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Introduction

Owing to the recent development of theoretical researches on
turbulence, many theoretical reports on the turbulent diffusion have
been published.”> However almost all of them deal with standard
deviations of spatial distributions of diffusive quantities, and some
papers, in which the spatial distribution-functions are given explicitly,
deal with the phenomena in an isotropic field, so there has been scarcely
any result which is available to analysing the diffusion phenomena in
the domain where effects of boundaries cannot be neglected, just as
those in the domain within several meters high from the ground. On
the other hand, some explicit formulae useful for such a domain are
often necessary to the practical problems. - So contrary to the deductive
way which starts from the mechanism of the turbulent diffusion and
which the researches of the turbulent diffusion hitherto have followed,
we intended to obtain in phenomenalistic way those explicit formulae
for the diffusion near the ground which may unify the experimental
data.

Differential equation

a) Referring to the results obtained by the researches on turbu-
lence, we assume that the horizontal diffusion occurs as in the vorticity
transport theory,® and that vertical diffusion occurs in the momentum
transport theory.®

b) The vertical diffusion coefficient is assumed to be a linear func-
tion of height from the ground (K,=bz), and the two horizontal diffusion
coefficients are assumed to be equal and constant (K,=K,=a).

¢) We consider a coordinate system which moves along with the
mean wind whose velocity is » (m/sec;) and we take xz-axis along the
mean wind direction leeward, z-axis vertically from the ground and y-
axis perpendicularly to them. The coordinates of a point source at the
time £=0 be (0, 0, 2) and the concentration of the diffusive quantities
be C. ‘ -

1) Contribution from Department of Physies, Faculty of Science, Ochanomizu Univer-
sity, No. 22.
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d) Then, we obtain the next differential equation :
g_q:a(azc+azc')_+ 0 {bzaC) )

ot oxt oyY o2z \ oz
If we put
_ x2+y2
4at
C=2%_"" &,z
o b(6:9)
we get
oP _ j?_(bz 9;15) )
ot 0z 0z
Substituting ¢(z, t)=f(t)g(z) in eq. (8), we obtain
f'/f————lvz , fze—/]lzt ,
and
7 2/2
r’ 4+ Q_ =O
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where A’ iIs an arbitrary constant.
Putting 16z =¢, a particular solution of eq. (5) is

1=3{).
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J, being the 1st kind Bessel function of the order zero. Y, is not
adoptable because of its anomaly at ¢=0. Then the general solution

becomes

(¢, t)=S: A@)e 2" g, (gbﬁz’)dz' ) |

Assuming ¢=¥(¢) at =0 and —?«2’=2“_ ,

b

(7)

(e, 0)=W(¢)=S:A(l’)Jo(zb—‘Pz’)dz’= S:A (El”)Jo(goﬂ”)%dz” .

Putting —g—A (%2”)33(1) , we get

(¢, 0) =S:B(Z)Ju(sox)dx )

Hankel’s inverse relation gives

o(¢) =S: Jo(19) Adlf 7 (a),(Aa)ada ,

and comparing (9) with (10), we obtain

(8)
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B(z)zzS: (@) (Aa)ade | a1

so we get
2

B, £)— S”e TP T Ge) sz:&F(a)Jo(za)ada

b242

=S:¢f(a)ada'g: JoQa) J,(Ae)e 4+ AdA. | (12)

Instantaneous point source

We may consider the case of an instantaneous point source. When
t=0, @(¢)de is finite only where z is close to 4, namely where ¢ is
close to 1ba(=«,), and it is equal to zero elsewhere. Putting

Sw V(a)ada=D , eq. (12) becomes
0
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(where R=1/¢p*+a?—20w,cos ).
v e DR
=\SO dajo e 4 IR

R2 @2 +aqg? 2000

D 2 Sﬂe—mdﬁzh-ﬂ) e 0% Szeawcosedﬂ
T

_ P tay?
_ 2D e Pt o, ('z, 2;?”)

