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Introduction. Recently, S. Tachibana has introduced the notion
of conformal Killing tensor of degree 2 in a Riemannian space. A
skew-symmetric tensor field u,, is called a conformal Killing tensor if
it satisfies :

VeWap +Folbey = 2fobgca —0cYas — 0abes -

He discussed such tensors and obtained, for instance, the following
theorems.

THEOREM. If there exists a conformal Killing tensor which takes
any preassigned value at any point of an n (> 3) dimensional Riemannian
space, then the space is conformally flat.

- THEOREM. In am n (>>2) dimensional non-flat space of constant
curvature, a conformal Killing tensor u,, is decomposed in the form ;

Ueg = Pea+ ea

where p,, 1s o Killing temsor and q,, is a closed conformal Killing temsor.
In this paper, we shall generalize them to the case of degree »>2.
The author wishes to express her hearty thanks to Prof. 8. Tachi-
bana for his kind suggestions.

§1. Conformal Killing tensor of degrée r. Let M™ (n>>3) be an
n-dimensional Riemannian space whose metric tensor is given by g,,.
We shall call a shew-symmetric tensor u,,., a conformal Killing tensor

of degree r if there exists a skew-symmetric tensor p,.,,_, such that

(11) Vbuar--a,. + Valubag---a»,
= 2‘00.2--1.1790,11) - 122 ( - l)i(palmaiwargbai + Aobuz---a,;margala,.,;) ’

where @, means that a, is omitted.. This p,.,, , is called the associated
tensor field of u,,., . '
Now consider a conformal Killing tensor u

Aqeetp?

then ;W‘e have

(1.2) PPl ay = (=1 1)y, -
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By virtue of Ricci’s identity and (1.2), we can get

(1°3) Va/oa, a3--'a7-: O M

If we regard the components u,.., of a skew-symmetric tensor as
coefficients of the exterior differential form

u::w_.—l Ug,..q, BXL N oo N\ dxor,
P ! 1 T
it follows for a conformal Killing temsor u, .., that

(du)ba,l-"ar = (’I"+ 1)(Vbua.1-~~a,,-+ ; (_ 1)ipa1--~a¢~--a.,.ga,ib) .

Applying to this the same method as in [2], we have
TVchualu-a,- =+ El Raicbeuay“e---a,,-'—' ; Raiajbeua1~~-e~--c-~a,,-
= 1<j
7 .- r .
(1.4) 47 ;} (—1)'7p0p 8y 0,9age le (—1)’teny iy 9agn

T P « ? -
- ]Zz i(g‘j)( - 1)%Tavjal---ai-"cn-argaib - 1=21 ( - 1)lfaia1--~a,;-~argcb

=0,

where ..., = F4,00y-o, 80d the indices e and ¢ in u,,..,...,, appear at the
1-th and j-th position respectively. Interchanging the indices b and ¢
and subtracting the equation from (1.4), we have

.
—(r—1) Zl) Ry gy — ; Raia].,,eual...eﬂ.c...aﬁ— ; RaiajCEMa]...e...b...aT
= 1<J =<J

(L5) T S{CE VR TCESIEMERNE) L S v

- 1‘221 ('—l)i{(T_]')Tcal---ai”ur—l_ j;;b T“j“l"'ai"'c"'a'rtg%b = O .

Transvecting (1.5) with g¢°», it follows that

r
(/)/- - 1)rba?~«-a,,. + 22 TaiGIZ"'b"'avr
==

—1 ev S c e
(L6) — DB 0+ (=) S R ety ey

”
€ ce,
+ g -Ra/[/ ’U/ea.z...b...ar—zszaiaj Weag gbreay [ 2

where R,* means Ricci tensor.
Substituting (1.6) into (1.5), we obtain
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2 ( 1)%{ (’)" 1)R euealu-a,‘-‘-ar + (7/‘ - 2) ; Rbdaieudalmemai---ar

n—r i=1
a .
(1.7) o+ ;;R Mgy KJ%_#R“W eudml...e...b...ai...a,}gaic

e B DO DR o+ O —2) B Ry

e de N —
-+ ; Raj uea1~-'6'--a7,"‘ar k<]§)j¢iRaka.j uda,l---ewc---ai"-ar lgaib - O *

Now we put

Sirir = Z sign o 5%(1) 5;77&)

iy T <
4

where & = {permutation o | o= (,{ %,)}, and

.
[T est --'('-"l LyelgeLjeel Lyt gl
Byyyg, V= (r—1) 121 Ry t0 i - Z (Roaya o 00 ar — Ry SO 1)

L"+(’}"—2)2Rd e 5lalz ey

...a oe. dal e Qg Gy

{(r )Rl

f1l2 ol 1152
+ B 2 R 5

== eay-b- aﬂb Ay
kﬁbz

-1 2( 1)’[(?” DR 500 i+ (r— Z)ZR“% gl

n—r i=1 dal--‘en-a.bu-a,,-

+ Z R ealllz el 2 Raka]de tlg - ]gawb ,

eaq-c a% Qe dal NN A a1 “ay
k ];bz
so as to write (1.7) as

(1-8) E Bbcal a,. Uyt = 0

(ll T)

where 3] means the sum arised from combinations of indices I, -+, I,
(L1~~-£'r) .

