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On the Imbeddlng Problem of Spaces of Constant
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The problem which imbeds a given » dimensional space S, of con-
stant curvature K inté ‘an another N dimensional space Sy of constant
curvature K isometrically was researched by A. Fialkow™ and A. E.
Liber®. The results obtained by A.E. Liber are as follows: ‘

Theorem. The minimum values of N are given by '

(a) N= n+l, if K<O0 and K=0,
(b) N=n+l, if K=0 and K>0,
(e) N=2n—1, if K>0 and K=0,
(d) N=2n—1, if K=0 and K<O.

In this paper we shall prove the following theorem, but I could
not deal with (¢) of the above one in our method.

Theorem. Let S,, Sy be spaces of constcmt curvature wztk K K
'respectwely Tken
(A) i B>K  and N=n+l,
(B) if K<K=0 and N=2n-—1,
a given S, can be zmbedded e any Sy zsometmccclly wn either case.

A. Fialkow has obtamed the results correSpondmg to (A) in a dlf—
ferent manner. '

Let S, be a glven n dimensional space of constant curvature,
Pe,....e, be its frame. Then the infinitesimal displacement of frames
is defined with Pfaffian forms o;, (s, _7 =1,..., n) by the equations

dP= Z @84,

€= 21 @555, W5t w;;=0,
J=

(1) A. Fialkow, Einstein spaces in a space of constant curvature. Proc. Nat. Acad.
Sei., U.S.A., 24, 30-34.

(2) A.E. Liber, On the immersion of Riemannian spaces of constant curvature in
one another. C.R. Doklady Acad. Sci. URSS (N.S) 291-293 (1947), which is not yet
accessible to the writer. I knew this result on reading Math. Reviews, 1947, Vol. 8,
No. 10. - : ‘ o
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where D denotes the covariant differentiation. The equations of struc-
ture are given by :

dwi Z [wJ w]i] ’

1 ' 12 ’
(1) dw;;= Z[‘”ik‘”ki]‘? 21 Bijuloww,],
k=1 7‘77 h=1 .
Rijkh=K(3ihajk—8ik5jh) .
In the same manner, for a N dimensional space S, of constant cur-

vature in which S, is 1mbedded the following equations hold good
dP= Z @8, '

De;= 214 @565, @5+ @;=0,
Jj=
o~ N -~ o~
(2) da,= Z [ijj@]

1 ¥ ~
dwu Z [wmwml—gkz kan[wkwn]’

, =1
R'@j’kh: K(aihajk—aikajh) ’
where 4,7, k, » ron over 1, , N.

§81. Proof of (A). We shall prove that S, can be 1mbedded in S s
(N=n+1), when H=K—K>0. Let S, be the isometric image of S
in S,... We attach to each point P of S, a frame Pe....e, with an
arbitrary analytic law. In S,,, if we take &,,, as the normal to Sn,

( 3 ) (T)n+1=0 |
holds good along S.. And as S, is isometric W1th ‘S,, we can take a
frame P%;...8,.; at each point of S, such that the equat:lons '

(4). L B=,, (t=1, ....’, m),
hold good. Conversely among the most general frames in S,.., i.e. the
frames which is free completely, if we can find a system of f’rames
satisfying (3) and (4), o, being given linearly independent Pfaffian forms,
our imbedding is possible. Therefore it is sufficient to prove that the
differential system (8) and (4) has at least an n dimensional solution.
To obtain a closed differential system we form the exterior derivatives
of (8) and (4). Forming the exterior derivative of (8), we get by
making use of (4), :

( 5 ) Zl [(1) a)zn+1] O

From (4) by exterior d1fferent1a‘t10n we obtain

Se@ue—el=0, (=L,
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- Then, by the well known method, from the above equations we get

(6) @yj= ;5,5 v (@ 7=1, ..., ).
Furthermore forming the exterior derivative of (6), the equations
~ o~ 1 &2
( (f ) [wmﬂwm"‘l]:?k %1 H(aikajn — Bz‘najk)[wkwn]

are obtained.
Therefore our problem is reduced to whether the closed differential
system

(4)  @,=o,
(I) (3) (7)”+1=O, (7/,.7=17 e s 1),
(6)  @y=uwy,

[a’iajm 4-1] =0,

Ms

o
il
iy

' 5
(IT)
~ o~ 1 %
(7) [a’m+1‘“m+1]:E . %1 H(0:05n,— 00w, ]
has at least an »n dimensional solution or not.

