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The projective curvature tensor of an n dimensional Riemannian
space M™ is given by

1
n—1

W/’l/wm = Rlpux+ (Rlua,ux_—R/walx) ’
‘which is invariant under any projective correspondence, where Rzﬂy”,
R, are the Riemannian curvature tensor, the Ricci tensor.

The conformal curvature tensor of M™ is given by

1
CZ/JV’: = Rl,uulc+ n—2 (Rlua,ulc-R,uuaix+glvR/,tﬁ_‘g/lem)
R
— 6 K. ___ 6 v ,
(%—1)(%—2) (glu 7 gluy X)

‘where g;, is the Riemannian metric of M* and R = g**R,,, R = g*R,,.
Let K™ be an n (= 2m) dimensional Kéhlerian space with the strue-
ture tensor g,, and ¢,. It is known that the tensor

1
n+2

P,k = Rﬁpvx—l— (Rbayﬁ_—Ryvﬁll{_’_S’?vgﬁyx—_* ,uv¢l’c+2slp¢v’c) ’

Apy
called the holomorphically projective curvature tensor of K=, is invari-
ant under any holomorphically projective correspondence.” P, *F may
be considered as the tensor corresponding to W, Under this situa-
tion it is natural to ask what tensor of K" does correspond to C,,*.

On the other hand, S. Bochner? has introduced a tensor in K~
given by

1 ,
5 (Rh*lgjk* + th*gm* + gh*ZR]’k* + gjh*RUc*)

A

th*lk* = th*lk* -

R
* 2(m+1)(m+2)

with respect to complex local coordinates. It seems that this tensor is

(9r19 5+ 9 jnsG1i)

1) S. Tachibana and S. Ishihara, [4].
2) S. Bochner, [2], XK. Yano and S. Bochner, [8] p. 162.
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the one which we now asked.

In this note at first we shall deal with this problem by giving
components of this Bochner’s curvature tensor with respect to real
local coordinates and find identities they satisfy.

Recently M. Tani obtained the following

THEOREM.®Y If an m (=3) dimensional compact orientable conform-
ally flat Riemannian space of constant scalar curvature has positive de-
finite Riccy form, then it 1s a space of constant curvature.

For a Kéahlerian space with vanishing Bochner’s curvature tensor
we shall give a corresponding theorem.

An n (=2m) dimensional Ké&hlerian space K" is a Riemannian
space which admits a tensor field ¢, satisfying

goazgoﬂa — _5#2 ,
‘P,z# = ——goluﬂ ’ (goi,u = g,uxgp/la) ’
7.9 =0,

where p, means the operator of covariant differentiation.
We denote by R,,* the Riemannian curvature tensor:

R, = 0,y — 0,48} + (A — (AL

oy B=g*R;, the Ricci tensor, the scalar curvature

and by R, =R
respectively.
It is well known that these tensors satisfy the following identities:

B, fof= —R. 0%, Ryre,% = R0 0.
PRy, = — R0, ¢ RE = Rt
VdRZ/,wd = V;.RW—V,LRAU , 7iR=27 R

If we define a tensor S, by

Syv: gD#“R

ay ?

then we have
S,uu = —Suy ’ goXaSa'u = - Za‘goya ’

S/_w = -—(1/2)gpaﬂR
2VaS/Zd = ¢ZaVaR .
As the differential form S = (1/2)S, dz* )\ da* is closed,” it follows that

afuy !

¢laVaSyv = MVFRVZ+VVR[11 :

It is also known that if R is constant then the 2-form S is harmonic.”
Now we shall consider a tensor K, * defined by

3) M. Tani, [5].
4) 9;=0/0x%, where {x1} denotes real local coordinates.
5) K. Yano, [7] p. 72, S. Tachibana, [3].
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K),uﬂ ‘—'R

2/.“1

_ R,ux;alx +kgﬂvR‘ux _g/wR).’c

+ SRV¢/;C_ S;wgolx + nguS,u’s - gD‘u»SZM
+ ZSX/,thu’c + Zgol,usu_x) |

. R
(n-+2)(n+4)

(glya/f - gyyazlc T PP ,uﬂ - ';D‘uvgplx - 2§02p€0v’;) ’

which is constructed formally from C,,.* by taking account of the for-
mal resemblance between W, * and P,,*. Then we can prove that the
tensor K,,, = 9,,K,," has components of the tensor given by S. Bochner
with respect to complex local coordmates Hence we call this tensor
the Bochner curvature temsor.

