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Introduction and Summary

In Part VI, the following numerical tables are given;
Table XXII (modified forms of the Bessel functions K,,1 and I,,1%)

K,n+%(a)=‘/—72r— Kn+%~ (a) ’
I’n+%(0£)=1/2—7r In+%~ (a) .
Table XXIII

P (e, )= Swe““pn(l, £; Otrhdt
0

Qu iyl D=\ (L, ¢ Dt .

where p,(1, t; ) and ¢,(1, £; ) were the functions given by Barnett
and Coulson.® These functions are defined by the expansion of
exp (—pPr,) and r,exp (—pPr;), respectively, in terms of P,(cos 6,). (See
Fig. 1) Namely, ’

A . 'R B

Fig. 1.
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e~ P } — 2’)’L+1 {pn(ﬁy Tas R)
-. P,(cos @,) -
rye P nZ 'V roR B ) 2.8, re; R) }

1 = 2n+1 (1, t; 7))
= C 2T Pn 0 0@ ° ’

{ﬁ‘l } nZ) tr (cos 0a) {qn(l, t; 7) }
where t=_0r, and r=pR .

Method of Calculation
(a) Derivation of K’m%, I’M% :

K’M%(ac) and I’n+%(ac) are calculated by the following relations,

7 1 - I4 . 1 +o -
K“t%(a)zl/7 , . I,%(a)=1/_a_{e +e %},
7 1 o __ —w
1+%(a)—"]7a {e b

K- g()=K'y(@)+ L g @), I’_%(a)zI’%((x)—%I’_%(a),

K'n+%(oc)=K'n-g(a)+2" 1r, 1),
(84

Iyp(@=I, g(@)— 22710, 4(@).
(04

(b) Derivation of P, 1+1 5 Q,, 143

P;z, l+%—(’c’ T)_*sz T+ 1) [ n— ( )P z+§, n—l(’c: T)_K/n+%(T)P’l+§, n+%("7’ T)

/n—%_(T)S,l+%, n—%(ny T)_I/n+g.(7)sll+§., n+%(’9, T)] ’
where

Pl g6 0= o0 0) dt?,

Signegis =] TR0 a2

T

Further Q,, ;. 1 (¢, ) can be expressed in terms of P, ;. %_(.‘6, 7), hamely

On, l+%-(5;a T)* on +1 {Pn -1, l+%(f'/7 T) Pn+1, ?+3(K;7 T)} Pn Z+1(ﬁ77 T)

(¢) Derivation of P’ 1+, neds S’H%,n.%:
(1) Derivation of P’_%, 1, P'H%, _1 P’H%, 1

-2-7

» If we substitute I,,3 or K,.3 instead of I’,43 or Kpsz s Plials ne}

or S’H%, n+} becomes Priys n+y or SH%, n+} given by Barnett and Coulson.(®
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(Case 1) s >1.
P'_1, 1k, ©)=2Qy(k)— {—BE(—Fk—-1))}+{—E(—(t+1))},

7! l!

PIH.%, —2]:(’37 T)= (ﬁ;___l)l+1 + (K;_{_l)l'l'l

— A ((k —1)7) = A((k +-1)7) ,

(1=0) ,
' ! !
Plisg, 36, 7)= (ls;-—ll)lﬂ B (mil)m — A ((k—1)7) + 7 A(k +1)7)
(1=0).
where
~E(~a)=| <
® X
Q)= log .| EX 2,
Al(a)zre‘“%l dx .
1
(Case 2) k=1.
P'_1 11, ©)=r+log, 2t + { — E(—27)} ,
’ +1
Plug, 4L, D=1 oA, (1=0),
I+1
Py, (1, = =+ AR (1=20),
where 7 is Euler’s constant.
(Case 3) —1<s<1
P'_3, 16, ©)=2Qu(k) +E((1—£)D)+{—E(—(k +1)2)} ,
!
P’z+21—, _%(1\77 T)=§81(1_’9, T)‘l‘(lc_ii)“_l"" 71+1Al((’9+1)7) ’ (lz.z_-o.) »

!
P'ig, 36, 9=B(1—k, D= (—lw—+—1+rmAz(<fc+1)r), (1=0).

By, r)=§7 e it
- 1 i, 0T 1
—_—— {T'e —13B,.1(a, 1)},
a .
By(ot,0) == {1},
Q

Ei(a)= Sw & Qe .

-
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«(2) Derivation of P’_%,, , S'_1, 1 S’H%, 3

vojoo

-

P'_1 s(k, ©)=kP'_1 1(k, r)—f— 1 {e~%-Dr__g=Gtirl 2

2 2 21 2
S'_3, =305, r)=—E¢(—(m+1)r), -
S'1ag, w36, D=4k +1)) . (1=0).

roj

(8) Derivation of . . P'_:L ek S’_%, ned

-§,n+§(lﬂ, r)—-—[(Zn—l) 1/_I’,z_g(r)+ch’_7, n__(lv 7)

D

~(1=DP' g, g(e, D | (=2,
S g wag (s T)__[(zn 1){ V#_K'n_%(r)-ks'_§,,Z__(K,, f)}
~ (1= 1S g0, 9 | (n=1) .
(4) Derivation of P’H%, n+l s S’H%_M%:

P'iog w6y =Py glis D—@u—DP'\g o g(s, 7,
(=0, n=1 or n<-2),

S'14g, ne g6, )= Sz+7 n-3(k, )+ @n—-1)S" 1, » 1(k, 7),

‘ (=0, n=1 or n<—2).

