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Three years ago I published a paper on primary lattices in the
Journal of the Faculty of Science, Hokkaido University, Series 1, Vol.
11, (1948). In the present note I will give some remarks about this
paper, including various definitions of primary lattices, a simplified proof
of Theorem 32 and the correction of Theorem 45.

Let @ and & be two elements with @ <& in a lattice L. The sub-
lattice of all elements x with @ < x < b is called an interval or a quotient
in L and denoted with d/a. If an interval is linearly ordered, then it is
called to be linear or to be a chain. A finite-dimensional modular lattice
was called primary in the previous paper, if every interval is either
linear or has no proper neutral element. We shall show that this de-
finition is equivalent with the following. A finite-dimensional modular
lattice is called primary, if in every interval b/, which is not linear,
there exist at least three elements, which cover @, and, if & covers at
least three elements in &/a. If every interval, which is not linear, has
no proper neutral element, then it has the above property, since other-
wise it would contain one of intervals with graphs of following types

Fig. 1

and these have obviously proper neutral elements. We can prove the
converse as follows. By the latter definition the lower closure of an
“irreducible element in an interval is always linear. For any element ¢
in an interval b/a, where b/a is not linear and & > ¢ > a, we choose an
irreducible element 4 in b/a, which does not belong to c/a. Further-
more, if in particular ¢ is irreducible, d can be so chosen that ¢ does
not belong to d/a, since b/a is not linear. Then we have ¢ ™ d <c¢ and
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c~d<d If e and f cover ¢ ™ d respectively in the intervals c¢/c ™ d
and d/c ™ d, then there exists an element g, which covers ¢ ™d such
that e f=e L g=f g Then we have g ec=ge=c d, since
otherwise it would follow g<C¢, whence f<c¢ and f< ¢ d. Similarly
we have f " ¢=cd. Now. it holds

(fugne=(ewf)nc=e

and foogulgnoaog={gnagufinc
‘ C={{cnd)uf}c=cnd<e.

Hence ¢ is not neutral in #/a and the proof is concluded. It is to be

remarked that every interval of a primary lattice is primary. Further
an indecomposable complemented modular lattice of finite dimension is
primary, since its every interval is complemented and indecomposable,
any two atoms in it or in its dual being always perspective. In the
following by L is meant a primary lattice.

Lemma 1. If an interval b/a in L is linear, then theve exists an
irveducible element 1, such that b=a o I and dim 1 is not less than the
dimension of b/a.

Proof. If it holds =4, w b, --- U b, with irreducible elements
bi, then a < a L bi < b and a U b;j=0b with some bj, since b/a is linear.

- Lemma 2. Let d, ¢, ¢, -, ¢» be irreducible elements in L with
d<cqwcew--wcen Then it holds

dim d < Max (dim ¢;).

Proof. Putting Max (dim ¢;)=x, we prove by induction on A. If
A =1, then the interval ¢ v ¢ v - U ¢x/O is complemented modular and
hence dimd=1. Now we suppose A >1. We denote with ¢ the ele-
ment, which is covered by c¢;, and put a=c; o ;- U c,. If a U d=a,
then d<c¢wcuw - wc, and dimd<x—1 by the induction hypo-
thesis. If a wd>a, then a U d/a is linear and a o d covers a, since

the interval ¢, ¢ -+ U er/a is complemented modular. The element

d’, which is covered by d, is irreducible and d' < ¢, since dim (a U d/a)
=dim (d/d ™ a)=1. Then it follows dim 4’ < Max (dim ¢})=x— 1 by the
induction hypothesis, whence dim d <.

For an irreducible element @ we denote with a™ the irreducible
element of dimension A in the lower closure @/O. ~

Lemma 3. Let a and b be two different irreducible elements in L
with a same dimension. We put dim(a ™ b)=p . If ¢ is an irreducible
element of dimension N with ¢ < a b, then @t holds ¢ < a®"™ O bW,
where » < dim a—pu.

