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Recently, S. Karlin has shown the existence of infinite eigen-
values for integral operators with extended totally positive kernels
or more general kernels [1]. Each of these kernels must satisfy some
conditions of differentiability. In the following note, we shall show
that, applying the spectral properties of non-support operators ob--
tained by the duthor [3], the above Karlin’s results can be extended
to the case of integral operators without differentiability conditions.
For example, as one of these kernels, we can take a kernel K(z, s) of
Schmidt type on (a, b)x (a, b) which is totally positive, continuous (not.
necessarily symmetric) and satisfies

n

K(% o in):det(K(oci, xj)) >0, n=1,2,
y Y =1

Lyp vee i

Q< < .- <<, <<b.

The author wishes to express her hearty thanks to Prof. 8. Karlin
for his valuable informations and remarks given her during his stay
in Japan. ‘

§ 1. Terminologies and notations. We suppose that S be a
measure space where measure p is finite and that L,(S) be a L,-space.
over S ordered by the positive cone consisting of almost everywhere
non-negative functions. The positive cone is-.clearly closed, proper,
generating, normal and minihedral. A linear operator T in L,S) .is.
positive if T leaves the positive cone invariant. Further, if 7 is posi-
tive and, for arbitrary non-zero elements f, g in the positive cone,
there exists a positive integer m, such that

SST"f(m)g(x)dy(ac)>0 for n=mn,,

then T is called a mon-support operator. The spectral radius r(T) of a.
linear operator 7T is defined by »(T)= lim ||7"||'. A pg’-measurable
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function K(x, s) on Sx S is said to be ‘of Schmadt type if the integral
of | K(x, s) |* over Sx S is finite. It is well known that the integral
operator with a kernel K(x, s) of Schmidt type, i.e.

T () = SSK(w, 8)£(8)du(s)

is completely continuous and the iterated operator 7™ is associated
with the iterated kernel K™(z, s), defined by

K@, )=\ -\ K@, 5,) - K, 9) duts,) -+ duts, )

J8

which is also of Schmidt type
In the following, we shall make use of terminologies and nota-
tions after S. Karlin’s paper [1].

d,=@=(x, -, ®,); o<,< - <x,<b}

denote the open simplex in a n-dimensional Euclidean space E”. A
function

n %:(xl’ xn)
) §:(Sl, sn)

)

K@, 5)= det (K(ac sj))
1,5=1
is defined on 4,x 4, and is called the compound kernel of order = in-
duced by a kernel K(z, s). We see easily by the calculation of deter-
minants that if K(z, s) is of Schmidt type and g is Lebesgue measure
then K,,(%,s) is also of Schmidt type. Therefore, the integral operator
Ti,; with the compound kernel K, (%, 5) defined on L,(4,) is also com-
pletely continuous with respect to the product measure g For func-
tions f,, -+, f, in L?(4), the exterior product f,A---\Jf, is defined by

n

Fl\ - NF@) =det £(@)

1,j=1

Hereafter, we shall assume that a kernel K(z, s) is always of
Schmidt type and almost everywhere non-negative.

§ 2. Non-support operators in L,S). In this section, we shall
show somb conditions for kernels in order that integral operators
with the kernels be non-support operators.

PROPOSITION 1. Let a kernel K(z,s) on SxS satisfy the following
condition (a):

(a) For every positive number ¢, there exists an integer n,>1 such
that

(2.1) w{(x, s); K™(x, s)=0}<<e? for n=n,.

Then the integral operator T with the kernel K(x, s) is a non-support opera-
tor and the spectral radius r(T) is positive.

e 9
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PROOF. We shall prove that 7 is a mnon-support operator. Let
F#0 and g+0 be almost everywhere non-negative functions in L,(S).
Then measures of the supports S, S,, i.e.

S;={s; f(5)>0}, S,={s; g(s)>0},
are positive. By the condition (a), for a positive number & =p*(S,;%xS)),
there exists an integer n(¢)=>1 satisfying (2.1). Put 4,={(x, s) ; K™ (, s)
=0} for n=ny(e). Then, we have p’(A4,)<<p’(S,xS;) which implies that
the set (S,xS;)E5A4," is of measure positive. Therefore, we have

(T g>=S KO, )f(5)0(@) (@, 5)

Sx

S K®(x, 8)£(8)9(x) dp(e, =0
(Sgx SOy

for n=n,. Thus, T is a non-support operator.