Errata to Part V®

Page Line
176 11 A (@)= S -1 d)
30 National Science Museum, Tokyo
184 1 Table XX  fi(m, «)
189 30 G,'(5)
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Table XXII K',,1(«a), I',,1(x)
2 2
K'py1(a) I'yi1(a)
2 2
24
" 3.00 3.00
-2 0.03332 61030 992 -2 7.69260 06631 8
-1 0.02874 45773 244 -1 11.62513 47267 5
0 0.02874 45773 244 0 11.56764 55721 O
1 0.03832 61030 992 1 7.76925 28693 8
2 0.06707 06804 235 2 3.79839 27027 2
3 0.15011 05704 717 3 1.43859 83648 &5
4 0.41732 86781 909 4 0.44166- 31847 4
153 1.40209 66046 197 5 0.11360 88106 4
0 3.25 * 8.25
-2 0.02812 59255 213 -2 9.87596 32679 4
-1 0.02150 80606 927 -1 14.32741 46734 7
0 0.02150 80606 927 0 14.28439 85520 8
1 0.02812 59255 213 1 9.93221 51189 8
2 0.04747 04534 816 2 5.11619 99807 2
3 0.10115 73924 160 3 2.06113 822556 7
4 0.26534 79140 698 4 0.67682 53410 2
5 0.83596 70006 093 5 0.1868b 26658 3
o
” 3.50 3.50
-2 0.02075 29462 181 -2 12.62278 53637 4
-1 0.01614 11803 919 -1 17.71709 48148 3
0 0.01614 11803 919 0 17.68481 24535 5
1 0.02075 29462 181 1 12.66429 12561 8
2 0.03392 94200 074 2 6.82970 56625 43
3 0.06922 35462 286 3 2.90756 88811 14
4 0.17237 65124 646 4 1.01456 79008 16
5 0.51247 74354 234 5 0.29867 99945 87
o
n 5.25 5.25
-2 0.00272 64342 7153 -2 67.82531 86993 8
-1 0.00229 02047 8809 -1 83.17222 83110 6
0 0.00229 02047 8809 0 83.16764 79014 8
1 0.00272 64342 7153 1 67.83077 15679 2
2 0.00384 81672 2896 2 44 .69292 12912 4
3 0.00639 13554 4197 3 24.76608 46238 8
4 0.01236 99744 8493 4 11.67147 51260 7
5 0.02769 70259 8756 5 4.75784 15506 2
o [¢4
n 6.00 6.00
-2 0.00118 06040 6168 -2 137.24808 2119
-1 0.00101 19463 3858 -1 164.70012 7214
0 0.00101 19463 3858 0 164.69810 3321
1 0.00118 06040 6168 1 137.25044 3327
2 0.00160 22483 6942 2 96.07288 1658
3 0.00251 58110 3620 3 57.18970 8612
4 0.00453 73612 4499 4 29.85155 4944
b 0.00932 18529 0369 5 13.16237 6196
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2