(RSt

bt
Therefore the final form of ¢(z,t) is

h+z .
2D ——— 2vh
z,)=2""¢ bt J( z)

B, t) == (52 (14)
The factor containing = and v in C, eq. (2), satisfies the initial condition
of the instantaneous point source, and (14) satisfies the boundary con-
dition that there is no flux through the ground. So the solution of
eq. (1) is

h+z . |
ZZ_D 6~b—2t- J0<'21/hz . (13)

o dn 2 -2t o0/ Ta
t - .
C=p?_tat 2,75 Jo(@ . z) (15)
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where FE is a constant.
Total amount of the diffusive quantities be M, and we get,

M=S°°dz S“ dy S“’ Cdw
0 - —_00

‘ 2 2 h+z
_ E = 4Tt r _4y_t r ot g (;2Vhe\g
=gy )0 ey [ I (i)
b+ '
=E._2_7T_Sme— btz J ( 21/]&2) 2E7T (16)
bt Jo bt b
So E is determined by
bM
f—E{ an
Putting (17) in (15), we obtain
22+ hdz ‘
._—:,_M__ e— Tdat T bt J <’I; ?1@) . (18)
4abrt? bt

Arranging the instantaneous poiht sources adequately in time and
space, we can constitute every kind of source, s0 eq. (18) is the most
fundamental equation for the diffusion phenomena.

Formula referred to the coordinate system fixed to the ground

Now we refer to a coordinate system fixed to the ground. The
point of the ground directly under the source at ¢=0 is taken as the
origin. Eq. (18) becomes

(m —ut)?2+y2  h+z
o M e 4at bt A 21/]22) (19)
4abrt?

Continuous line source

A line source is supposed to be set along y-axis from —s to +s,
and the rate of emission per unit length and per unit time be g, Whlch
is assumed to be constant in time and space. We obtain

(x—u(t—{))~_ h+z (y 77)9

t o da(t—¢)  b(t—() 21/ hz -
dabrdo (=) (fb b(t—%) ) C -

@-ut—-Op  h+z

_ g fte 4at-0 b(t - oJ 2]/hz)d
1/4m50 ¢

(Zdis '5E—0)
« 2y +9)vV'4a(t—0) )2; 2(W—s)v da(t=0)) | (20)
Whefe o(r)= —2= ST e v du. . (21)
Vim Jo
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We put t—&=¢, then we obtain
(@—ub? ke
te  4dak | b .2/ Tz
o S e J( 4,,,,,_)01 ~
1/46671'6 0 53/2 o\? bs <
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where 1 is the time of duration of the source.
As the equations (22-1) and (22-2) have not convenient forms, we
want to obtain approximate formulae.

_ (—ud)
e 4ai

53/2
with & far more remarkably than any other terms, so we take & which
makes the value of that term maximum :

sy () (58 ) o )

and we put this value in all &s other than the term xz—ué, then we
obtain by integration

. Among the terms in the integrand, the term varies

P (12/72) O+ &) ~ 0y =)/ 4)
B, B, >
x % g(w/gifo)—@;(w —u)VA) 24-1)

e (28 2+ 9/ )~ 0=/ A)

0 0

><_ul_ @((m—ut+u2)/1/§,)"@((x—wf)/1/zo) =1, (24-2)

‘where A,=4a&, and B,=0bg,.
When ¢ and 2 are not so small, both equations are reduced to the

next equation :

h+z — i
C$_go e By J, (’b 2120’72-) D((y +3)/1/Ao?2_ P((y—s)V'A,) _Z]j (25)

If f=81/4,, the concentration on the x-axis is given by
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. =5 7 (:2Vhz '
C=+-1 By J, 26
ubB, ¢ ’ ._°< B, ) (26)

If we put a=au and b=pPu (cf. Appendix), eq. (23) becomes

LT R R

A3—4a{1/1 L (_~4a> _ ——4a',}
sl - ]

and we can see that they are independent of w.

So we get

Comparison with the experiment

Though there is scarcely any report or datum of the diffusion ex-
periment near the ground available for the criticism of the theory,
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Fig. 1.
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fortunately we had a chance to use the date of the thermal-diffusion
experiments from a line source, which had been carried as a basic
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research on fire-prevention.b

a) FKzxperiment. A narrow linear channel, 5 m in length, was dug
on the beach, and firewood was burnt in it. The temperatures at every
measuring point were measured by thermo-junctions. The scheme of
the experiments was shown in Fig. 1 and the results are shown in
Table 1. As the rate of emission of heat was not constant in each ex-
periment and even at every instant during each experiment, the absolute