Let (T%H_—_ﬁ 7,;0; be the n dimensional integral element® of (I), (II).
Je=1

Then from (II), we get

(8) Tii=Ti
(9) Toel sn—Tanl s =" (0410 5,,— 0:1951) -
Now we define 7,; by the equations
(10) Ti5=V H i3,
then (10) satisfy (8) and (9), so
1D Bina=V"H ;5 =1, ...,m),

define an n dimensional integral element of the system (I) and (II). As
any solution of the linear differential system (I) and (III) is a solution
of the system (I) and (II), in place of dealing with the latter, it is suf-
ficint to prove that the former has an n dimensional solution, so it is
completely integrable. The equations which are obtained by exterior
differentiation of equations of (I) are satisfied by (I) and (II), the
latter being satisfied by (III) automatically. So it is sufficient to show
that the integrable conditions of (III) hold good. Forming the exterior
derivative of the first member of (III) we get, by making use of (2)
and (4),
n+1 n+1 ~
(11) AB iy 11= kZl [&V),;,c&')kn_,_l]—%k Z Rin+1kh[a’ kajn]

y =1

S0l =V H So;].-

k=1

(8) E. Cartan. Les systemes differentiels exterieurs et leurs applications geome-
triques.
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On the other hand the exterior derivative of the second member Of
(III) gives us the equations

d@/Hw@)=1/rfdw¢=1/ﬁ;§1[wkwm]=1/E:2=1[wwwk],

which equal to (11). Hence the system (I) and (III) is completely in-
tegrable, so the system (I) and (II) has an » dimentsional solution,
Hence (A) is proved.

§ 2. Proof of (B). In the next place we shall prove that S, with

K=0 can be imbedded in §N(N=2n——1), when K<0. By the analogous
reason with that the proof of (A) was done, our imbedding problem is
reduced to whether the differential system ’

12) B, =w, , (t=1, ..., n),
(13) &,=0, (x=n+1, ..., 2n—1),
has at least an »n dimensional solution or not. As the exterior derivative
(12) we get
j;l[wz'(ajij - w'ij)] =0.

Hence we have

(14) (T)Uzwij ’ (7:5 j:]_, ess y n)'
By the same process we get from (13) '
(15) Z[wiwim] 0.

Furthermore to obtain the closed system, forming the exterior deriva-
tive of (14),
2n-1 ~ . 1 =~ n
(16) w=%1 [wwij] =9 Kk%l(aikajn - 3m3j k)[wkwh] s
after some computation by making use of (2), (12) and (14). H'encev
the equations with which we shall deal are the following closed dif-
ferential system:

12)  G=o,, G=1, ..., n),
(Iv)4 13) B,=0, (a=n+1, ..., 2n—1),
(14) CNUij=a’ij’ ('b’ .7=19 ey 92),
@5 Slwd]=0,
V) e . |
(16) wgz:q- [EF)WCT)M] —‘% % (aikajlb—aihajk)[wkwh]‘

Let @;,= Z, mux®; e the n dimensional integral element of (IV) and
(V). Then by the fact that they must satisfy (V), the equations,

(1 7) ‘ T ™ Mokt »
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C ame1 . . N
(18) N §+1 (ﬂ'wzk”wh - ﬂ'wmﬂmjk) =Ki (6ik3jh - 3m5j k) .

are obtained. o
Now if we deﬁne TC i by the equations

o ‘ =0, . if =<k,
(19) ’ Ttk .
:71'“@#0, lf ’izk,
then (17) are satisfied automatically and (18) reduce to the equations

s ‘ - . 2n—1 —~ . . .
(20) o >, mumay—K, (1><7).

a= n+1 '

The quantities =, satisfying (20) exist actually, for, in (n-1) dimen-
sional space E,_,, (20) show that the inner products by twos of n vec-
tors _7;:——-‘{7%} are K. Such vectors, for example, can be obtained by
taking the » vectors which go to each vertex from the center of gravi-
ty of a regular (n—1) dimensional simplex. Then the equations