Proof. Putting dim a=», we have ¢*** Np**®W=g ~ p and

(1) dim (@ o b)—dim (@**® O p*) =2 (y—A—p) .

In the interval @ v b/c w a®+® O p+w both elements ¢ U @ w b*** and

* e,
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¢cw b d®® are irreducible and of dimension » —A—pu, since (¢ w a®**

w MY N g=a**» by Lemma 2. If we can prove the relation
(2) (cwaub*) N (cubua™)=cu g™ LHAW,

then we have dim (¢*** O d***)=dim (¢ W a™>'* & b**®) by (1), whence
c< a™w o P If (2) were not true, we would have c¢w b gD

<cubwa*™. Since it holds

b W) a(>\+!‘-+1) ~ aOtHH'l)

b T and

so the interval &< a®***P/b is linear of dimension A+1 and contained
in the interval c L b U @**®/b. Furthermore

(3) c b W a(“‘” ~ Cc aO\HJ‘)
b b (cu a*)

and b N a < b (cwa®™). Since two irreducible elements ¢ (b ™ @)
and ¢*** in the interval ¢ w a®**/a -2 b are linear and their dimen-
sions are not greater than A, so the interval ¢ a®*®/b (c v a™w)
does not contain a linear interval of dimension X +1 by Lemma 2. Hence
the interval ¢w b w a®**/b does not contain a linear interval of dlmen-
sion A+1, which yields a contradiction. v

An irreducible element ¢ is called maximal, if there does not eXIStY
an irreducible element d with ¢<d. B

Lemma 4. Let a and b be two different irreducible elements in L
with a same dimension. - There exists a maximal irreducible element c
in a b/O such that a >c=0, be¢=0 and awc=bc=aub.
Furthermove it is possible to choose this ¢ in a o b/O such that ¢ d
for a given irreducible element d with d ~a=0 and d ~b=0.

Proof. Since the interval @ « 5/0 is not linear, there exists certainly
an atom, which belongs neither to @/O nor to /0 and belongs to a w &/ 0.
The maximal irreducible element ¢ in @ /0O, whose lower closure
contains this atom or d, satisfies the relations @ ™ c¢=b " ¢=0 and
avwc<awb. Inorder to have auwc=aw b=buc, it suffices to .
prove dim (@ w ¢)=dim (a w b). If it were not the case, then dim ¢ <dim
—dim (¢ " ), since a " ¢c=0 and dimae=dimb. Putting dimc=nx,
dim (¢ ™ b)=p and dim a=», we have A <v—pu. By Lemma 3 we have
c< @™ O M and this implies ¢ w a* W =g O p**¥ The interval
a v b/a** O H** is not linear, since A+p<». Consequently the
interval a U d/c is not linear. Now a®** U p*** is irreducible and of
dimension A+ in the interval @ w b/c. We can choose an element: f
in a U b/c such that f covers cand f ™ (a*** U §***)=¢. There exists

- an irreducible element / such that f=c«w ! by Lemma 1. Then we have

dim />, since otherwise we would have /< g?*** < p*** by Lemma
3, contrary to the choice of f. Then dimj/=x+1 yields dim/=x+1 and
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¢ <!, which vields a contradiction, since ¢ is maximal irreducible in
avu b/0, q.e.d.
Now we can correct Theorem 45 in my prevmus paper as follows.

Theorem 1. A finite-dimensional modular lattice is primary, if

and only if it holds in any interval following two conditions:

(A)  The lower closure of every irreducible element is linear.

(B) Awny two diffevent irrveducible elements of a same dimension are
perspective.

Proof. That a and & are perspective, means that there exists ¢
such that a o c=bucand a " ¢c=b " ¢c=0. Lemma 4 asserts that a
primary lattice satisfies (A) and (B). Conversely, if (A) and (B) hold,
and if an interval b/a is not linear, then there exist two different ir-
reducible elements of a same dimension in 4/a. Hence by (B) there exist
two elements, which cover . Since these are perspective, there exists
another element, which covers a. Further, & being not irreducible,
there exist two elements d and e, which are covered by 4. Since d and
e are perspective in the interval bd/d ™ e, there exists another element,
which is covered by b, gq.e.d. It is to be remarked that Theorem 1
- yields another definition of primary lattice.

