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The asymptotic distribution of the number of positive sums of in-
dependent random variables has been first established by P. Lévy in the
binomial case of the component random variables. Erdos and Kac have
generalized Lévy’s result in a series of recent papers, introducing a unified
method for proving limit theorems related to sums of independent
random variables. In this note we shall be concerned with the same
problem for unequal components and, for simplicity, we shall deal with
rather special random variables which depend on symmetric laws and
obey a central limit theorem with special norming constants. In the
case of equal components, Kunisawa has proved the arc sine law in the
most general case by showing that the * invariance principle” of Erdos
and Kac holds for any sums of random variables obeying the central
limit theorem. The proof of our theorem also goes along the same line.

Let X, X,, -- be independent random variables which depend on
symmetrlc dlStI‘lbUthl’l laws F, (x), v—l 2,--- and obey the central limit
theorem :
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where Sn:Z:X,,. If we denote by N, the number of positive partial

sums S, »=1, 2, ---, n, we have the.
Theorem. If we let n—

P{; 1 ﬁ(N”>—1~—§x}~—>—2'—arc sin vV, 0<x<1,
logn v=1 \ » v T ‘

and
P{l"" <x} (1),
n _
where o (x) is a distribution function satisfying G(+0)—cr( 0)=o (1+0)

—o (1—0)=1/2.
Proof. Let us put
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1 i x>0,
Wx)”{ if x<0,

ni:[%i/k] ’ Z:1, 2, Ty k’

" ,
then we can write Nx= 3¢ (S,) and, in our case, the invariance princi-
v=1

ple consists in proving that
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is small in probablhty, whenever k is sufficiently large and #n — oco.
Indeed, if we put

S[nt] _ s
y"(t)—]/lO n Sn vEXV’

ya(t), 0 <t=<1, converges, in probability law, to the Wiener process. Now

st St E(Ivs)—s)1)L,
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and remembering that the distribution of X, is symmetric
B E(1¥Sw)—v¥(S)]) < P{1Su—Sr|=eVTogni }
+P{| Su; | <eViogni}.
Since the first term on the last expression does not exceed
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we obtain
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log n »r-n;_,+1 ¢ 7

1 & = %
<2-—— lo S — —dF,
log n v- nz +1 & Ni_1 Ve €2 lOg ni+ 57 )
2 ¢ 5”' Y gF () —2 L sh 1
= k u=ﬂz:+1 e 210gn + x2 (@) —2- E zgl ¥
<2 J;thg k , as n— oo,
- ke

Hence, on applying the central 11m1t theorem on the second term of (3);
we get
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Then by the reasoning due to Erdos and Kac and partial summation,
we get finally '

{ log »n 21 ¥ (Sr) *‘“-: }

=P{ lo:{n vél(]:r”)i;gx}e—f_— arcsinvx, 0<x

H/\
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To prove the second half of the theorem let us write

[#n1-7] n
N s, )__‘ [ S+ 3 (¥ (S)—v(s0),

v=Tn1-1]4y

where 17> 0is a suﬁiciently small positive number. Then

anI
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Sihce the last expression can be made as small as we please by a suitable
choice of e and 7, E( ANe g (Sh)

)—»O, as n— . In other words

lim P{

nFoo

<ol () <o,

where o (x) is the distribution function stated in the theorem.
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