Table 1.2
o~F 01 0z 03 04 05 07 0.9
3 16.1 22.5 31.6 20.8 16.0 10.0
4 5.8 19.7 25.2 18.2 15.4 8.6
A 1536 5 110.5 136.6 182.3 127.6 81.4 64.4
Aug. 13 Tair 31 30 30 30 29 28
u 3.3 ' 3.6 4.9 4.6
2.5 14.0 21,7 85.0 81.9 24.2 15.7
4 6.6 10 4.1 16 10.1 8.5
B 1526 5 40-8 51.1 61.6 61.2 53.4  47.0
Aug. 14 Tair 30 29 29 29 29 o7
u 27 2.9 3.3 3.8
2.5 10 20 29 21 — <20
4 0.1  29.9 38.9 435 — 25.4
1305 5 40.3 36.0  41.2 48.8  46.2
C . - . — - -
.
Aug. 16 Tair 30 30 29 29 29 28
w 1.7 1.9 1.9 2.3 24

values of the temperature were out of consideration, but only their
spatial distributions were significant. So we plotted in Fig. 2 values
of log @ against z (m) for every = (m), where 6 (°C) is the temperature
difference between the measured temperature and the air one. As in
the experiment the source was the woodfire, the air heated by it had
an ascending tendency, so that the height of the source became effec-
tively different from the real height. Therefore, when we analyse the
data, we must choose such an effective height for each z as is consistent
with the vertical distribution of the temperature. '

1) These experiments were carried on at Omaezaki, Shizuoka Prefecture, in August
1952, by S. Yokoi, T. Szkine and others, Architectural Research Institute. The report
of these experiments has not been published yet.

2) The data for x=2.5, 3 and 4 m were the mean values during a 10 minute interval
and those for x=5m were taken from the records on bromide papers. To secure the
simultaneousity of the reading from the papers, we chose the peaks of the records, so
the values for x=>5m are relatively larger than those for other x.
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Calculating numerically eq. (26) for several sets of A, B,=b&, and
2, we can obtain the curves of log #—z. Superposing the experimental
curves on these calculated ones, we can examine whether or not the
theory holds good, and determine probable values for z and B,. The
probable curves which were selected by this procedure are also shown
in Fig. 2, and the values of % and B, are shown in Table 2. We can
conclude that eq. (26) represents the vertical distributions of 6 faith-
fully.

Table 2.

2 2.5 3 4 5

¢ 1.6 2.1 3.0 4.0

3 0.3 0.3 0.4
A

Bo 0.1 0.1 0.15

3 0.4 04 | 0.5
B

By 0.07 0.1 0.1

3 0.4 [ 0.4 0.7
C SRS i

By 0.07 0.7 1 0.15

To calculate the vertical diffusion coefficient b=pu, we use eq. (27)
which shows the relation between &, and x. This equation contains a
parameter &« which is proportional to the horizontal diffusion coeflficient
whose value could not be determined by the above experiments. Fortu-
nately the values of ué§, for each = vary within only a small range
even when the value of « varies to some extent about the value
4a=1.5 which has been observed by the previous experiments® (Table
3), so we adopt the value 4a=1.5.

Table 3.
uéo
N 2.5 3 4 5 10 20 30
1.0 4 1.86 2.34 3.32 4.31
1.5 1.62 2.08 3.03 4.00 894 | 18.91 | 28.90
2.0 | 1.1 1.86 2.77 3.72

Putting for each = the value of B, against &, we obtain Fig. 3,
and we can estimate the value of 8 by the method of least squares and
obtain 5=0.033». Owing to the small range of x, we cannot determine

D Cf. Appendix.
2) This value is more larger than that which has been observed by the previous ex-
periments: §=0.02. The reason may be that the source was Woodﬁre._
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B with satisfactory accuracy by the data used here. ‘

Relation between diffusion coefficient and observation period or scale

That the diffusion coefficients have a tendency that the longer the
period of the observation is, the larger their measured values are, has
been pointed out theoretically and experimentally by many authors.®
We want to consider about this faet.

Bo

0.15 + &xg

A A
0.7 r X YE>3< ?

BC C

ped X

0.05 F
r .1 1 ] - 1
0 1 2 3 4
Fig. 3.

a) Treatment of data in the Eulerian way. The y-ward distribution
of the time mean or the accumulative amount of the observed concen-
tration emitted from a continuous point source has a tendency to become
broader, namely the resulted value of K, becomes larger as the period
of the observation becomes longer. This is a result from the fact that,
among the spectra of turbulence which take part in the diffusion, the
components of longer periods become efficient as the period of the
observation becomes longer. However, even in those cases we have
experienced that the simultaneous y-ward distributions of the concen-
tration are constant during a whole period of the observation, except
that the position of mode of the distribution (namely mean wind direc-
tion) -may vary at each instant. In other words, the values of K, are
constant during the observation, no matter how long its period may be.

