J+1
[ ' ' (2J+ 1) eXp [\/{h (E— E )} (23)

- x__J(J_|_1)/4q] /16«/27rqs’2

An essential 1mprovement on the previous calculation is the inclu-
smn “of the resniues on. the 1mag1nary ‘axis. This inclusion results in
the sharp drops of the level density at the maglc numbers. .

In the graph, the level density with J=0 is plotted versus mass
number A, where we take excited energy E— -E,=8 MeV.

Reference

[1] N. Matsushita and G. Iwata:. Natural Science. Report 20 (1969), 31.

[