(VD Dy == T g ®; » (=1, ..., n;a=n+1,..., 2n-1),

with (20) define an n dimensional integral element of (IV) and (V).
So in place of dealing with (IV), (V), it is sufficient to show -that the
linear differential system (IV) and (VI) has an # dimensional solution.
As the system (IV) and (VI) is not closed, we shall do so. The ex-
terior derivatives of (IV) are contained in (IV) and (V), and the latter
is satisfied by (VI) automatically. Forming the exterior derivative of
(VD). From the first member of (VI) we have, by making use of (2),
(14) and VD,

1 2% -
A= g[wmwm] + Z [wiﬁwﬁw] T % wkn[a’ @ ]

” 27—-1

Z wk[wi‘k“)k]_ Zﬂﬂst[wiajw_e]-

From the second member of (VI), the equations

' d(”m:(')i) = [dﬂmwi] + n‘“kz:ﬁ[wka)m]

= —[w,dmu] + ﬂmi[wz‘k‘“k]

are obtained. Hence the exterior derivatives of (VI) are followmg equa-
tlons o [

n . 2n—-1
(21) E[(”m — ) a)ilcwk] =|w, ’I; Z aij”Bi — A7)

In this place we shall prove a lemma.

Lemma. ~In S, wztk K20 there exists a system of fwames sat@sfymg
the equations '

a)“:a/(a)i'—wj): n@zzK, (’I:, j=1, ee ey n)o
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Proof. We shall show by computatlon that the 1ntegrab111ty con-
ditions are satisfied. T

doy=oswn]—5 K 3, (Gudn—0udn)
=3 (@ 0)(@,— )]+ Klow,]
— a3 (oo +[00,) ~ o]+ Klow,]
—a S (wwil+ o)),
dla(wi—w;)=ad(o— o) =a(S oo~ X0
~ @3 ([0x(w— )]~ [oxw—0))
=a2k§1([wiwk] +[w,w;]) . qg-e.d.

As the system of the frames which we chose in S, is completely ar-
bitrary, it is allowed that from the begining we take the one whose
existence is proved by the lemma. Then with respect of the system
of frames, (21) become the following equations

[ 2n—1
22y 0= azg{ (ﬂwk - ﬂwé)[wiwk] = [wi Bg% ) 3‘30437755 - dn’w&)]'°
Apparently the above equations are éatisﬁed by the equations
(VII) < gt — =0 -
B=n+1

Hence to solve our problem, it is sufficient to prove that linear
system (IV), (VI) and (VII) is completely integrable. The integrability
conditions of (IV) and (VI) are satisfied automatically by (IV), (VI) and
(VII). Hence we shall show that the integrability conditions of (VII)
are satisfied by (IV), (VI) and (VII). It is performed by computation
as follows: Forming the exterior derivative of the first member of
(VID), we get

2n—1 2n—1
dﬁ(; “’wpﬂ'sz dﬂ'ai): ; (dawsﬁg-i_[aagdﬂsi])
!3 — {(Z[wwkwk3]+ Z [wwywyﬁ] ‘E Z RdBkh[w kwn])ﬂ'ﬁz [wwﬁdﬂ'gz]}
2n-1

Z‘ [wa (Z wﬁyﬂw'—dﬂﬂz)] 0

ﬁn+

by making use of (2), (VI) and (VII). 1t should be noticed that the
equations obtained from exterior differentiation of (20) are satisfied by
(VII). Because it holds that

2n-1

(23) Z (ﬂ'mdﬂwj + 7y jdﬂ'wi) =0.

a=n+1

Hence the linear difierential system (IV), (VI) and (VII) with (20)
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is completely integrable, so our imbedding is done. q.e.d.
In the case that K=>0 and K—K=H<0, it follows from (22)
an—-1 w
(24) Béﬂg’wp”m—d’fm:a/ kéll (T o= T 1) Wi+ P ®@s

It seems to be impossible that functions p, are chosen such as (24)'
satisfy (23).

(Received Feb. 2, 1953)