THEOREM 1. For any point P of an n dimensional Riemanmnian
space and any skew-symmetric constants C,,..,. if there exists (locally) a
conformal Killing tensor w,,., of degree r (2=r<<n—1) satisfying
Uggoa(P) = Cyy.a,r them the space is conformally fiat.

PROOF. Under the assumption of the theorem, by virtue of (1.8)
we have By, .., 'r=0. Contractinng this with respect to a, and [,, ---, a,

and [,, we get
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(Rabacl - Racabl + Rclga,b - Rblgac)

Rbcal;i_
R '
(0, Ot =0
(’YL 1)(% 2) [ gab b gac)

~ on taking account of n—1>r>2, Where R denotes the scaler curva-
ture. ’
This equation means that the space is conformally flat. Q. E. D.

§2. A sufficient condition to be - conformal Killing tensor.
Let u,,.,, be a conformal Killing tensor, then we have

(2'1) Vch ay- a7-+VbVa1 cag Gy

o

= 2Tba2~-a,,galc 2 (M 1) (Tbm1-~-a£---a/,«gra1,+ Tbca2~~~a7;--~a,,ga1az) .

By interchanging indices b, ¢, @, as b—c—a—b and b—>a—>c——>b in
this equation and subtracting the latter equation from the sum of (2.1)
and the former, we can get

(2.2) 2pp.u Wq,.- ap T 2 vea; Wag-eay (Rbalc +Rca1b u ;az é,
— gzz (Rraya; Weageay T Foaya, Woageay)
=270, 0,010+ 2Teay-ayarp — 2Taya, e — E( — 1) (Ts00p-t 50y Cevap-agag)Fagas
_"g( - 1)i(7ba1"'3i"'ar Taxbao-“ar-ar)gcaz ;:;( — 1)1:(700,1-"57;'"(17 - Ta,lcazwai‘“ar)gbaz"
Transvecting (2.2) with g%, we havé

(28) Vbeu’almaT +Raleu’ea2--‘ar E Rbalazeubag---e---ar

-+ (n—-’r'—' 1)7.-0/1...“,’_ -+ 2 (— 1)1:2.-0,1:(1,1---37;“'(17 = 0
=2

and as the skew-symmetric part of (2.3) we get
(2‘4) ,erVbua,lwcr =+ Zl; Raieual-"e---&T + <z Raia;jecu.al...e...c...ar )
. = . w<JJ ‘ .

= = (@r—=1) 2 (— D Tupipar

which is a consequence of (1.4) too.

In the following we shall show that (2.3) or (2.4) is sufficient for
a skew-symmetric tensor u to be a conformal Killing in a compact
space.

Now we put

ay -y
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(2'5) Aba,l---a,r = Vbu’almar + Valubag-ua,, - 2pa2---a,,ga1b

.' . m » !
for a skew-symmetric tensor u,.,, where p,,., isjgiven by
_ o
(n — 1+ l)pa.z~~~a,- - V ubaz-»-ar .

‘By some computations we have

b . b b
UG Ay ay, = W POy B Yoy, — iEZ R’ 40 Woayea

F =1 =100, 23 (— 1) 001550 | 5
i=2

L 4

2 bal a,«

Ay U = Aparar

If the space in consideration is compact orientable, applying Green’s
theorem to p’(A usear), we can get tne following

bay-ay

THEOREM 2. In a compact orientable Riemannian space M”, the fol-
lowing integral formula is valid for any skew-sym'metric temsor field

ay-ar ;
S b
€ e, .
SMn{ual aT(V Vbu’al aT+Ra1 ueaz ap Z R a1ag ubazmen-ar
bay- —
_(%’—T——l)z‘al" ap” Z (——1) Ta azag- a% a,«)"l" ba,1~~-a¢A “ ar‘ do =10 ’

where do means the volume element of M™ and A, ..., s giwen by (2.5).

THEOREM 3. In a compact Riemammnian space necessary and sufi-
cient condition for a skew-symmetric tensor field u,,.., to be a conformal
Killing tensor is (2.3) (or (2.4)).