Next, we shall show »(7)>0. We can assume that p(S)=1 with-
out loss of gemerality. By the condition (a), there exists an integer
n>1 satisfying

i {(w, ) 5 K™ (w, 8)=0}<(1/3)".
Hence, there exists a positive number 4 such that
¢{(w, s) 5 K™(x, 5)<<8)}<<(1/3)".
This implies ’
pla; p{s'; K™ (x, s')<<d}=(1/3)]<<1/3.
That is,

(2.2) s s s KO, 8)<0)<(1/3)]>2/3 .

Let X be the set of the left hand side of (2.2). Then, we have p(X)
>2/3 and

XCla; p{s’ s K™(x, s")<<d, =X} <<1/3]
=[x; pfs’; K™(x, 8)=0, ssEX}>u(X)—1/3].
If =X, then

T o() = SSK("“”’ $)2x(5) dy(s)

—\ K@, 5) du(s)

>(u(X)—1/3)0>3/3>0

where y; denotes the characteristic function of X. Therefore, 1"y,
=>(0/3)xx which implies »(T)=(5/3)"">>0. This completes the proof of

1) © is the set theoretical notation, i.e. XOY={z; z€X and z¢ Y }.
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proposition 1.
REMARK 1. Using the following lemma, we can replace the con-
dition (a) in proposition 1 by the apparently weaker condition (a’)
(a’) For every positive number ¢, there exists an integer n,=>1 such
that

2.1y W2{(x, 5) ; KO (@, s)=0)<<e? .

LEMMA 1. The conditions (a) and (a’) for a kernel K(x, s) are equi-
valent to each other.

PROOF. We shall prove that (a’) implies (a). We may suppose

©(S)=1. To each ¢ 0<C¢e<C1/2, we shall consider three kinds of sets
of positive integers,

N@)=[n; p*{(z, 5) ; K™, 5)=0}<<],
M) =[n; pa; pls' s K™(w, ¢)>0)=1—e]=1—],
M) =[n; uls; ple ; KO, 5)>0)=1—¢l=1—].

Then, we have

(2.3) N(e)#6,
(2.4) N(e) T M(e)\My(e) and M (e)\ UM,(e) C N(~/2e) ,
(2.5) n, m&=M(e)\M(e) implies n+meEM, ()M (e) .

Moreover, we shall prove that
(2.6) there exist two integers k,(¢) and n,(¢) satisfying
k=M (o) M) and n,+r&M()(\Me), r=1, ---, k,.

Let k, be any element of N(¢). Then, there exists a positive number
3(k,, ¢) satisfying ¢>06>0 and

(2.7) plss pla s KN, 8)>0}>0]=1—¢ for r=1,..-,k,.
Because, by (a/)
pls; p{e’; KO@!, s)>0}>0]=1 for every intéger r>1.
Let m, be an integer in M, (8)\M,(5). Putting
Xpo=[ 5 pfs 3 Kooz, 8)>0y=1—3]
and

S,=[s; p{r' ; KO, 8)>0}>4],
we have,

w(X,)=1—08 and by (2.7) u(S,)=1—¢ for r=1, .--, k,
and, for (z, s)& X, xS,
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Koo (s, )= | K@, ) KOS, 5)dp(s)>0
S
from which follow

pla; pls’ s Kmoo(x, §)>0=1—e]=1—0>1—c¢,
and
uls; pla s Krorn(g!, s)>0}=>1—9]=1—c¢.

This implies n,+r& M () \M,(e), r=1, ---, k,, which completes the proof
of (2.6).

Now, since, for n, and k, in (2.6), every integer n>>m(¢) can be
written in the form n=mn,+jk,+r where r=1, ---, k, 7=0, 1, --- then,
by (2.4), (2.5) and (2.6), n balongs to N(+/2¢). This shows that to each
&, 0<Ce<C1/2, there exists an integer n,>1 satisfying {n; n=n,} C N(+/ 2¢)
which accomplishes the proof of lemma 1.