If this displacement of the position of the mode occurs frequently
in a sufficient degree and at random during the whole observation
period, it is naturally an elementary constituent -of the diffusion mecha-
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nism, and we must consider the diffusion coeflficient including this effect.
But in this circumstance the diffusion coefficient finally becomes inde-
pendent of the observation period. Conversely, when we consider that
the diffusion coefficient depends on the period of the observation, we
do not regard the amount of the displacement of the mean wind di-
rection as a physico-statistical quantity. On the other hand, if the
diffusion coefficient ought to be physical quantity, its value must be
reproducible in various cases. So the phenomena whose occurrences
are not so reproducible, such as the slow displacement of the mean wind
direction during the observation period, should not be regarded as
primary elements of the diffusion phenomena, and they should be taken
into consideration as the corrective effects.

b) Treatment of data in the Lagrangean way. When we observe
the simultaneous y-ward distributions of the eoncentrations in order to
avoid the additional effect described above, and ecalculate the value of
K, for every x, we obtain the relation between K, and z.

In his famous paper, Richardson adopted the standard deviation of
the positions of particles from their mean as the “scale”, [, in the
case of the diffusion of the particles.® In the case of a continuous
point source, y-ward distribution of the concentrations is expressed by
o~ 14 At

so the diffusion coefficient is measured by a=4— , and the
X

standard deviation is given by A4,?/2!*. When x is not so close to the
source A4, is approximately proportional to x (cf. Table 3), so [ becomes
to proportional to x**. According Richardson’s results, & is proportional
to I3, so we get

aoc (w112)413 =$2/3 .

So when we write K, and K,, for K at the distances x=50m and
=200 m respectively, we get

K =(2ﬂ .

2.5.
K, 50

This ratio is too large to be regarded as appropriate (cf. Appendix).

¢) In the diffusion phenomena which appear most frequently in
the practical problems and occur within the period of several minutes
and in the region within several meters high from the ground and
several hundred meters long. in « and y directions, in such phenomena it
seems to be adequate that the diffusion coefficients are assumed to be
independent of time and space, and that the displacement of the mean
wind direction is not included in the diffusion mechanism, but is treated
correctively as the change of position with time of the field in which
the diffusion takes place. .
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Conclusion

1) Eq. (18) and the formulae which can be derived from it, seem
to represent the concentration distribution sufficiently, at least in the
first approximation.

2) The data of the diffusion phenomena should be treated with
care, and it is important to distinguish the essential factors and the
corrective ones.

Future plannings

It can not be expected to perform a detailed diffusion experiment
even on a several deca-meter scale. So we are now carrying on an
experiment of the thermal diffusion on a several em scale by the sch-
lieren method, and intend to examine a) the relation between the dif-
fusion coefficient and the meteorological data, and b) the relation between
K, and K, near the ground.

The author wishes to express his sincere thanks to Mr. S. Yokoi
for his good-will to allow to use his valuable data of the thermal dif-
fusion, and to Miss M. Matsuda for her various assistances to this
research. '
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Appendix

From 1935 to the end of the World War 1I, the author engaged
in measuring and analysing the diffusion of the gaseous matters of
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various kinds of sources, within the region ranging from several meters
to several kilometers in the horizontal direction and 5 meters high from
the ground. On the day of the end of the War, all reports and data
were completely burnt during the author’s absence, so there is no
numerical datum which is available at present. Nevertheless it may
have some meanings to describe the results which remain in his memo-
randum. But they have lost their scientific values, so we want to
summarize them in Appendix.

1) The diffusion coeflficients ¢ and b were proportional to u, and
the values of 4« and f were 1.5 and 0.02 respectively. '

2) Within the range of =1000ca m (surely 400 m), « and 8 were
constant. At least, such a large difference as K,,/K;=2.5 could not
be experienced.

3) In the case of the instantaneous 3-dimensional sources® on the
ground, the vertical distributions of the initial concentrations in the
sources were in the form of e #*?» and those of the concentrations at
leeward points were always in the form of e#*. If we consider z-
direction only, we get from eqg. (9)

I (I
Cocg e‘ e Jol 2 B dy u+Be R
and this was another verification of the theory.

4) We sprinkled a certain amount of volatile liquid in a short-
cropped area of 2 meter-squares, and measured at its center the vertical
distribution of the concentration of 2z=0.1, 0.2, 0.3, 0.4 and 0.5m in
every hour throughout a whole day. The results were always in the
form of e, and the values of w were almost always the same, in
spite of various conditions of wind (0.5~3m/sec.) and temperature
(inversion or lapse).

(Recetved June 17, 1954)

1 A ecylindrical vessel (180 [ ca) made of tin plate containing volatile liquid was
exploded by an explosive.

2) The distributions of the initial concentration in the source were measured by
properly protected wash-bottles and the test papers arranged 3-dimensionally near the
souree.