Lemma 5. Let a, a, -, an be n independent mfeduczble elements
in L. For every maximal zweduozble element b with b<a, L a U -
O @n, it holds dim b = Min (dim a;).

Proof. We put Min (dimea;)=x. In the case, where =2 and
a N b=0, @, b=0, we have a¥ U b=a}" U b= aM U a;¥ by Lemma
4, whence dim & = . In the case, where =2 and @, 0" 6> O, a, ™ =0,
there exists an irreducible element ¢ by Lemma 4 such that a{® w ¢
=a® Uc=a® U a® and @, ™ c=a, O ¢c=0, whence dimc=n. If dimb
<, wehave 5 < a® U ¢ by Lemma 2. Since b~ e{’=0 and b ™ ¢=0,
this case can be reduced to the preceding case and we have dimbd=nx.
~ The case,” where @, ™~ 5> 0 and @, ™ b=0, can be similarly treated.
Now we proceed by induction on #. Since b is independent of some
element a;, we can assume that b N~ a,=0. We put ¢, v a, v - U an,
=A and (b U ax) " A=d. Then it holds

d__ d ,\JduUd_:buan,\Jb

O dmah‘— an an O,.

Hence d is irreducible and dim d=dim 4. Since d< ;L --- U @,_,, there
exists a maximal irreducible element &' such that d<{d' and d' <a
- U a,-;. By induction hypothesis we have dimd > and d U ax
=b w an implies 6 d U an. It follows d N a,=0 from d " a,=0
and we obtain dim » = by the result for the case n=2.
By this lemma we can prove Theorem 32 in the previous paper as
follows,
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Theorem 2. In a primary laitice eveify element is a join of in-
dependent irreducible elements.

Proof. For a given element @ we choose irreducible elements a;
with a=a, o a; U --- U @, such that S1dim a; is least. We can assume
that dim ¢, > dim @, 2> --- > dim @». We shall prove that a;, a,, ---, ax, are
- independent. If it were not the case, then we can suppose that a, ---,
a;,-; are independent and a; N (a;w - U a;) > 0. If we put b=a;
- (@i v - a;y), then @i > b > 0, since we can remove a;, if a; < a,
w - ;. Let ¢ be a maximal irreducible element with ¢<¢q o -
w @;_; and ¢>b. Then we have dimc>>dima; > dimb by Lemma 5.
Putting dim a@;=», two irreducible elements ¢ and a:; are different. By
Lemma 4 there exists an irreducible element d such that ¢® ~d=0
and ¢ U d=a; wd=a;u ¢, Hence we have

QU UG ai=a 1\ U U d,

dim (¢ U d)=dim (a; w ¢®)=2x—dim b.
Then ¢ M'd=0 implies dim d=n—dim 4 <dima:;. Hence we can re-
place a=a, v aw - a. by a=a o UG- UdU G U an
with dim d <dim a;, contrary to the assumption. :

Theorem 3. A finite-dimensional modular lattice is primary, if
and only if the following conditions are satisfied:

(A)  In any interval the lower closure of an irveducible element is
linear.

(B) In any interval every element is /epresentable as a join of
independent irrveducible elements. ‘

(C) Every interval is indecomposable.

Proof. If an interval b/a is not linear, from (A) and (B) it follows
~ that at least two elements ¢ and d cover @. Then there exists another
element, which covers a, since ¢ U d/a is indecomposable. Further, &
being not irreducible, there exist at least two elements, which are covered
by &. Then it follows by the same reasoning as above that & covers at
least three elements. ,

Finally I must remark that the lattices with the above properties -
were already studied by many authors, such as Baer, Iwasawa, Jones,
Ore, in connection with the structure of finite groups, but my research
was purely lattice-theoretical.