I'ni1(@)
2
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6.50

6.50

-2 0.00068 04200 8987 -2 220.75240 7321
-1 0.00058 96973 6788 -1 260.89060 2481
0 0.00058 96973 6788 0 260 .88942 3087
1 0.00068 04200 8987 1 220.75376 8160
2 0.00090 87373 8628 2 159.00306 8551
3 | 0.00137 56026 4470 3 98.44371 54286
4 0.00238 51556 1904 4 52.98675 96230
5 0.00467 81258 0952 5 25.07743 28668
* 7.00 « 7.00
—2 | 0.00039 28959 8464 -2 355.27585 50835
-1 0.00034 46589 8656 -1 414.48871 84684
0 0.00034 46589 8656 0 41448802 91504
1 0.00039 38959 8464 1 855.27614 28755
2 0.00051 34715 5140 2 262.22682 50609
3 | 0.00076 06613 7850 3 167.97126 73320
4 0.00127 41329 2990 4 94.25555 72289
5 0.00239 88322 8836 5| 46.78555 13949
o 10.50 o 10.50
-2 0.00000 93072 59691 10 -2 10139.85433 79
-1 0.00000 84979 32761 44 -1 11207.20744 49
0 0.00000 84979 32761 44 0 11207.20742 79
1 0.00000 93072 59691 10 1 10139.85435 65
2 0.00001 11571 49816 0 2 8310.10618 317
3 | 0.00001 46201 88174 9 3 6182.66093 592
4 0.00002 09039 41932 6 4 4188.83222 589
5 0.00003 25378 52688 6 5 2592.66188 516
o 13.25 & 13.25
—2 0.00000 05201 02763 9400 -2 1 44282.66535 53
-1 0.00000 04836 04324 38653 -1 1 56060.84212 01
0 0.00000 04836 04324 3653 0 1 56060.84211 91
1 0.00000 05201 02763 9400 1 1 44282.66535 64
2 0.00000 06013 63440 7291 2 1 23393.06883 09
3 | 0.00000 07470 32364 2152 3 97719.24815 602
4 | 0.00000 09960 22048 2390 4 71767.80829 563
5 0.00000 14285 75642 2643 5 48971.29789 861
o 14.00 « 14.00
-2 0.00000 02381 09355 1644 -2 2 98451.69204 953
-1 0.00000 02222 35398 1534 ~1 3 21409 .51451 487
0 0.00000 02222 35398 1534 0 3 21409 .51451 487
1 0.00000 02381 09355 1644 1 2 98451.69204 953
2 0.00000 02732 58831 4029 2 2 57455.58050 426
8 | 0.00000 03357 01794 9511 3 2 06503.27044 087
4 | 0.00000 04411 09728 8785 4 1 54203.94528 382
5 0.00000 06192 72334 9444 5 1 07372.16275 841
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K p1(a) Iy 1(a)
2 2
o o
n 16.50 16.50
-2 0.00000 00178 21866 2879 -2 33 88166.41523
-1 0.00000 00168 03473 9286 -1 36 06757.79686
0 0.00000 00168 03473 9286 0 36 06757.79686
1 0.00000 00178 21866 2879 1 33 88166.41523
2 0.00000 00200 43813 2537 2 29 90727.53955
3 0.00000 00238 95749 0921 3 24 81885.34264
4 0.00000 00301 81403 7776 4 19 37806.48510
o o
” 17.00 17.00
-2 0.00000 00106 31460 5177 -2 55 13822.64829
-1 0.00000 00100 40823 8223 -1 58 58436.56381
0 0.00000 00100 40823 8223 0 58 58436.56381
1 0.00000 00106 31460 5177 1 55 13822.64829
2 0.00000 00119 16963 9137 2 48 85409.03764
3 0.00000 00141 36449 9041 3 40 76937.63722
4 0.00000 00177 37855 0507 4 32 06670.01055
o o
” 17.50 7 17.50
-2 0.00000 00063 45432 40408 -2 89 75947.51541
-1 0.00000 00060 02436 05791 -1 95 19944.83452
0 0.00000 00060 02436 05791 0 95 19944.33452
1 0.00000 00063 45432 40408 1 89 75947.51541
2 0.00000 00070 90224 47004 2 79 81210.47474
3 0.00000 00083 71210 82419 3 66 95601.66547
4 0.00000 00104 38708 7997 4 53 02969.80855
5 5
o o
n 17.75 17.75
-2 0.00000 00049 03166 96378 -2 114 53661.10924 6
—1 | 0.00000 00046 41664 72571 -1 121 37461.77248 5
0 0.00000 00046 41664 72571 0 121 37461.77248 5
1 0.00000 00049 03166 96378 1 114 53661.10924 6
2 0.00000 00054 70369 00128 2 102 01631.72585 2
3 0.00000 00064 44115 97823 3 85 79962.03154 1
4 0.00000 00080 11710 51382 4 68 17984.72749 8
5 0.00000 00105 06391 73172 5 51 22955.69083 8
o o )
n 23.00 23.00
-2 0.010 22327 82419 34 -2 19435 87111.969
-1 0.00 21397 49818 53 -1 20319 31980.695
0 0.010 21397 49818 53 0 20319 31980.695
1 0.010 22327 82419 34 1 19435 87111.969
2 0.010 24309 82308 01 2 17784 20618.264
3 0.0 27612 56834 12 3 15569 73934.086
4 0.010 327183 64822 74 4 13048 58986.151
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K'pii(a) Iy, 1(a)
2 2 :
o o
n A 26.50 2650 7
-2 0.0 00624 68361 1581 ~2 6 03219 17725.6
-1 0.010 (00601 96784 3887 ~1 6 26874 83126.6
0 0.0 00601 96784 3887 0 6 26874 83126.6
1 0.010 (00624 68361 1581 1 6 08219 17725.6
2 0.010 00672 68674 3311 2 5 58585 86780.3
3 0.0 00751 60563 8621 3 4 97825 61729.3
21 o
” 28.00 28.00
-2 0.010 00135 33666 1045 -2 26 35555 76908.
-1 0.0 00130 66987 9630 -1 27 33168 94571.
0 0.0 00130 66987 9630 0 27 33168 94571.
1 0.010 00135 33666 1045 1 26 355655 76908.
2 0.0t (00145 17023 6171 2 24 50787 97045.
3 0.0 00161 25991 7504 3 21 97915 06007,
* 85.50 * 85.50
n
-2 0.015 06599 27501 485 -2 42651 14288 40000.
—~1 | 0.0 06418 47295 965 ~1 | 43887 40789 52000.
0 0.015 06418 47295 965 0 43887 40789 52000.
1 0.015 06599 27501 485 1 42651 14288 40000.
2 0.015 06976 15817 217 2 40283 08596 13000.
3 0.015 07581 83250 389 3 36977 46880 50000.
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