THEOREM 1. If the integral operator T is a mnon-support operator
and the spectral radius r(T) is positive, then T has the following spectral
properties (i)—(iii)? :

(i) 7r,=r(T) 1s a stmple eigenvalue possessing an eigenfunction ()
which is positive almost everywhere ; the eigenmanifold of r, is one-dimen-
stonal and 7, is a simple pole of the resolvent R(2, T)=AI—-T)"".

(ii) If 2 1s an eigenvalue of T, A=£7r,, then |2|<<r,.

(iii) (T[r,)" converges to the ome-dimensional projection operator on
the eigenmanifold M(r,)={¢; (T'—r,)p=0}. Moreover, L,(S) decomposes
into the direct sum M(r,) -+ Ulr,) where Ulr,) is a complementary invari-
ant subspace on which T has spectral radius less than r,.

PROOF. In L,S), the positive cone is closed, proper, generating,
normal and minihedral. Since T is completely continuous and r,=7r(T)
is positive, r, is a pole of the resolvent E(4, 7). Using theorem 5 and
the corollary of theorem 2 in the author’s paper [3], we have (i) and
(ii). The latter part of (iii) is clear by (i), (ii). Therefore, denoting by
P the projection operator on M(r,) and putting 7'=T(I—P), we have

(2.8) (T fr) <1
and
(Tlr)'=(TP+T)[r ) =L+T[r,)"
=P+(T'[r)".

By (2.8), (T’/ro)” uniformly converges to 0. Therefore, (T/r,)" uniformly
converges to P. Thus we complete the proof of theorem 1.
COROLLARY 1. The integral operator T with a kernel K(x,s) satis-

2) These spectral properties (i)-(iii) are identical with (ii)-(iv) of theorem 2 in
Karlin’s paper [1] except for an insertion of ‘almost everywhere’.
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Jying condition (a’) has the spectral properties (i)-(iii).

This is clear by proposition 1 and remark 1.

REMARK 2. Some spectral properties of the integral operator
with a kernel satisfying condition (a/) is shown in M. G. Krein and
M. A. Rutman’s paper [2; (f') in p. 274]. But we obtain corollary 1
as one special case of a general theorem for non-support operator
obtained recently by the author [3].

§ 3. Totally non-support kernels. Throughout this section, we
shall suppose 4 be an open interval (a,d), o be Lebesque measure
and T be an integral operators in L, (4, ) associated with a kernel
K(z, s) which is almost everywhere totally positive, i.e., for every
integer n>>1, the compound kernel K, (%, 5) of order = induced by
K(xz, s) is almost everywhere mnon-negative on 4,x4,. Our purpose
in this section is to extend Karlin’s theorems 3, 4 and 5 to more
general kernels.

At first, we shall define totally non-support kernels as follows:

DEFINITION. If, for every integer m>=1, the integral operator T,
assoctated with a kernel K. .(%, 3) is a mon-support operator in L,(4,) and
the spectral radius r(T,,)) ts positive, then the kernel K(x,s) 1is called a
totally mon-support kernel on 4x 4.

If a kernel K(zx, s) is almost everywhere strictly totally positive®,
then this is a totally non-support one by proposition 1. If a kernel
K(x, s) is a totally non-support kernel, then this is almost everywhere
totally positive. Further, we have

PROPOSITION 2. If K(x, s) is totally positive and continuous on 4x 4
and, for each integer n=1, K.,(%, T) s positive on 4,, then K(x, s) is a
totally nmon-support kernel.