§ 3. Non-existence of conformal Killing tensor.” In a compact
orientable Riemannian space, the following integral formula is va1ld
for any skew-symmetric tensor u,, .., ;

(31) SMn{F(%al...ar) -+ Vbualmaerubazmar __VbubazmarValualazu.ar}dg =10

where we put

I r—1

bag- beag:- de
F(ual ay) = U’* a¢ucaz-~a1Rbc+ 2 u arudeag-v-aerc :

If u is a conformal Killing tensor, then it follows that

aj-ar

Vbu“l“‘arValubazwar = Vbual"-erybuarlma’r + (n —7r + 1)(7' + 1)paz...a,pazmar .

1) Cf.[3].
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Substituting - this into (3.1), we get
SMH{F(ualu.,,r) Py U — (1 1) (1 20)p,, 0 0% )0 = 0 .

Then we obtain the following theorem.

THEOREM 4. In a compact Riemannian spaec M", there exists mo

conformal Killing tensor of degree r (g —g—) which satisfies

)<< 0

( ay- ar
unless we have

Potaya, = 0.

Especially, +f F(u,,.,,) 18 negative definite, then there exists no con-
SJormal Killing tensor of degree r other than the zero temsor.

COROLLARY 1. In a compact Riemannian space of negative constant

curvature, there exists no conformal Killing temsor of degree r (g%)

other than zero temnsor.

COROLLARY 2.2 In a conformally flat compact Riemannian space, if
Ricei quadratic form R;u'u’ is mnegative definite, thenm there exists mo

conformal Killing temsor of degree r

< %) other than zero temsor.

§4. Conformal Killing tensor in a space of constant curvature.
In this section, we assume that the space is of constant curvature.
Then, from (1.6) we get that

Interchanging b and a, and adding these equations, we have that

pr‘LZ"‘ﬂ'r + Va,zpba,g.‘.a,r = 0 .

Thus we obtain the following:

LEMMA 1. In a space of constant curvature, an associated temsor
of conformal Killing tensor of degree r is a Killing tensor.

Let us comsider a Killing tensor wv in this space, then we
have®

ar-ayr—q

Vol aVagar = z (_ l)igaib,vnrl--'aimo,, .

n(n m(n—1)

2) This corollary is as same as Theorem 4.2 of [3] though the definition of con-
formal Killing is unlike.
3) Cf. [2].
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Thus it follows that

VbV‘ll,vaZ“‘ar+Va17bva2---a,.
—R

= m 2ga]bva2~~ar_—~ g ( - 1)i(g_aiblva1---ai~--nr + gaiallvbazwg«,;-»-ar)

and hence we get

LEMMA 2. In a space of constant curvature, the covariant deriva-
bive [oVay-q, 0f @ Killing temsor v, ., . is a conformal Killing tensor
—R

whose associated tensor is given by ————— v, ., .
n(n—1)

LEMMA 3. In a space of constant curvature, if a Killing tensor of
degree r(<n) 1is closed then it is a zero temsor.

PROOF. For a Killing tensor, we have

(du)bal'“ar = (Ir—l— 1)Vbu'al---ar

which vanish by the assumption. Then we have

»
Z Rbcaieual...e,_,uT = 0 .
i=

As the space is of constant curvature, simple computations give
US Upgy..q, = 0. Q. E.D. '
From these lemmas we can obtain

THEOREM 5. In a space of constant curvature with R==0, a con-
Sformal Killing tensor u, ., of degree r(<<m) is wuniquely decomposed in
the form :

r

(41) ual-na,, = palmar"l" qa,1~~a¢ ’
where ... 5 o Killing tensor and q, .., s a closed conformal Killing
tensor. In this case q, ., 1S the form

4 n(n—1)
QG,l"'{Lr = ~“_"‘V:R7”" 77'V0,1‘0a2"'a7- ’

where p,,.., 15 the associated tensor of Ug,..q,.
Conversely if Dyy.q, AN Py . are Killing tensors then u,.., given
by (4.1) is a conformal Killing tensor.

PROOF. As u,,..,, is a conformal Killing tensor, its associated tensor

Payar_, 18 a Killing tensor and then p, 0, ., is a conformal Killing
tensor whose associated tensor is given by — —=
n(n—1)

By virture of these facts, if we put
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f'n,('n,-— 1)

pal---ar = u’al---ar—l_ R

VarPay-ay »
simple computations give us

VoPay--ay + VaPray-a, = 0, ]
‘ _—=n(n-—1)

which shows that p,,.,, is a Killing tensor. As g,,., = >

is a closed conformal Killing tensor, the decomposition is shown. The
uniquness follows from LEMMA 3. Converse is trivial. Q.E.D.

Valpa2-~a7
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