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This paper will be concerned with the dimension of a projective
space in which a given projectively connected space with torsion can
be imbedded in the sense of O. Galvani.” We shall adopt the notations
of E. Cartan® and agree that the repeated indices imply summation.

1. Let Py be a projective space of dimension N=n+¢q. To avoid
confusion we agree to use the following ranges of indices throughout
the paper : g

1<4, 4, k<n, n+1Za, B, 7YX N,
1<2, ¢, v<N.

If an n-plane » and a ¢-plane v have common with a point M only,
the triple S=(M, u, v) will be called bi-plane element S and M, u is
denoted by M(S), u(S) respectively. We shall say that a frame (4, 4,
A,) is order 0 with respect to S if A is an analytic point of M and
A;, A, are on u, v respectively. Denote it R,(S). Let {y} be the
parameters on which S depends. An n-dimensional variety V of bi-plane
elements is the set of S whose {y} are functions of % independent
variables {u}=(u, %y, ..., u,). Such a variety is called analytic if the
parameters {z} on which R,(S), SeV, depends are analytic functions of
{u}, when an R,(S) is suitably attached to each SeV. If the locus U
of origin M(S) of SeV is n dimensional and any line in »(S) does not
tangent to U, then V is said to be ordinary. In the following we shall
only deal with analytic ordinary varieties.

Define the Pfaffian forms {w} according to the equations

(1.) dA=wA+ w,A, , dA\=wyA+wy A, , ‘
then the fact that V is ordinary equivalents to [w;, ..., w,]><0 on V
with respect to the family of By(S).”® The structure equations of P, are
do=[w,w,], dw,=loww,]+[w,w,,],
1.2) dwyy=[w o]+ [wyou] 5
doy,=[op0,]+ [0o,].

Now let V be analytic ordinary and S, S’ be two 'inﬁnitelﬁr neérby

D O. Galvani (6).
2 E. Cartan (3).
% 0. Galvani (6)..
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elements in V. Consider the (¢g-1)-plane 3} in v(S) which ¢ points 4,
of R(S) generate. Let p(P’) be the point at which u(S) and the ¢-plane
which contains >} and a point P’«u(S’) intersect. The 1-1 correspondence
p in a neighborhood of S defines the induced connection, (4, 4)— (p(4),
p(Ai)), on V. The induced connection are determined by w; wy,

W;;— Og5W.
2. Let P, be a projectively connected space and the defining

Pfaffians be {w}. Then the equations
dA=vA+ 04, dA=a,A+w,4;,
do=[@o,]+Q,

2.1) do=[w o]+ [0@.]+Q; ,

Aoy =[wyw]+ [©4@k] + Q4 ,
Ao =[]+ [@40] + Qi

hold, where

Q= %Tihkmnak] > Q= %RW’”‘ (@] ,
QU - 55_,"(2/ = _;‘Rtjhk[ahak]

and T, Rine, Rij are skew-symmetric with respect to 2 and k. In
the next, for a given P,, we shall find the dimension N of a projective
space P, in which the P, can be imbedded as an ordinary variety of
bi-plane elements. But our purpose is the possibility of the existence
of the such N. Therefore smaller N may be exist. The problem is reduced
to the one that whether N exists or not such as the differental system

2.2) W=, | W=y,

W5 04j@ =Dy — 03,

is in involution. We make it closed by adjoining to it the egquation
obtained by exterior differentiation. Then we have

[w,wu]= —;*T ihk[ahalc] ’
(2 3) [wim“) wo] = %Riom[—‘;nak] ’

[wiwwwj] - Béj[wwwwo] =—;" ijhk[ah(_olc] .

Let I, be an irreducible n-integral element of our system,® defined
by the following equations :
(2.4) Wy @y Wgp=00@0; ,

Wi ==T4qPj ». Wy3= 0wjiwi ’

4 R. Cartan (8).
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then the prarameters {r, ¢} on which I, depends must satisfy the fol-
lowing equations, obtained from (2.3) and (2.4),

”whawik - ”wkowih =T, th »
(2-5) ”iwnawk "ﬂmkam:Rmmc ’ (k>k) ’
Tian0s 3 S ﬂioﬁkawjh - 5'Lj(77wh0 k™ a0 wh)Rijhk .
We suppose {z, 6} as vectors in an auxiliary (N—x) dimensional Eueclid
space E and put

—

= {ﬂwh} ’ glbz {0wh} s

;ih,= {ﬂ'wn} ’ (—9::7»': {004%} ’
then (2.5) can be written in the form of inner product as the following :

/:;fb'—éik' _'7-;70' En:Tink ’
(2°6) ;-m '—élc - ;ilc * ﬁn =Ri0hk ’ (k > k) s

- —

e d —> -> g - e
Tin® 0;’10 — T * 0_;']2,"— 5¢j(71'n’ 0r— ﬁh) =R£jhk .