REMARK. If we put

R

L, =R, —— ~7
T 9(ne2) T

Mly = (p).aLoz;L

K

20" has the following form:

K K 1 K K K K
KZ/JU = R,?,uy +“m(L2y6y _pral +g2vLy —g/vaZ
+M2u§0/f_M,av¢Zm+gpluMzm_ M'C—}—ZMZ'“@”E—FZ@R#M"K) .
The following identities are obtamed by the straightforward com-

putations.

Klpu’c = _K,ulvx ’ Kl/_ww = _Kl[_mw ’

KZ,U)JIC—J’_K yl’c—l—Kvl,u =
K,2=0, K,*=0,

a/,tu
K,Zyu gDa"c = Klpwmgpua ’ Ka,uu’cgol“ = - Klzuxgoydl ’
Klya‘8¢ﬁd =0 ’ K pvﬁgoﬁa =0.9

@&

Next we introduce a tensor K, given by
Kl,uu = VZR;:»_V#RZ:J

~—1 € € € e » €
+ 2(n+2) (glvéﬂ =908+ 000 — 0P 29,9, vk,

then we can get the following identity :

n
VoK, % = K,,, -

Au 7’b+4 Apy
Now we consider a tensor U,,* given by

6) The holomorphically projective curvature tensor satisfies these all identities ex-
cept the second one. See, S. Tachibana and S. Ishihara, [4].
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K

*-vﬁﬁw V6E+ ) K__ . x+2 yli’
%(%—[—2) (gl © g/z 2 P2 ?/1 50;1 P gDX/JSD )

Ul;wx = Rlluvx+
then we can obtain the following

THEOREM 1. The Bochner curvature tensor coincides with U,,* of a
Kahlerian space K™ if and only if K™ is an Finstein space. '

REMARK. The tensor of a Riemannian space defined by

B
n(n—1)

is called the concircular curvature tensor and is invariant under any
concircular correspondence.” U,,* corresponds to Z,,.*.

- A Kéahlerian space is called a space of constant holomorphic sec-
tional curvature if its U,,* vanishes identically. As a corollary of
Theorem 1 we have

THEOREM 2. The Bochner curvature temsor of a space of constant
holomorphic sectional curvature vanishes identically.

The following theorem is known.

THEOREM.? If a compact Kahlerian space K™ with vanishing Bochner

curvature temsor has positive definite Ricci form, them we have '

Zvax = R).,uvm + (glva,ux—'g/xualx)

by=1, by, =0, 0=<2,2+1<(m/2)+2,

where b, denotes the i-th Betti number of K.

Under the assumption stated in this theorem, if the scalar curva-
ture R is constant then the differential 2-form S is harmonic. Hence
there exists a scalar function p such that S,, = pg,, by virtue of the
theorem stated above. Thus our K?* is an Einstein space and hence
a space of constant holomorphic sectional curvature, because of Theorem
1. On the other hand, we know the following theorem.

THEOREM.™ If a compact Kdihlerian space of constant scalar curva-
ture has positive sectional curvature, then it 1s a complex projective space
with the natural metric.

Thus we have the following »

THEOREM 3. If a compact Kahlerian space with vanishing Bochner
curvature temsor of comstant scalar curvature has positive definite Riccy
Sform, then it is a complex projective space with the natural metric.

7) K. Yano, [6].

8) S. Bochner, [2].

9) S. Bochner, [2], K. Yano and S. Bochner, [8] p. 164.
10) R.L. Bishop and S.I. Goldberg, [1].



July

1]

L 2]
[3]

4]
i[5]
i£6]
iL7]
L8]

On the Bochner Curvature Tensor - 19

Bibliography

R.L. Bishop and S.I. Goldberg, Rigidity of positively curved Kaehler manifolds,
Proc. Natl. Acad. Sc. U.S. A., 54 (1965) 1037-1041.

S. Bochner, Curvature and Betti numbers, II, Ann. of Math., 50 (1949) 77-93.

S. Tachibana, On automorphisms of certain compact almost Hermitian space,
Téhoku Math. J., 13 (1961) 179-185.

S. Tachibana and S. Ishihara, On infinitesimal holomorphically projective trans-
formations in Ké&hlerian manifolds, T6éhoku Math. J., 12 (1960) 77-101. }
M. Tani, On a compact conformally flat space with positve Ricci curvature, to
appear.

K. Yano, Concircular geometry, I, II, III,, Proc. Imp. Acad., 16 (1940) 195-200, 354-
360, 442-448.

K. Yano, Differential geometry on complex and almost complex spaces, Pergamon
Press, 1965. '

K. Yano and S. Bochner, Curvature and Betti numbers, Ann. of Math. Stud. 32,
1953.