PROOF. Let m be an arbitrary fixed positive integer. We can

~choose a sequence {4,,;7=1, .-} of compact convex subsets of 4,
satisfying

(3.1) A, ,CA,,.. and 4,=\JA,,.
j=t

(For example, A4, ;={x, -+, 2,); &;— 2, =0b—a)/(n+1+7), 1=1, ---, n4+1}
where 2,=a and x,,,=b). Since K,(%, §) is continuous on A, ;x A4,
K.,(%, %) is positive on A, ; and A4, ; is compact, there exists a positive
number &, ; such that K,,(%, 5§)>>0 whenever dist (%, §)<<d, ;. Therefore,
if k>(diam A4, ;)/0,,;; then

K[n](?’f'.v ?k—1)’ K[n](?lc—p ?kﬁ)) Tt K[n](?v §)>0
where Z,s&A,;, 7,=0/k)z+(1—1i/k)s, i=1, ---, k—1. Since p is Lebes-

3) If, for every integer n=1, K,;(%, 5) is almost everywhere positive on 4,x4,,
then K(x,s) is called almost everywhere strictly totally positive.
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que measure we have, for every integer k>(diam A4, ;)/d, ;
(3.2) K[nj(k)(_x: §)= SA "'SA K[n](%’ t_ls—l) K[n}(—t_l’ 8) d#n(t_l) dﬂn(t—k~1)>0

whenever % 5&A, ;. By cs-additivity of measure g and (3.1), the kernel
K..,(%, 5) satisfies condition (a). Then, by proposition 1, T, is a non-
support operator and 7(7,,) is positive. This completes the proof of
proposition 2. ;

From remark 1, follows immediately

PROPOSITION 3. If K(x, s) ts almost everywhere totally positive on
A% 4 and, for each integer n>=1 and positive number ¢, there exists an
integer k,=k(n, ¢) such that

ﬂ2n{(%’ E) ; K[n](ko)(m’ §):0}<52

then K(x, s) is a totally nmon-support kernel.

The following theorem corresponds to theorem 3, 4, 5 in Karlin’s.
paper [1].

THEOREM 2. Let K(z, s) be a totally non-support kermel. Then the
integral operator T has the following spectral properties :

(i) T possesses a countable set {A,} of simple positive eigeuvalues
2y=>2,>>--- decreasing to zero. There exists mo other nonzero spectrum.

(il) Let ¢,(x), ¢,(%), --- denote the corresponding eigenfunctions (each
uniquely determined in L,(4) except for a multiplicative factor). Then

el@o A\ N\ Pu-)(@)>0

almost everywhere on 4, n=1, --- where ¢, is appropriately +1 or —1.

PROOF. Since K(z, s) is a totally non-support kernel, by theorem
1 we have that, for each integer n>1, the integral operator T, as-
sociated with the kermnel K, (%, s) has spectral properties (i)-(iii) in
theorem 1 replacing T, r, and ¢, by Ty, 7.-, and ¢,_, respectively.
Using this fact, we can complete the proof following after S. Karlin’s
proof of theorem 3 in his paper [1].

COROLLARY 2. Let a kernel K(x, s) be almost everywhere totally posi-
tive on 4x 4 and, for each integer n=>1 and positive number e, there exists
an integer k,=kyn, €) such that

1@, 5) ; Ky (&, 5)=0)<<e* .

Then the integral operator T has the spectral properties (i) and (ii) in
theorem 2.

This corollary is clear by proposition 3.

As a more special case, we obtain the following corollary.

COROLLARY 3. Let K(x,s) be bounded continuous totally positive
kernel and, for every integer n=1, K. (%, T)>0 on 4,. Then the integral
operator T has the spectral properties (i) im theorem 2 and (i) :
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(ii") Let ¢, (%), ¢,(x), --- denote the corresponding eigenfunctions (each
uniquely determined in L,(4) except for a multiplicative factor). Then each
-@;(x) is almost everywhere equal to a continuous function v, (x) and

X (YANRES A V) (@) >0

Jor every T=d,, n=1, --- where ¢, 1s appropreately +1 or —1.

PROOF. The integral operator 7' has the properties (i) and (ii) in
theorem 2 by proposition 2. From the continuity and boundedness
of K(x, s), we have obviously that Te¢,, =0, 1, --- are continuous. Then
each ¢;(x) is almost everywhere equal to the continuous function
Y(®)=T¢,(®)/2; which is also an eigenfunction. It is shown that

e M@= Koot 9Pl Aan ) dyos)

0 n—1
on 4, which along with K. (%, Z)>>0 on 4, proves &y, -+ AV )=>0
on 4,.

Remark. In this corollary 3, we can replace 4, by Zn:{%:(xl,
x,) ; a=0,<---<<x,<b}.

?
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