Now we assume that N—n—=>n?—1, then in E, it can be chosen such

that the vectors 7—1:1, ceey Tty Ty o=1, «e., m; h=1, ..., n—1, are
linealy independent. For a given p<<n—1, the first member of (2.5)

with 2<p are independent, and we can give ;n, ;m such as they
satisfy (2.5) with A=n. Hence the first member of (2.5) are independent,
so (2.5) are compatible. Therefore if N=n*+n—1, irreducible n-integral
elements 7, exist. Define 1,1, 1<p<n, by (2.8) and @,=0, 2>p, then
the reduced polar system of I, is given by the equations,
- wwi”wh_wwawmzo ’
@ 0T iun— wiwowlz,:O ’ !
Oy 5T 00— Oyl i, — 035 (@ oo — @,0,,)=0,
(=1, ..., p; %, 5=1, ..., n).
These equations are independent in general, so®
O1F eenen + o,=np(n+2),

hence o,=n(rn+2), 1<p<<m—1. On the other hand we have from (2.2),
oo=n(n+2). As the number of unknown functions is 2N(n+1)—n?, we
get o,=n’+n*—2. The number of independent parameters {z, §} on
which 7, depend is n(n—1)(8n*+6n-+4)/2, which equals to o,+20,+ ...
+no,. Hence our system is in involution.? Thus we get the following

Theorem. An n-dimensional projectively comnected space P, con >b\e
tmbedded locally in an (n*—mn+1)-dimensional projective space as an
ordinary variety of bi-plane elements.

4. In this section we shall deal with the curvatureless spaces, i.e.
spaces in which equations Q,=0, Q;—0d,;2=0 hold. |

From the structure equations, we can see that the differential system

5. E. Cartan (3).
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(4.1) Wy, =0, W;—6;0=0
is completely integrable. Hence, in the P,, we can adopt the frame

satisfying (4.1). In this ecase, our object is to demonstrate the existence
of N such as the differential system

w;=w, wy=0,
wy;— 00 =0
is in involution. Now we append to (4.2) the additional equations,
4.3) 7 w,=0, w4, =0,

and shall deal with the system (4.2) and (4.8). To make it closed, we
adjoin the equations

4.4) [wwww]=%Tm[5@kJ ,

(4.2)

which are obtained by exterior differentiation of (4.2) and (4.3).
Define irreducible elements I, by

(4.5) Wy =TT Wy =T inDns
so {7} must satisfy _
(4-6) TaTatn = Tan aie =1 ihes (h>k),

which can be represented in vector form by
@n e un — 70n T =Tla (h>k),

in the auxiliary N—» dimensional Euelid space.

Now we put N=2n—1, so it can be chosen such that ;rl, ceey ?rn_
are linearly independent. Then the first member of (4.7) with p=>A>Fk
for a fixed p, p<<n, are independent and (4.7) with ~A=n become the
equations giving the projections of ;m on 7%- Hence (4.6) are compatible,
so irreducible n-integral elements 1, exist.

Let I,CI,, 1<p<n, be the elements deﬁned by 4.5) and w,=0,
h>p. As the reduced polar system is

wm”a&ih_woﬁiﬂwn_oy (h':la ceey p),

we get og,=n, l1<p<n. On the other hand q0='2nz+2n—1, S0
7n=1 .
o,=(number of unknown functions)— Za, n—1. Hence we have
0,4+ 20,+ . oo +n0,=n(n—1)(n—2)/2, Whlch equals to the number of inde-
pendent parameters {z}. Thus the system in consideration is in
involution.
Theorem. An n-dimensional curvatureless projectively connected
space P, can be imbedded in an 2n—1 dimensional progectwe space as an
ordinary variety of bi-plane elements. :
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